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Abstract
In this thesis, we study the implications of Quantum Gravity models for the
dynamics of spacetime and the ensuing departures from classical General
Relativity. The main focus is on cosmological applications, particularly the
impact of quantum gravitational effects on the dynamics of a homogenous and
isotropic cosmological background. Our interest lies in the consequences for
the evolution of the early universe and singularity resolution, as well as in the
possibility of providing an alternative explanation for dark matter and dark
energy in the late universe.
The thesis is divided into two main parts, dedicated to alternative (and
complementary) ways of tackling the problem of Quantum Gravity. The first
part is concerned with cosmological applications of background independent
approaches to Quantum Gravity, as well as minisuperspace models in Quantum
Cosmology. Particularly relevant in this work is the Group Field Theory
approach, which we use to study the effective dynamics of the emergent universe
from a full theory of Quantum Gravity (i.e. without symmetry reduction).
We consider both approaches based on loop quantisation and on quantum
geometrodynamics.
In the second part, modified gravity theories are introduced as tools to
provide an effective description of quantum gravitational effects, and show how
these may lead to the introduction of new degrees of freedom and symmetries.
Particularly relevant in this respect is local conformal invariance, which finds a
natural realisation in the framework of Weyl geometry. We build a modified
theory of gravity based on such symmetry principle, and argue that new fields
in the extended gravitational sector may play the role of dark matter. New
degrees of freedom are also natural in models entailing fundamental ‘constants’
that vary over cosmic history, which we examine critically.
Finally, we discuss prospects for future work and point at directions for the
derivation of realistic cosmological models from Quantum Gravity candidates.
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Preface
Thesis Aim
The purpose of this thesis is to study the impact of quantum gravitational
effects in cosmology and the modifications they bring to the standard picture
for the history of our Universe. This is necessary in order to bring Quantum
Gravity closer to the point of being predictive and to bridge the gap between
candidate fundamental theories and cosmological observations. Looking at
the cosmological consequences is also an important way of comparing between
different approaches and to gain a deeper understanding of their relative
strengths and weaknesses.
This research represents a first step towards making the connection between
Quantum Gravity and more conventional model building in cosmology. At the
same time, it offers the opportunity to consider alternative scenarios, such as
e.g. emergent cosmologies with a bounce. I have explored different possibilities
for the study of quantum gravity effects in cosmology, which are complementary
among them. Specifically, I worked using both a top-down approach and an
effective field theory approach. The former aims at recovering cosmology from
a given theory of Quantum Gravity, with possible departures from standard
cosmology at early and late times. The latter aims at capturing quantum
gravity effects by considering modifications of gravity as a classical effective
theory, e.g. by the introduction of new symmetry principles or degrees of
freedom.
A substantial effort went into making this thesis as self-contained as possible.
Chapters can be read independently from one another to a very large extent,
since they deal with different approaches. Nevertheless, serious effort was made
to show their complementarity and, where applicable, the relations between
them. Each chapter contains enough introductory material to make it suitable
as a primer on the topic discussed. To this end, several appendices have also
been included with introductory and review material as a complement to the
discussions in the chapters. Technical appendices with detailed calculations
are included for the benefit of the reader. An attempt was made to provide
the reader with a full picture of the topics discussed, which goes beyond the
viii
particular applications that we considered in this thesis. A comprehensive list
of bibliographical references is given.
Thesis Outline
This thesis consists of two main parts. The first part deals with the study of the
cosmological sector upon quantisation of the gravitational field. This is done
both in the context of a full theory of Quantum Gravity (specifically, Group
Field Theory) and in reduced symmetry quantisation (Quantum Cosmology).
The focus of the second part is instead on classical models (effective field
theories) of modified gravity, which aim at encoding quantum gravitational
effects by introducing suitable modifications of classical General Relativity.
A brief outline is the following. In the Introduction, after giving a concise
overview of the motivations for seeking a quantum theory of gravity, we discuss
the distinguished role of cosmology as an arena for competing theories. In
Chapter 1 we review the formulation of the Standard Cosmological Model. In
Chapter 2 we review the quantum geometrodynamics approach, then focusing
on the evolution of the universe wave-function in a minisuperspace model
which generalises Wheeler-DeWitt theory. In Chapter 3, after reviewing the
fundamentals of the Group Field Theory formalism for Quantum Gravity, we
consider its hydrodynamics approximation and study the dynamics of the
background in the ensuing emergent cosmology scenario. The consequences for
cosmology of the early and late universe are discussed in detail for different
models. Chapter 4 deals with the expansion of a homogeneous and isotropic
Universe, in the case where the gravitational constant is dynamical and given
by a stochastic process. Chapter 5 presents an extension of classical General
Relativity based on the principle of local conformal invariance, entailing the
shift from the framework of Riemannian geometry to that of Weyl geometry.
Finally, in the Conclusion we review our results and discuss how they fit in the
bigger picture of research in Quantum Gravity, hinting at directions for future
work.
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Notation and Conventions
We consider units in which ℏ = c = 1, unless otherwise stated. Greek indices
denote spacetime components of tensor field. Latin indices are used for their
spatial components. When Latin indices appear, sometimes letters from the
first part of the Greek alphabet are used to denote internal indices. However,
whenever there is a risk of any ambiguity this is clearly spelled out. The metric
has signature (−+++), i.e. mostly plus. Our conventions for the Riemann
curvature tensor and its contractions are the same as in Wald’s book [407].
The gravitational constant will be denoted by G in most chapters. In
some chapters, a different notation was preferred to avoid the risk of confusion.
In particular, in Chapter 3 Newton’s constant is denoted by GN, whereas G
denotes a generic Lie group. In Chapter 4, the notation G is used for the
dynamical gravitational constant.
The reader must be aware that due to the heterogeneous nature of the
subject, and in order to keep the notation as close as possible to the published
literature, the notation used in any two distinct chapters is not necessarily
consistent. However, the notation is certainly consistent within each chapter
taken individually. The meaning of a symbol is always explained on its first
occurrence in a given chapter, and often recalled when appropriate. A list of
common symbols, having the same meaning in different parts of the thesis, is
the following:
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gµν spacetime metric
∇µ affine connection (non necessarily metric-compatible)
R σµνρ Riemann curvature of the connection ∇µ
Rµν Ricci tensor
R Ricci scalar
Λ cosmological constant
Tµν stress-energy tensor of matter
hij spatial metric
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(3)R curvature of three-space
Gijkl DeWitt supermetric
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H Hubble rate
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List of common abbreviations
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Introduction
The problem of formulating a theory of Quantum Gravity, which would combine
in a satisfactory way General Relativity and Quantum Field Theory, started
nearly as far back as Quantum Mechanics was established as a universal
theoretical framework for the description of microscopic phenomena [356]. It
can be argued that, given a quantum system, all physical systems interacting
with it must also be quantum. Therefore, the quantization of the gravitational
field appears as a necessary consequence of the universality of the gravitational
interaction and that of Quantum Mechanics [148, 423].
The standard quantization procedures, which have been extremely successful
in the case of the electroweak and the strong interaction, fail in the case of
gravity. The well-known perturbative non-renormalizability of Einstein’s theory
of General Relativity thus prompted the investigation of alternative paths.
Modern approaches to Quantum Gravity fall essentially into two classes: unified
theories and background independent approaches. A candidate in the first
class is a modern incarnation of Superstring Theory, known as M-theory [58];
such theory would provide a unified description of all fundamental interactions,
including gravity, in terms of more fundamental objects (strings and branes)
living in a higher-dimensional spacetime. At the present stage, M-theory is only
known in some limits, corresponding to the five known superstring theories or to
eleven-dimensional supergravity, related to each other by dualities. Approaches
belonging to the second class insist on a central property of General Relativity,
namely its background independence [376], which is elevated to the status of a
fundamental principle and used as a guide in the quest for the fundamental
theory of Quantum Gravity.
A physical theory is said to be background independent if and only if it is
diffeomorphism invariant and has no absolute structures (i.e. non-dynamical
ones) [209]. It is precisely the absence of absolute structures, such as a back-
ground metric, which makes the quantization of General Relativity particularly
challenging. This also has important consequences for the quantum theory,
making its interpretation particularly problematic, due to the absence of a fixed
causal structure [245], or a preferred choice of a time parameter (problem of
time) [244].
List of figures 2
Particularly relevant for this thesis will be the so-called canonical approaches,
based on a Hamiltonian formulation of General Relativity which appropriately
takes into account the constraints stemming from background independence.
The first such approach, known as quantum geometrodynamics, is based on
the reformulation of Einstein’s theory by Arnowitt, Deser and Misner (ADM)
[20], with the quantum theory obtained by applying the standard heuristic
quantization rules. In this approach, the fundamental phase space variables
are represented by the spatial metric and its canonical momentum. The
quantization of General Relativity following this path was first proposed by
Wheeler and DeWitt [149]. One of the main merits of this approach lies in the
fact that it allows to recover General Relativity in the semiclassical limit [194],
thus hinting that it may offer a valid description of Quantum Gravity at least at
an effective level [257]. Despite mathematical ambiguities in the implementation
of constraints in the full theory [256], this approach has the clear advantage of
allowing for analytic control of simple, yet physically relevant, systems, such as
cosmological models and black holes [257]. In this thesis we will study some
applications of the quantum geometrodynamics approach to minisuperspace
models and consider the possibility of generalizing the framework to display
the extant connections with other approaches.
An alternative approach to canonical quantum gravity is based on a different
choice of variables, namely Ahstekar-Barbero variables [23, 43], which enable
one to recast the theory in a form displaying many similarities with non-
Abelian Yang-Mills theories. The corresponding quantum theory is known as
Loop Quantum Gravity and has the merit of providing rigorous mathematical
foundations of the canonical approach [398]. The loop quantization programme
has led to remarkable insights in the structures arising from the quantization
of geometry such as, for instance, the discreteness of the spectra of geometric
operators [361, 26, 27]. Such quantum discreteness of geometry also has
an impact on the dynamics of spacetime on large scales, as shown in the
symmetry reduced version of the theory, known as Loop Quantum Cosmology,
which predicts a bounce resolving the initial ‘big bang’ singularity of classical
cosmological models [34]. The major open problem remains the implementation
of the Hamiltonian constraint in the full theory. Different programmes have
been developed to this end, such as e.g. Spin Foam models [341], the master
constraint programme [397], the iterative coarse graining scheme [160].
The Group Field Theory approach is intimately related to Loop Quantum
Gravity. In fact, it provides a non-perturbative completion of Spin Foam models,
which allows to make sense of the sum over triangulations of spacetime in terms
of a path-integral [322, 184]. The picture of quantum geometry offered by Group
Field Theory is that of a many body system, in which the fundamental degrees
List of figures 3
of freedom are open spin network vertices labelled by data of group theoretic
nature [322]. These are sometimes referred to as ‘particles’ or ‘quanta of
geometry’. The generic state of the system contains combinatorial information
about the way such quanta are linked to each other. The Group Field Theory
formalism can thus be understood as a second quantized formulation of Loop
Quantum Gravity, providing an interpretation of the spin network states of Loop
Quantum Gravity as ‘many-particle states’ [326]. In this approach, spacetime
is not a fundamental concept and has been argued to emerge dynamically from
the collective dynamics of many such quanta [325]. Particularly relevant for
this thesis are the applications of the Group Field Theory approach to early
universe cosmology.
Background independent approaches also include: Causal Dynamical Trian-
gulations [15, 14], Regge Calculus [346, 416], Causal Sets [83, 378] and Quantum
Graphity [270]. The realization of background independence in Asymptotic
Safety is a delicate issue, due to the reliance of the set up on the splitting of the
metric into a background and fluctuation. Such splitting generally introduces
an artificial background dependence in the results, which has to be restored at
the level of physical observables [168]. There are also approaches that do not
necessarily fall in the two categories defined above. This is for instance the case
of Non-Commutative Geometry à la Connes, that can be seen in more general
terms as a bottom-up approach, in which our knowledge of low-energy physic is
used to determine the geometric data defining the non-commutative space [124].
Some non-commutative geometric structures are also known to arise in String
Theory [284, 370]. At the present stage of development it is not clear whether
a fully background independent formulation of Non-Commutative Geometry
exists.
All known approaches to Quantum Gravity have their own strengths and
weaknesses, which may make them more suitable for some applications compared
to others. Some of them display remarkable connections, as stressed above
in the case of Group Field Theory, Spin Foam models and Loop Quantum
Gravity. However, it is not known at present whether any of the theories that
are currently available can represent a fundamental theory of Quantum Gravity,
and the recovery of General Relativity in the continuum limit is perhaps the
most pressing issue in many approaches. At any rate, it is important to improve
our understanding of the connections between different proposals and unravel
common mathematical structures, which may encourage progress in the field
and lead to the convergence of different lines of investigation.
Background independence is a common feature of many different approaches;
however, it is not clear whether it is realized in String Theory. In fact, the for-
mulation of all known superstring theories is only known at a perturbative level.
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It is usually argued that it will only be clear whether background independence
is realized in String Theory once M-theory is formulated. Nevertheless, some
background independent features of String Theory are already well-known. A
remarkable example is provided by the so-called holographic principle [293, 422].
In fact, it has been argued that the holographic principle must actually repre-
sent one of the fundamental principles of a theory of Quantum Gravity [87].
Recent results in Loop Quantum Gravity also hint at a possibility of realizing
the holographic principle in this context [162, 283]. Thus, there may be chances
that String Theory and Loop Quantum Gravity are closer than it has been
anticipated so far [246].
While making progress in examining the structure of quantum geometry at
a fundamental level, it is also important to attempt at making contact with
experiments. In fact, the primary reason for our limited understanding of
Quantum Gravity, despite many decades of theoretical effort, can ultimately be
traced back to the lack of experiments which can probe the fabric of spacetime
at the smallest length scales (Planckian). Thus, it is crucial to bridge the gap
which currently exists between Quantum Gravity theories and phenomenology
of the gravitational interaction. The final aim must be that of being able to
extract predictions from alternative candidate theories which can be potentially
put to test, thus enabling us to compare them and rule out some alternatives.
Given the difficulty of the task, it is appropriate to identify suitable systems
and regimes in which we expect Quantum Gravity effects to play a role. Such
effects are expected to become relevant at extremely high energy scales, of the
order of the Planck scale. Although unaccessible to terrestrial experiments,
such energy scales were typical soon after the big bang in the so-called Quantum
Gravity era. Therefore, cosmology of the very early universe represents the
natural place to look for observable signatures of Quantum Gravity, which may
for instance be lurking in the spectrum of primordial fluctuations [260]. This
thesis represents a preliminary step going in this direction. We are not able
yet to extract measurable quantities from a full theory of Quantum Gravity,
although, as we will discuss, considerable progress has been made in making
contact to more conventional model building in cosmology and in understanding
the dynamics of the cosmological background near classical singularities.
Quantum gravitational effects are also expected to play an important role
in cosmology for different reasons. In fact, the standard inflationary scenario
assumes the occurrence of an era of exponential expansion taking place in the
very early universe. The seeds for structure formation would be generated during
inflation. However, the inflationary scenario does not provide a justification
for the choice of initial conditions, nor it offers a resolution of the initial
singularity. Moreover, a sufficient amount of homogeneity is necessary at the
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onset of inflation for the mechanism to take place [105, 104]. Perhaps more
importantly, inflation is affected by the so-called trans-Planckian problem:
fluctuation modes corresponding to scales that are observable today originated
as sub-Planckian during inflation. The mechanism is thus very sensitive to
ultraviolet modifications, which could potentially undermine its success [298].
Hence, a successful realization of this scenario requires its emebedding in a
theory of Quantum Gravity. It is important to remark that Quantum Gravity
proposals may also provide an alternative to the inflationary paradigm, as in
the case of bouncing cosmologies [419, 88], cyclic and ekpyrotic models [279],
and in the emergent cosmology scenario in string gas cosmology [91]. Work is
under way to determine whether Group Field Theory can also represent such
an alternative.
An alternative way to approach the problem of Quantum Gravity is to
assume an effective field theory point of view and study modifications of
Einstein’s theory. Modified gravity theories can thus be motivated as ‘emerging’
from some more fundamental theory of Quantum Gravity, and extend the
Einstein-Hilbert action by the inclusion of suitable quantum corrections. The
term emergence here may have different meanings, depending on the theory
[99]. It can be understood, for instance, in the sense of a semiclassical limit,
or as the appearance of novel properties in certain regimes of the underlying
fundamental theory [325]. As seen from the discussion above, we are not yet at
the stage of deriving such an effective theory from a background-independent
theory of Quantum Gravity. Hence, motivation for a modified gravity theory
must also seek support in phenomenology [380, 106]. In fact, there is a hope
that Quantum Gravity may lead to an alternative resolution of the tension
between the predictions of General Relativity and observational data, usually
resolved by the introduction of dark matter and dark energy. This approach is
pursued in the second part of this thesis.
While the computation of the effective action from a background-independent
theory is still an open problem, this is certainly possible in perturbative ap-
proaches. For instance, in String Theory the low-energy spacetime effective
action is known and features two new fields in the gravitational multiplet:
the dilaton and the Kalb-Ramond field [213]. Generalizations also exist for
M-theory [421]. Double Field Theory offers a description of closed string field
theory on a torus, which is able to capture T-duality symmetry [242]; the
realization of background independence in this framework was considered in
Ref. [238]. Additional terms in the action of gravity also arise in the pertur-
bative quantization of General Relativity, where higher-order curvature terms
naturally arise as radiative corrections. Moreover, the formal computation of
the path-integral for Quantum General Relativity leads to a term proportional
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to the square of the Weyl tensor, hinting at a possible role played by conformal
invariance in Quantum Gravity [387, 388]. These results show that quantum
corrections arising from the behaviour of the gravitational field at high energies
also induce significant departures from General Relativity on large scales, thus
hinting at a deeper connection between the microscopic structure and dynamics
of quantum spacetime and macroscopic gravitational phenomena, particularly
on cosmological scales [380].
Extra degrees of freedom also play an important role in this context. They
may arise from a given Quantum Gravity proposal, as in the case of String
Theory, which predicts the existence of many scalar fields such as moduli
and ultra-light axions [22, 385]. Alternatively, new degrees of freedom can
be phenomenologically motivated, as e.g. in scalar-tensor theories, or scalar-
tensor-vector theories. Yet another possibility is that they are required by the
adoption of a more general geometric framework than Riemannian geometry,
as in the case of metric-affine gravity [233], and particularly in Weyl geometry
which is discussed in this thesis [375, 116, 137]. Scalar fields play an important
role in this respect, as they can be used to promote fundamental constants of
Physics (such as the gravitational constant [92], or the fine structure constant
[366]) to dynamical variables.
Finally, in light of our discussion, it seems wise to pursue different directions
in the quest for Quantum Gravity. Progress in this field will depend on many
factors, not least the ability to relate different approaches and combine their
insights. The fundamental theory may or may not be among the candidates
that are available today; its formulation may require the revision of principles
that have so far been regarded as fundamental, or the introduction of new
principles altogether. This problem cannot be settled at the outset, as all
physical principles, whether new or old, must be grounded in experimental
results. In the absence of experiments that can probe the full Quantum Gravity
regime, the best strategy is to proceed in two opposite directions. On the
one hand, one must address the problem of recovering a continuum spacetime
from a background independent quantum theory of the gravitational field, and
obtain the corresponding effective dynamics at low energies in a top-down
approach. This will be given by some modified gravity theory, which must
reduce to General Relativity in the regimes where the latter has been tested.
Departures from General Relativity are expected, which may explain the dark
sector of our Universe and provide an alternative to the inflationary paradigm
(or a completion thereof). On the other hand, while progress is done in the
top-down approach, it is also possible to work at an effective level; thus classical
General Relativity is appropriately modified in order to reach agreement with
observational data. The effective approach and the top-down approach may
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sustain each other as they develop, motivating for instance the existence of
new fields or symmetries (e.g. conformal symmetry or dualities from String
Theory). The hope is that such radically different approaches may converge at
some point, shedding new light on the relation between quantum geometry and
continuum spacetime, and at the same time leading to a better understanding
of cosmic evolution.
Chapter 1
Standard Cosmology
In this chapter we review the Friedmann-Lemaître-Robertson-Walker (FLRW)
model for homogeneous and isotropic cosmology, which lies at the foundations
of the standard ΛCDM model. We discuss the foundational aspects and the
formulation of such model, highlighting the questions left unaddressed in this
framework. We briefly review the standard cosmological puzzles and how
they are addressed by the inflationary paradigm. Finally we will discuss the
occurrence of the Big-Bang singularity in classical Cosmology and examine
possible ways to prevent its occurrence.
1.1 The Cosmological Principle
The subject of Cosmology is the study of the dynamics of our Universe as
a whole. It aims at understanding the history and the present state of our
Universe by rooting it in fundamental physics. The development of modern
Cosmology as a science is fairly recent compared to other branches of Physics.
It was only made possible by the formulation of General Relativity (GR), which
provided the necessary conceptual framework to treat spacetime as a dynamical
entity. Cosmology deals with the dynamics of spacetime on large scales, i.e.
much larger than those of visible structures in the Universe. On such scales,
the Universe has remarkably simple properties which are concealed on smaller
scales.
Despite the lumpiness exhibited by the distribution of matter which is
apparent on smaller scales, the Universe looks very homogeneous when it is
observed on scales that are of cosmological interest. Although direct tests of
homogeneity are difficult, due to the uncertainties involved in the measurements
of distant objects, there is very good evidence that this is indeed the case.
The strongest direct evidence for the homogeneity of the Universe comes from
the Sloan Digital Sky Survey, which showed that the galaxy distribution is
homogeneous on scales larger than about 300 million light years [411, 424].
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Fig. 1.1 Temperature anisotropies in the CMB, measured by the Planck col-
laboration. Each point is characterised by perfect blackbody radiation at the
temperature 2.726 K. The tiny temperature differences observed correspond
to differences in the matter density (inhomogeneities) at the time of photon
decoupling. Such primordial inhomogeneities represent the seeds of structure
formation. Copyright: ESA and the Planck Collaboration
Furthermore, besides the absence of any privileged point, the Universe also
lacks a preferred direction. In fact, the Planck mission showed that the Cosmic
Microwave Background (CMB) is isotropic, i.e. it has the same properties
in every direction in the sky, within one part in 105 (see Fig. 1.1). These
two basic facts provide strong support of what has been for decades only an
assumption, which represented the starting point for much work in Cosmology.
The so-called cosmological principle states that the Universe is homogeneous
and isotropic with respect to every point1. As such, it is a generalisation of the
Copernican principle [84, 230]. The cosmological principle allows us to single
out one preferred frame (i.e. a family of freely falling observers, one for each
spatial point), namely the one in which the CMB looks isotropic. Deviations
from perfect homogeneity and isotropy are thus treated as small perturbations
on the expanding cosmological background.
The dynamics of a homogeneous and isotropic Universe was first derived
independently by Friedmann [189, 190] in order to exhibit a simple solution of
Einstein’s field equations. Lemaître derived independently what later became
known as the Friedmann equation and related it to the expansion of the Universe
[280]. Remarkably, these discoveries came years before the first evidence of the
expansion of the Universe, provided by the observations made by Hubble [241].
1For a suitably defined family of observers.
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The results of Friedmann and Lemaître were later re-obtained in a series of
papers by Robertson [350–352] and in the work of Walker [408], showing that
the particularly simple form of the metric they assumed can be obtained on the
basis of the cosmological principle alone, and is in fact independent of Einstein’s
equations. In particular, Robertson showed that the cosmological principle can
equivalently be re-formulated as the requirement that the Universe is isotropic
(i.e. spherically symmetric) about every point [230]. Hence, it is customary to
refer to such cosmological models as FLRW models, using the initials of those
authors.
In this thesis, unless otherwise stated, we will deal with a perfectly homoge-
neous and isotropic Universe and will not consider the role of perturbations.
Thus, the problem of Cosmology is reduced to the study of the dynamics of
the expansion of the cosmological FLRW background.
1.2 FLRW models
The cosmological principle implies that there is a frame (up to time reparametri-
sation) in which the metric takes the following form
ds2 = gµνdxµdxν = −N(t)2dt2 + a(t)2dl2 , (1.1)
where N(t) is the lapse function and is linked to time reparametrisation
invariance. The choice N(t) = 1 corresponds to the frame in which comoving
observers are freely falling. In this case the time coordinate coincides with proper
time as measured by such observers. a(t) is the scale factor, which represents
a conversion factor from comoving to physical distances. dl2 = hijdxidxj is
the spatial metric on the three dimensional sheets and is time independent.
The cosmological principle implies that sheets of the foliation are spaces of
constant curvature. Hence, there are only three possibilities for the form of
dl2, depending on whether the spatial curvature (3)R is positive, negative or
vanishing. It is possible to encode the three different possibilities in a single
expression [411]
dl2 =
(
dx2 +K
(x · dx)2
1−Kx2
)
, (1.2)
where x denotes quasi-Cartesian coordinates. Quantities such as x2 and x · dx
in this expression are computed using the flat Euclidean metric δij. The
parameter K can take the values 1, 0, − 1. If we consider the maximally
extended spaces whose metric has the form given by Eq. (1.2), those values
correspond, respectively, to the following three dimensional geometries: a
sphere, flat Euclidean space and a hyperboloid.
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t
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xi
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Fig. 1.2 Foliating the universe. The sheets of the foliation are assumed to be
homogeneous and isotropic, so as to satisfy the cosmological principle. Thus,
the comoving frame is assumed to be the CMB frame. The vector nµ is
hypersurface orthogonal and the lapse N(t) is an arbitrary function of time. In
the homogeneous case there is no need to introduce a shift vector N i. Points
on different sheets having the same comoving coordinates give the trajectory
of a comoving (freely falling) observer.
The metric of a FLRW universe given in Eq. (1.1) is entirely specified once
we know the two functions N(t) and a(t). However, it must be noted that
the former does not represent any physical degree of freedom. In fact, given a
second metric with lapse N ′(t′) and scale factor a′(t′), it represents the same
physical configuration as above provided that
a′(t′) = a(t) , (1.3)
where the two time variables are related by
dt′
dt
=
N(t)
N ′ (t′(t))
. (1.4)
Therefore, the scale factor a(t) is the only physical degree of freedom of such a
universe. N(t) is a completely arbitrary function, which serves to identify a
time coordinate. We expect the dynamics of the system to be compatible with
such physical understanding.
The dynamics of a FLRW universe in classical GR can be obtained from
the Einstein-Hilbert action by considering the particular ansatz Eq. (1.1). The
Einstein-Hilbert action reads as
SEH[gµν ] =
1
16πG
∫
d4x
√−g (R− 2Λ) , (1.5)
where R is the Riemann scalar of the metric gµν and we included the grav-
itational constant Λ. Integration is performed with respect to the invariant
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volume element d4x
√−g. Variation of the action2 Eq. (1.5) with respect to
the metric yields the Einstein equations for the dynamics of the gravitational
field (see e.g. [407])
Gµν = 8πG Tµν . (1.6)
Tµν is the stress-energy tensor of matter and represents the source of the
gravitational field. Considering a matter action Sm the stress-energy tensor is
given by
Tµν = − 2√−g
δSm
δgµν
. (1.7)
The dynamics of the expansion of the universe is usually obtained from
the Einstein equations, considering the particular ansatz Eq. (1.1). Here we
wish to give an alternative derivation, taking the action rather than the field
equations as a starting point. By plugging the ansatz Eq. (1.1) into Eq. (1.5),
we get the following action for the gravitational sector of the model [256]
Sg[a] =
3
8πG
∫
dt N
(
−aa˙
2
N2
+Ka− Λa
3
3
)
. (1.8)
Note that in order to get the action (1.8), integration over the comoving
coordinates must be carried out in the Einstein-Hilbert action (1.5). For
infinite spatial slices this integral is clearly divergent. However, the problem is
easily solved by restricting the spatial integration to a fiducial cell3 with finite
comoving volume V0, which can then be reabsorbed in the definition of the
scale factor and lapse4. Note the unusual minus sign in front of the kinetic
term of the scale factor. Matter fields can be introduced by starting from their
covariant action in four dimensions and imposing homogeneity and isotropy.
For instance, the action of a minimally coupled scalar field in four dimensions
with potential V (ϕ) reads as
Sm[ϕ] = −
∫
d4x
√−g
(
1
2
∂µϕ∂
µϕ+ V (ϕ)
)
. (1.9)
In a FLRW universe it reduces to
Sm[ϕ] =
∫
dt Na3
(
1
2
ϕ˙2
N2
− V (ϕ)
)
. (1.10)
2A boundary term needs to be included in order to make the variational problem well
posed [256]. The boundary term involves the extrinsic geometry of the boundary.
3In the case K = 1 this is not necessary and the integration can be carried out over the
whole 3-sphere as in Ref. [256]. The same reasoning also applies to a flat compact space,
such as a torus.
4Such a rescaling has an effect on the cosmological constant term in the action (1.8). In
fact, one has Λ→ Λ/V0.
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The full action of the system, including both gravitational and matter
contributions, can be rewritten more compactly as (see Ref. [256])
S = Sg + Sm =
∫
dt N
(
1
2
GAB
q˙Aq˙B
N2
− U(q)
)
, (1.11)
where we have introduced the matrix
GAB =
(
− 3
8πG
a 0
0 a3
)
(1.12)
and the minisuperspace potential
U(q) = a3V (ϕ)− 3
8πG
Ka+
Λ
8πG
a3 . (1.13)
In the specific example of the scalar field considered above, capital latin indices
can take only two values A = 1, 2. We have q = (a, ϕ), which defines a point
in a new configuration space, known as minisuperspace. The term superspace5
was coined by Wheeler to denote the configuration space of geometrodynamics
[414], i.e. canonical gravity, which we discuss in Appendix C and in Chapter 2.
For systems having a finite number of degrees of freedom, such space is finite
dimensional; whence the name minisuperspace. GAB is known as the DeWitt
supermetric, which defines a distance on minisuperspace6. The indefiniteness
of the DeWitt supermetric is responsible for the negative sign in the kinetic
term of the scale factor.
We notice that the action does not contain the time derivative of the lapse N˙ .
This is a direct consequence of time-reparametrisation invariance and implies
that we are dealing with a constrained system. The Hamiltonian formulation
of constrained systems developed by Dirac is discussed in Appendix B. The
case of GR is reviewed in Appendix C. For the time being we simply remark
that the observation made above leads to the conclusion that the lapse N does
not represent a physical degree of freedom. The discussion of technical and
conceptual subtleties related to the dynamics of GR as a constrained system is
postponed to later chapters. Hence, we will proceed to derive brute-force the
equations of motion for the scalar factor a from the action (1.11). Variation of
5It must be stressed that it has nothing to do with supersymmetry.
6The expression of the DeWitt supermetric on the superspace of the full theory is given
in Appendix C.
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the action with respect to the lapse yields
δS =δSFLRW + δSm =∫
dt
[
3
8πG
(
aa˙2
N2
+Ka− Λa
3
3
)
− a3
(
1
2
ϕ˙2
N2
+ V (ϕ)
)]
δN .
(1.14)
When the first variation vanishes, and for lapse N = 1 (comoving coordinates)
we get the Friedmann equation(
a˙
a
)2
=
8πG
3
ρϕ − K
a2
+
Λ
3
, (1.15)
where ρϕ is the energy density of the scalar field
ρϕ =
(
1
2
ϕ˙2 + V (ϕ)
)
. (1.16)
The Friedmann equation (1.17) gives the expansion of a homogeneous and
isotropic universe. It shows that the expansion is sourced by the energy
density of matter in the universe (including the cosmological constant), plus a
contribution coming from the three-dimensional geometry of space.
Variation of the action (1.11) with respect to a yields instead, after using
the Friedmann equation (1.17) and requiring that we are in the comoving frame
a¨
a
= −4πG
3
(3pϕ + ρϕ) +
Λ
3
, (1.17)
where we introduced the pressure of the scalar field
pϕ =
1
2
ϕ˙2 − V (ϕ) . (1.18)
The second Friedmann equation, Eq. (1.17), relates the acceleration of the
expansion of the universe, defined in the comoving frame, with some particular
combination of the pressure and the energy density of the scalar field. Notice
that there is no contribution coming from the curvature of the spatial slices.
We will say more about the implications of the second Friedmann equation in
the following, in particular for what concerns the sign of the acceleration a¨.
The equations of motion of the scalar field are also obtained from the action
Eq. (1.11), by requiring that its first variation with respect to ϕ be vanishing.
Thus, we have (in the comoving frame N = 1)
ϕ¨+ 3Hϕ˙+
∂V
∂ϕ
= 0 . (1.19)
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We observe that the curvature of the gravitational background7 is responsible
for the second term in Eq. (1.19). This is a friction term8 due to the expansion
of the background. This is an important point, which will be taken into account
when discussing the conditions for inflation to take place in Section 1.8.
The dynamics of a FLRW model filled with a generic fluid, characterised
by its energy density ρ and pressure p, can be obtained as a straightforward
generalisation of the case studied above, with ρϕ and pϕ replaced by the
corresponding quantities for the fluid. Depending on the type of matter under
consideration the functional relation between ρ and p (i.e. the equation of state
of the fluid) will be different. We rewrite the more general equations below, for
convenience of the reader. The Friedmann equation reads as
H2 =
(
a˙
a
)2
=
8πG
3
ρ− K
a2
+
Λ
3
, (1.20)
where we introduced the Hubble rate, defined as the logarithmic derivative
of the scale factor H = a˙
a
. The second Friedmann equation, or acceleration
equation, reads as follows
a¨
a
= −4πG
3
(3p+ ρ) +
Λ
3
. (1.21)
The presence of the minus sign in the r.h.s of Eq. (1.21) is crucial. In fact, most
types of matter satisfy the strong energy condition (see Appendix A), implying
that
ρ+ 3p ≥ 0 . (1.22)
As a consequence, the acceleration is always negative. In order to accommodate
for a positive acceleration, the strong energy condition (SEC) must be violated.
In Appendix A we discuss the formulation of SEC, as well as the weaker
null energy condition (NEC) that is usually assumed in singularity theorems.
Violation of SEC is achieved in inflationary models and guarantees that the
universe expands with a positive acceleration. This is crucial in order to solve
some standard problems in the Hot Big Bang cosmology, as we will discuss
later in this chapter, in Section 1.6.
7More precisely the extrinsic curvature, defined as Kij = 12N
∂hij
∂t =
a˙
Nahij , where hij
is the spatial metric [256]. Tracing this tensor using the inverse spatial metric hij we get
K ii = Kijh
ij = 3a˙Na . Finally, in the comoving gauge we have K
i
i =
H
3 .
8The Hubble rate is positive H > 0. Hence the term 3Hϕ˙ implies a loss of kinetic energy.
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1.3 The dynamics of matter
This section and the next one are more general than the rest of this chapter
for their purpose. In fact, the domain of applications of many of the results
obtained here is not restricted to the cosmological case or to GR and will be
used in Chapter 5. We will study the problem of deriving the dynamics of
matter fields within the framework of a classical theory of gravity. In particular,
we will show that the conservation law of the stress-energy tensor of matter can
be obtained under very general conditions, namely diffeomorphism invariance.
Such conservation law is particularly important in the case of a perfect fluid
(studied in the next section) since it turns out to be equivalent to the equations
of motion of the fluid.
Let us start from the definition of the stress-energy tensor, Eq. (1.7)
Tµν = − 2√−g
δSm
δgµν
. (1.23)
Sm is the action of the matter field under consideration, which we consider to
be minimally coupled to the gravitational field and uncoupled to other matter
species that may be present. In order to prove the conservation of Tµν , we
consider an infinitesimal diffeomorphism parametrised by a vector field ξµ.
Under such a diffeomorphism, the metric transforms as follows9 [407]
δgµν = Lξgµν = 2∇(µξν) . (1.24)
We observe that the action Sm is invariant under diffeomorphisms10. Therefore,
under such a transformation δS2 = 0 by definition. Thus, we have
0 = δS2 = −1
2
∫
d4x
√−g Tµνδgµν = −
∫
d4x
√−g Tµν∇(µξν) . (1.25)
Recalling that Tµν is a symmetric tensor and integrating by parts, we find∫
d4x
√−g (∇µTµν) ξν = 0. (1.26)
9In Eq. (1.24) Lξ denotes the Lie derivative along the flow generated by the vector field
ξµ, ∇ is the Levi-Civita connection (i.e. the unique symmetric metric-compatible affine
connection). The notation with round brackets around tensor indices is used to mean
symmetrisation over those indices, e.g. considering a rank-two tensor Sµν its symmetric part
reads as S(µν) = 12 (Sµν + Sνµ).
10For an example of a theory where diffeomorphism invariance is explicitly broken, see
Refs. [115, 265]. In fact, in Hořava gravity the symmetry group of the action is broken
to a subgroup of the group of diffeomorphisms, namely the group of foliation-preserving
diffeomorphisms. As a consequence, the stress-energy tensor of matter is in general not
conserved.
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Since the infinitesimal generator of the diffeomorphism, i.e. the vector field ξµ,
is arbitrary, it follows that the stress-energy tensor is covariantly conserved11
with respect to the Levi-Civita connection
∇µTµν = 0. (1.27)
The last equation (1.27) gives the dynamics of matter. It is worth stressing that
its derivation did not require using the specific form of the stress-energy tensor
for a perfect fluid. Hence, it is completely general and holds for all matter
fields minimally coupled to gravity12 . Moreover, since no use has been made of
Einstein’s equations, the result is valid also in modified gravity theories13 [380].
Before closing this section we would like to reconsider the conservation of
Tµν from an alternative point of view, which will be useful for the applications
of Chapters 4, 5. In fact, the covariant conservation law (1.27), which we
obtained in this section from the sole requirement of diffeomorphism invariance
of the matter action, can also be obtained from Einstein’s equations. In fact,
taking the covariant divergence of both sides of Eq. (1.6) we find
0 = ∇µGµν = 8πG ∇µTµν . (1.28)
In fact, the l.h.s. of Eq. (1.28) is always vanishing thanks to the contracted
Bianchi identities. On the r.h.s. we also used the fact that the gravitational
coupling G is a constant in GR. This observation will be important in the
following chapters. The Bianchi identities represent a kinematical constraint
which is always valid in Riemannian geometry, since it follows only from the
definition of the Riemannian curvature tensor [407]. Although the contracted
Bianchi identities have a much more general status than then specific dynamical
law of the gravitational field in GR, it is remarkable that they can also be
obtained as a conservation law following from diffeomorphism invariance of the
11When there is more than one matter species coupled to the gravitational field, interactions
between them are possible. In this case, the stress-energy tensors of the different species
are not conserved separately, e.g. ∇µT 1µν ̸= 0, ∇µT 2µν ≠ 0, since exchange of energy and
momentum between species is allowed. However, the total stress-energy tensor of matter
is always conserved ∇µ (T 1µν + T 2µν) = 0, following a straightforward generalisation of the
argument given in this section. In the limit in which non-gravitational interactions are
negligible, Eq. (1.27) is a good approximation to the dynamics of a single matter species.
12When a modified gravity theory is considered (e.g. f(R)) or when non-minimal couplings
are included, a conservation law like Eq. (1.27) still holds if Tµν is replaced by a suitably
defined effective quantity T effµν , see e.g. Refs. [165, 406, 147]. The exact form of the correction
terms in T effµν is model-dependent and may involve second derivatives of the matter fields or
higher.
13For a review of modified gravity (or extended theories of gravity) see e.g. Refs. [106, 381,
380].
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Einstein-Hilbert action. In fact, its variation is computed as (see Ref. [407])
δSEH =
1
16πG
∫
d4x
√−g (Gµνδgµν +∇µvµ) , (1.29)
where
vµ = ∇νδgµν − gρσ∇µδgρσ . (1.30)
Disregarding the surface term14 in Eq. (1.29) and considering an infinitesimal
diffeomorphism as in Eq. (1.24), we have
0 = δSEH = − 1
16πG
∫
d4x
√−g (∇µGµν)ξν . (1.31)
Hence, as for the stress-energy tensor in Eq. (1.26) we conclude
∇µGµν = 0 . (1.32)
1.4 The action of a relativistic fluid
Whereas the discussion, as well as the conclusions, of the previous section are
fully general and apply to any (minimally coupled) matter field, our purpose
here is to study in more detail the dynamics of a fluid in a generally covariant
framework. More specifically, we will deal with perfect relativistic fluids, i.e.
fluids with vanishing viscosity and anistropic stress. Although fluids do not
offer a fundamental description of the dynamics of matter, they can be used
as a good approximation in many situations of cosmological and astrophysical
interest.
In order to find the dynamics we must construct a suitable action functional.
A hint comes from the action of a scalar field in Eq. (1.10) which, using
Eq. (1.18), can be rewritten as
Sm[ϕ] =
∫
dt Na3pϕ . (1.33)
Hence, we can generalise Eq. (1.33) and make the following ansatz for the
action of a fluid
S1 =
∫
d4x
√−g p . (1.34)
In the particular case of a FLRW background, with metric given by Eq. (1.1)
and considering a scalar field, we trivially recover our starting point Eq. (1.10).
14This is clearly not possible when G is promoted to a dynamical variable, as in scalar-tensor
theories and as in the theory considered in Chapter 5.
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The action (1.34) was considered in Ref. [368] and it can be used to derive,
by extremisation, the conservation law of the stress-energy tensor of a perfect
fluid. Moreover, the author of Ref. [368] showed that by including suitable
terms depending on the fluid potentials in the action, the Euler equations for a
perfect fluid can be recovered from an action principle.
For our purposes it will be more convenient to use a different action, which
reads as
S2 = −
∫
d4x
√−g ρ . (1.35)
This will be our starting point to derive the equations of motion of the fluid.
The action S2 and S1 can be shown to be equivalent, i.e. they are the same up
to boundary terms15,16. In order to derive the dynamics of the fluid we must
understand how the energy density, which appears in the action S2, depends
on the other dynamical variables which characterise the fluid, namely the
particle number density n and the four-velocity Uµ. We start by making some
considerations of themordynamical nature, following Ref. [304]. Let us consider
a comoving cell of volume v ∝ a3, and consider a homogenous distribution of
particles at thermal equilibrium characterised by their energy density ρ and
their number density n. We also introduce the pressure of the fluid p. Since
the fluid is in thermal equilibrium its entropy is conserved17, i.e. the fluid is
isentropic. The total number of particles in the volume is A = nv. Hence, from
the first principle of thermodynamics we have
d (ρv) = −p dv . (1.36)
Dividing both sides by A, this equation can be rewritten as
d
(ρ
n
)
= −p d
(
1
n
)
. (1.37)
After some trivial manipulations we obtain
dρ = µ dn , (1.38)
15The proof is in Ref. [95] and references therein. It is necessary to introduce suitable
extra terms in S1 and S2 involving the fluid potentials. This in order to recover the Euler
equations by extremising the action. The two actions are then seen to be equivalent when
the equations of motion are satisfied.
16It must be pointed out that the equivalence is lost if non-minimal couplings to curvature
are allowed, see Ref. [173]
17The assumption of perfect homogeneity also excludes entropy flow from neighbouring
fluid elements. For a more detailed discussion see Ref. [304].
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where we defined the chemical potential as
µ =
ρ+ p
n
. (1.39)
Using Eqs. (1.38) and (1.39) we find the following relation between p, ρ and n,
which holds regardless of our assumption on the fluid being isentropic [304]
p =
∂ρ
∂n
n− ρ . (1.40)
At this stage it is convenient to introduce a covariant quantity which can
describe the flow of fluid particles in spacetime. The fluid in a given region of
spacetime is characterised by its four-velocity Uµ (normalised as UµUµ = −1)
and the particle number density n. Therefore, it is natural to define the
densitised particle number flux vector as in Ref. [95]
Jµ = n
√−g Uµ. (1.41)
We can then express n as
n =
√−JµJµ√−g = |J |√−g , (1.42)
where in the last step we defined |J | =√−JµJµ. We will assume that ρ is a
function only of the particle number density18 given by Eq. (1.42)
ρ = ρ
( |J |√−g
)
. (1.43)
The machinery is now all set and we can work out the stress-energy tensor
by varying the action S2 with respect to the inverse metric. The variation of
the energy density is computed as
δρ =
∂ρ
∂n
δn . (1.44)
In order to compute the variation δn we recall
δ
√−g = −
√−g
2
gµνδg
µν . (1.45)
Thus, using Eq. (1.42) and Eqs. (1.41), (1.45) we find
δn =
n
2
(gµν + UµUν) δg
µν . (1.46)
18In the general case it will also depend on the entropy density, see Refs. [95, 304].
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Hence, plugging this result into Eq. (1.44) we have
δρ =
n
2
∂ρ
∂n
(gµν + UµUν) δg
µν . (1.47)
We can then compute the variation of the action S2 given in Eq. (1.35)
δS2 =
1
2
∫
d4x
√−g
[(
−∂ρ
∂n
n
)
UµUν +
(
ρ− ∂ρ
∂n
n
)
gµν
]
δgµν . (1.48)
The stress-energy tensor, defined in Eq. (1.7), has in this case the following
form
Tµν =
(
∂ρ
∂n
n
)
UµUν +
(
∂ρ
∂n
n− ρ
)
gµν . (1.49)
Using Eq. (1.40), this expression can be rewritten in the familiar form
Tµν = (ρ+ p)UµUν + p gµν . (1.50)
Eq. (1.50) gives the stress-energy tensor for a perfect fluid.
For a perfect fluid, Eq. (1.27) implies (using the normalisation UµUµ = −1)
Uµ∇µUν = 0 , (1.51)
Uµ∇µρ+ (ρ+ p)∇µUµ = 0 . (1.52)
Eq. (1.51) implies that fluid particles follow geodesics. Eq. (1.52) is a continuity
equation, expressing local energy conservation. In the case of a FLRW universe,
fluid particles are freely falling. Hence, their four-velocity is given by
Uµ
∂
∂xµ
=
1
N
∂
∂t
. (1.53)
Thus, the four-velocity is the unit normal to the spacelike hypersurfaces of
the foliation and can be identified (up to a gauge-dependent factor) with the
generator of ‘time flow’ (see Ref. [256]). In comoving gauge, Eq. (1.52) reads
as19
ρ˙+ 3H(ρ+ p) = 0 . (1.54)
Once the equation of state of the fluid is given, the equation (1.54) gives the
evolution of the fluid in a FLRW universe. It must be noted that the dynamics
of the fluid is not at all independent from that of the gravitational field. In fact,
Eq. (1.54) can also be derived using the Friedmann equations20 (1.20), (1.21).
This can be seen as a particular case of the more general result represented
19We used N = 1, ∇µUµ = Γi0i = 3 a˙a .
20 Such derivation can be found in all standard textbooks, see e.g. Refs. [407], [411].
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by Eq. (1.28). In fact, it is a direct consequence of the contracted Bianchi
identities.
1.5 The Standard Cosmological Model ΛCDM
The Standard Cosmological Model rests on the assumption that the expanding
cosmological background is well described by a FLRW model and that the
dynamics of the gravitational field and matter is given by classical GR. It has
been immensely successful in fitting the Planck data and, so far, provides the
best physical description of our Universe. However, this success comes at a
price. In fact, as it is apparent from its name, the ΛCDM model introduces two
dark components in the energy budget of the Universe: a positive cosmological
constant Λ and cold dark matter.
It must be stressed that, although there are several (some may add, com-
pelling) reasons to include a dark sector in our picture of the Cosmos, so far
there is no evidence (direct or indirect) for the existence of dark matter from
particle physics experiments. Rather, dark components were introduced ad
hoc in order to fit the cosmological and astrophysical data and solve specific
drawbacks of GR21. Although this is no argument to discard a priori the dark
matter hypothesis, it is worth exploring alternative scenarios which may provide
a more natural explanation of observational data. In the rest of this section we
will discuss the standard ΛCDM model. Some alternatives will be studied in
the next chapters.
Let us start by recalling the Friedmann equation (1.20)
H2 =
8πG
3
ρ− K
a2
+
Λ
3
. (1.55)
For uniformity of notation, we can introduce an energy density corresponding
to the observed positive cosmological constant (dark energy)
Λ = 8πGρΛ . (1.56)
We assume that the total energy density is the sum of the contributions of
radiation ρR, baryonic matter ρB, dark matter ρDM, and dark energy ρΛ. Hence,
21In particular, dark matter explains the flatness of galaxy rotation curves and the stability
of spiral galaxies. Dark matter is also needed in the standard cosmological model to account
for a substantial part of the energy budget of the Universe, as well as to explain structure
formation. See Ref. [67] for a review of particle dark matter and a discussion of different
candidates.
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Eq. (1.55) can be generalised to include all of these contributions
H2 =
8πG
3
(ρR + ρB + ρDM + ρΛ)− K
a2
. (1.57)
We introduce the density parameters
ΩR =
8πG
3
ρR
H2
, ΩB =
8πG
3
ρB
H2
, ΩDM =
8πG
3
ρDM
H2
, ΩΛ =
8πG
3
ρΛ
H2
.
(1.58)
Using Eqs. (1.57), (1.58), we can rewrite the Friedmann equation in the form
of an ‘energy balance’ equation
ΩR + ΩB + ΩDM + ΩΛ + ΩK = 1 , (1.59)
where we defined
ΩK = − K
a2H2
. (1.60)
Accurate measurements of the cosmological parameters of the ΛCDM model
were performed by the Planck collaboration [2, 3]. The value of the Hubble
parameter today is
H0 = 100× h Km s−1Mpc−1 = 67.74± 0.46 Km s−1Mpc−1 , (1.61)
at 68% confidence level. Here we introduced the dimensionless Hubble parameter
h, as it is customary. A lower ‘0’ index refers to quantities measured today.
The other cosmological parameters in Eq. (1.59) are found to be
ΩB,0h
2 = 0.02230±0.00014 , ΩDM,0h2 = 0.1188±0.0010 , ΩΛ,0 = 0.6911±0.0062 .
(1.62)
Spatial curvature is found to be tightly constrained
|ΩK,0| < 0.005 . (1.63)
The fact that ΩK,0 is extremely small is used to indicate the flatness of the
Universe22. Therefore, the analysis of the CMB data by Planck gives us a
picture of a flat Universe, dominated by the cosmological constant and with
matter being predominantly non-luminous (ΩDM,0 ≈ 0.259, ΩB,0 ≈ 0.049).
22Notice that this definition of flatness, used in Cosmology, does not immediately correspond
to flatness of the spatial geometry, which only occurs when K is vanishing exactly. It must
be understood as the requirement that spatial curvature gives a negligible contribution to
the total energy budget of the Universe. However, if one uses the Friedmann equation and
the definition of distances conventionally used in Cosmology (e.g. angular and luminosity
distances), it is immediate to realise that in the limit ΩK → 0 the Euclidean expressions are
recovered (see e.g. Ref. [411]).
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Notice that ρΛ introduced in Eq. (1.56) can be interpreted as vacuum energy
density. Hence, it is natural to compare its value with the natural value given
by the Planck density ρPl = MPlℓ3Pl . The ratio of the two numbers gives
ρΛ
ρPl
=
3
8π
ΩΛ(HtPl)
2 ≃ 1.15× 10−123 . (1.64)
The extreme smallness of the cosmological constant with respect to the Planck
scale is known as the cosmological constant problem [410].
1.6 Classic Cosmological Puzzles
Despite its success in predicting the expansion of the Universe and the fact that
they represent the underpinning of all the successful predictions of theoretical
cosmology, such as e.g. primordial nucleosynthesis, standard cosmology based
on FLRW models has some serious drawbacks. These are related to the
cosmological dynamics at early times. In particular, there are three major
problems, commonly known as ‘cosmological puzzles’. In this section we will
discuss the origin of these problems in the framework of the so-called ‘hot big
bang cosmology’. Our discussion will be based on Ref. [411]. The underlying
assumption in the hot big bang cosmology scenario is that only standard matter
species are present and the dynamics of the cosmic expansion is given by the
Friedmann equation. The discussion of possible solutions of the cosmological
puzzles will be postponed until later sections.
1.6.1 Flatness Problem
As we saw at the beginning of this section, the Planck data favours very small
values of the spatial curvature parameter ΩK. In particular, such measurements
are compatible with ΩK = 0. This is simply achieved if we assume K = 0.
However, this would mean that our Universe is very special. It would be much
more satisfactory if we were able to provide a physical mechanism that could
explain such a small value. In fact, ΩK = 0 is not only a very special case, but
it is also unnatural if we assume the hot big bang cosmology. The reason for
this is readily seen by means of a simple argument.
As we go back in time, the contribution of non-relativistic matter to the
energy density becomes subdominant with respect to that of radiation. Hence,
in the radiation dominated era a ∝ t1/2 and H = 1
2t
, implying |ΩK| = |K|a˙2 ∝ t.
During matter domination, this value keeps increasing as t2/3. It follows that,
in order to have a very small value today, there must have been a remarkable
amount of fine tuning in the initial conditions. The precise amount of fine-
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tuning needed can be estimated by making reference to the specifics of the
thermal history of the Universe. The reader interested in the details of the
calculation is referred to Ref. [411]. As it turns out, having |ΩK| < 1 at the
present time implies that its value at the time of electron-positron annihilation
had to be smaller than 10−16 , and even smaller at earlier times [411, 153].
1.6.2 Horizon Problem
Particle horizons are a peculiar feature of FLRW spacetimes. A particle horizon
is defined as the largest distance at which an observer O at time t will be able
to receive light signals from other observers [230]. This is given by the following
expression
dmax(t) = a(t)
∫ t
0
dt′
1
a(t′)
. (1.65)
The observer sees a particle horizon at t if and only if the integral on the r.h.s.
of Eq. (1.65) converges. Observers at a distance larger than dmax(t) have not
been in causal contact with O. Hence, we can think of dmax(t) as the spatial
extent of a causally connected region at time t.
The occurrence of particle horizons is indeed typical in the hot big bang
cosmology. In fact, if radiation dominated at early times, the size of a causally
connected region during radiation domination would be equal to the Hubble
radius dmax(t) = 1/H. Therefore, we would expect to be able to detect the
imprints of this in the CMB, where it should manifest itself in the form of
patches in the last scattering surface. Each patch would be characterised
by distinct properties and uncorrelated to others, giving rise to substantial
anisotropies in the CMB. Remarkably, this turns out not to be the case. Patches
with the size of the Hubble radius at the time of last scattering now subtend
an angle of the order of one degree [411]. Thus, the isotropy of the CMB at
large angular scales is in stark contrast with the implications of the hot big
bang scenario. Here lies the essence of the horizon problem: how can the
Universe be so homogeneous? If we only assume causal physics, the hot big
bang cosmology provides no explanation for the isotropy of the CMB radiation,
which would thus seem to be the result of a very unreasonable fine tuning over
a large number of causally disconnected patches.
1.6.3 Cosmic Relics
Cosmic relics are exotic particles or structures (topological defects) whose
existence is predicted by a large class of theoretical models in high energy
physics. An example is offered by monopoles in Grand Unified Theories (GUT).
Monopoles are field configurations of the Higgs and the gauge field characterised
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by a non-trivial topological structure; they are produced as a result of the
spontaneous breakdown of the gauge symmetry of GUT to the Standard Model
gauge group SU(3)× SU(2)× U(1) [411]. They can be regarded as ‘particles’
with a magnetic charge whose nature is topological. Their mass is typically
very large, of the order of the GUT scale (M ≈ 1016 GeV). The main problem
with monopoles in Cosmology is that they are overproduced during symmetry
breaking. Given their extremely large mass, they would represent the dominant
contribution to the energy density. Hence, if there is no other mechanism taking
place that may dilute them, they would overclose the Universe.
1.7 A Solution to the Cosmological Puzzles
The mechanism of inflation was introduced in order to provide a solution to
the cosmological puzzles, described in the previous sections. This is in fact
possible if, before entering the radiation dominated era, the Universe went
through an era of accelerated expansion23. By looking at the second Friedmann
equation (1.21), and knowing that the cosmological constant Λ observed today
was negligible in the Early Universe compared to other forms of energy, this
is possible only if ρ + 3p < 0. In order to achieve this, a violation of the
strong energy condition is required. In fact, as it was first realised by Guth
this is possible if one considers a fluid characterised by the equation of state
p = −ρ, i.e. some form of energy that behaves like a cosmological constant.
The stress-energy tensor would then be given by24
Tµν = λgµν . (1.66)
However, this cannot be a cosmological constant in a strict sense. In fact, if
that was the case, it would be dominant at all times, since no mechanism can
dilute a cosmological constant, by definition. If it is dominant at early times,
it stays dominant throughout the whole history of the Universe. Therefore,
although this would solve the three cosmological puzzles, it would not allow for
structure formation and is for this reason incompatible with our own existence.
The conclusion we draw from this argument is that, if we want to pursue this
path, we must look for some form of energy which behaves as a cosmological
constant only approximately. In the following, we will briefly discuss how such
23This was first shown by Guth [216], who introduced the first example of inflationary
mechanism, now known as ‘old inflation’.
24Notice that, with this definition, the units of measurement of λ are not the same of Λ,
defined before. In fact, in our units [λ] = [Λ][G]−1.
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an assumption is a solution to the classic cosmological puzzles discussed in the
previous section.
1.7.1 Flatness Problem
During the inflationary era the energy density of the Universe is dominated by
a cosmological constant-like term, with stress-energy tensor given by Eq. (1.66).
It follows that the Universe undergoes exponential expansion. Therefore, we
have a(t) ∼ eHt, with the Hubble rate H being slowly varying. In this case, the
curvature parameter is given by
|ΩK| = |K|
a˙2
∝ e−2Ht . (1.67)
Hence, a flat Universe characterised by ΩK = 0, which is unstable under small
changes in the initial conditions in the hot big bang cosmology, is turned into
an attractor by inflation.
1.7.2 Horizon Problem
The horizon problem is also solved in the inflationary scenario. We define ti as
the time at the beginning of inflation, while te marks its end. Computing the
horizon distance using Eq. (1.65) we have
dmax = a(te)
∫ te
ti
dt′
1
a(t′)
= H−1(eN − 1) , (1.68)
having defined the number of e-folds of expansion during inflation as
N = log
(
a(te)
a(ti)
)
= H(te − ti) . (1.69)
We can assume the value of dmax computed in Eq. (1.68) as giving the main
contribution to the size of the particle horizon today, since the radiation and
the matter dominated eras do not give significant contributions to the integral
in Eq. (1.65).
1.7.3 Cosmic Relics
The problem of the abundance of cosmic relics discussed in Section 1.6.3
can also be resolved similarly by introducing a source of energy-momentum
that behaves approximately like a cosmological constant. In fact, the original
motivation for inflation was the overproduction of magnetic monopoles in
SU(5) GUT. Although the SU(5) model was abandoned due to its prediction
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of proton instability, the problem persists with other GUT theories based on
simple Lie groups. Moduli fields represent yet a different kind of cosmic relics
predicted by many superstring-inspired models of particle physics [133, 338].
They would typically have masses of the order of the scale of supersymmetry
(SUSY) breaking. Hence, similar considerations would apply as in the case of
monopoles discussed in Section 1.6.3.
It is important to remark that the most serious among the classic cosmo-
logical puzzles is represented by the horizon problem. In fact, in inflationary
models any solution to the horizon problem also solves the flatness problem and
the cosmic relics problem, although the converse is not true in general [411].
This must be compared with the case of bouncing cosmologies, which generally
solve the horizon problem, whereas the solution of other cosmological problems
(e.g. the flatness problem) depends on the particular model considered [55, 88].
1.8 The Inflationary Mechanism
The simplest possible realisation of the idea underlying inflation is obtained
by considering a scalar field with self-interactions. In fact, as we saw in
Eqs. (1.16), (1.18), we have in that case
ρϕ =
(
1
2
ϕ˙2 + V (ϕ)
)
, (1.70)
pϕ =
(
1
2
ϕ˙2 − V (ϕ)
)
. (1.71)
We immediately realise that, if in some regime the kinetic energy term is
negligible, we have
ρϕ ≈ −pϕ ≈ V (ϕ) . (1.72)
Therefore, the problem is to study under which conditions Eq. (1.72) can
be consistently imposed when studying the dynamics of a FLRW universe.
This will lead us to the study of slow-roll inflation. In particular, we observe
that, when Eq. (1.72) holds and ϕ can be considered as nearly constant, the
Friedmann equation implies
a(t) ∼ eHt , with H =
√
8πG
3
V (ϕ) . (1.73)
V (ϕ) is taken to be positive in order to have an exponential expansion.
During the inflationary era, the dynamics of spatial geometry is close to that
of de Sitter spacetime, which is a maximally symmetric spacetime and an exact
solution of the Einstein equations in vacuo with a positive cosmological constant
Λ > 0. In fact, in comoving gauge the scale factor of de Sitter spacetime is
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an exponential of proper time. Therefore, it is common practice to dub the
inflationary era as quasi-de Sitter.
The first slow-roll condition is
1
2
ϕ˙2 ≪ V (ϕ) , (1.74)
which justifies neglecting the kinetic term of the scalar in the first Friedmann
equation. We must also require that this condition is preserved under time
evolution. Thus, we obtain
ϕ¨≪ V,ϕ . (1.75)
This motivates the additional requirement that the inertial term be negligible
compared to the friction term in the equation of motion for the scalar field
(1.19). Thus, we impose the second slow-roll condition
|ϕ¨| ≪ H|ϕ˙| . (1.76)
At this stage, it is convenient to introduce the so-called slow-roll parameters
[56]
ε =
1
16πG
(
V ′
V
)2
, (1.77)
η =
1
8πG
V ′′
V
, (1.78)
where a prime denotes differentiation w.r.t. ϕ. Using the Friedmann equations
(1.20), (1.21) and the equation of motion of the scalar field (1.19), the two
slow-roll conditions, Eqs. (1.74), (1.75) can equivalently be expressed as a
condition on the smallness of the slow-roll parameters
ε, |η| ≪ 1 . (1.79)
This is also not enough, since inflation has to end after the Universe has
expanded for a sufficiently large number of e-folds, marking the transition
(reheating) to a radiation dominated era. Therefore, slow-roll inflation requires
by its very construction a particular choice of the profile of the potential
function and a suitable tuning of the parameters which enter in its definition.
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1.9 Structure Formation
The major strength of the inflationary mechanism lies in the fact that it provides
a simple and elegant explanation for the observed anisotropies in the CMB25.
Moreover, it provides the seeds for structure formation, which does not have an
explanation in the old hot big bang cosmology scenario. The main tool is the
theory of cosmological perturbations, which serves to link models of the very
early Universe to the observational data obtained in Precision Cosmology [90];
it is so powerful and general that it can be rightly regarded as a cornerstone of
modern Cosmology. In order to discuss this topic, we have to go beyond the
case of a perfectly homogeneous and isotropic Universe discussed in previous
sections of this chapter. A FLRW spacetime is considered as a background on
which cosmological perturbations, i.e. metric and matter fields perturbations,
dynamically evolve. During the inflationary era, the cosmological background
is characterized by a quasi-DeSitter geometry.
Perturbations of the inflaton field start as quantum fluctuations in the
Bunch-Davies vacuum. As the Universe expands, modes characterized by a
given wave vector k are redshifted until they exit the (comoving) Hubble
radius, which happens when |k| ≥ (aH)−1. When a given mode exits the
Hubble radius the corresponding quantum state becomes highly squeezed, so
that it is highly sensitive to decoherence induced by interactions with the
environment [263, 262]. This allows inflaton perturbations to be treated as
classical stochastic fluctuations after horizon exit.
Curvature perturbations are frozen out for modes outside the horizon,
implying that they can be computed at horizon exit. When modes eventually
re-enter the horizon, after the end of inflation, the corresponding curvature
perturbations are the ones characterising primordial inhomogeneities in the
observable Universe. This gives rise to the anisotropies observed in the CMB,
and also provides the seeds for structure formation. It is worth stressing that,
due to the conservation law that holds for curvature perturbation modes outside
the horizon, the mechanism is insensitive to the details of the re-heating stage
at the end of inflation.
It must be pointed out that the success of the inflationary mechanism
heavily relies on the initial conditions assumed at the onset of inflation. In
fact, homogeneity of the inflaton field over several Hubble lengths must be
assumed in order for inflation to take place [104]. Such initial conditions are
not generic and can hardly be seen as natural, and it has been argued that
25We will not attempt at a systematic discussion of the theory of cosmological perturbations
and its applications. The reader is referred to Refs. [309, 90, 308, 56] for comprehensive
reviews.
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they must find an explanation in events occurring during the QG era before
the onset of inflation [105]. Then, the problem is shifted to that of finding
suitable boundary conditions for the universe wave function in QC, which must
at the same time realize the necessary homogeneity for the onset of inflation,
and explain Bunch-Davies initial conditions for cosmological perturbations26.
1.10 The Initial Singularity
The occurrence of singularities is generic in GR, as shown by the singularity
theorems of Hawking and Penrose [230]. They hold provided that Einstein’s
equations are satisfied and matter fields satisfy suitable energy conditions27.
In particular, in the cosmological case the singularity takes place at zero scale
factor. Singularities are problematic in GR since they imply a breakdown of
determinism, unless they are protected by an event horizon as in the case of
black holes28. This is clearly not the case in a cosmological setting. In particular,
it follows that we cannot set the initial conditions for our Universe at the origin
of the cosmic expansion, but we have to arbitrarily single out a past space-like
hypersurface (provided it is a Cauchy hypersurface, see Ref. [230]), where to
assign the initial data for the gravitational field and other physical fields.
At this stage, we would like to study in more detail what are the relevant
properties of matter that ultimately lead to the occurrence of singularities in
GR. From the definition of the Hubble rate H = a˙
a
, taking its first derivative
with respect to proper time, we have
H˙ =
a¨
a
−
(
a˙
a
)2
= −4πG(ρ+ p) . (1.80)
In the last step we used the two Friedmann equations (1.20), (1.21). For matter
satisfying the null energy condition (NEC, see Appendix A) we have
ρ+ p > 0 , (1.81)
implying that the Hubble rate is always decreasing H˙ < 0. Moreover, the
continuity equation (1.54) for matter subject to NEC implies that ρ˙ < 0. As
we go back in time these quantities are both diverging, leading to the initial
singularity and the breakdown of GR. Hence, we have identified NEC as the
26The latter point has been studied recently in Ref. [177] in the context of Lorentzian QC,
where it is claimed that the celebrated Hartle-Hawking no-boundary proposal does not lead
to Bunch-Davies initial conditions for the perturbations.
27A certain number of additional technical assumptions is also assumed, see Ref. [230].
28Black holes are nevertheless problematic for different reasons since they lead to the
information loss problem, encountered in the context of QFT on curved spacetimes.
1.10 The Initial Singularity 32
culprit for such drawback of the classical theory of GR. In the literature there
are many examples of NEC violating theories which solve the initial singularity
problem, with applications to Cosmology, wormholes and the creation of a
‘universe in a lab’ [363]. In a cosmological setting, in these classical models
the would-be singular region is replaced by a regular region of spacetime and
there is a minimal volume of the Universe, i.e. a bounce. This is achieved by
introducing some exotic type of matter which violates NEC.
Bouncing cosmologies are also interesting since they offer an alternative
to the inflationary paradigm. The way in which the classic cosmological
puzzles are solved in such scenarios is reviewed in Ref. [88, 55]. In particular,
we observe that the horizon problem is automatically solved in all bouncing
models. However, there are also new problems that may arise. In fact, as a
generic feature of all bouncing models, inhomogeneities and anisotropies tend
to increase during the contracting phase, as a result of the Belinsky–Lifshits–
Khalatnikov phenomenon [59] (also see Refs. [363, 88] and references therein).
There may also be further model-specific problems such as e.g. curvature and
vector modes instabilities. For a review of all these different aspects of bouncing
cosmologies the reader is referred to Ref. [88].
Before closing this section we find it worth remarking that inflation does
not lead to singularity resolution. In fact, suitable initial conditions must
be imposed at the onset of inflation in order to recover compatibility with
observations. Thus, inflation fails to give a complete picture of the history
of the universe. We will not review the open issues in inflation here, since it
would be beyond the purpose of this thesis. We refer the interested reader to
the published literature, and in particular to Refs. [89, 298]. It will be enough
for us to observe that the inflationary paradigm relies on the existence of a
hypothetical new field, the inflaton, with a potential that does not seem to
follow from any fundamental physical principles, but rather its profile is chosen
so as to be compatible with observations. It would be surprising if there was
not a more fundamental theory to describe physics at high energy scales and
classical cosmology was valid up to the Planck scale.
In later chapters we will study singularity resolution in frameworks that
are different from classical GR. To be specific, we will see that a bounce can
also be achieved by modifying the laws of gravity, e.g. by means of quantum
gravity corrections as in case of Group Field Theory (GFT) models considered
in Chapter 3.
Part I
Cosmology from Quantum Gravity
Chapter 2
Quantum Cosmology and
Minisuperspace Models
In this chapter we present an extension of Wheeler-DeWitt (WDW) minisu-
perpace cosmology with additional interaction terms that preserve the linear
structure of the theory, which was considered by the author in Ref. [134].
Particular attention will be paid to the link between Quantum Cosmology à
la WDW and other approaches, such as Loop Quantum Cosmology (LQC)
and Group Field Theory (GFT). In fact, a motivation for our model comes
from a toy model inspired by GFT, which was proposed in Ref. [101]. In that
model, the Hamiltonian constraint in LQC defines the kinetic term of a third
quantised theory in minisuperspace. In the large volume limit a generalisation
of WDW is obtained, characterised by the presence of extra terms representing
interactions in minisuperspace.
Section 2.1 is a general introduction to the geometrodynamics (WDW)
approach to Quantum Gravity and Quantum Cosmology, where we discuss
the ideas underlying it, its strong points and weaknesses. This will also give
us the opportunity to further contextualise our model within the framework
of canonical approaches. In Section 2.2 we review the formulation of the
geometrodynamics approach to Quantum Gravity. In Section 2.3 we focus on
its symmetry reduced version, i.e. the WDW approach to Quantum Cosmology.
We discuss its standard formulation, the connection with path-integrals, and
review some recent results obtained in this approach. In Section 2.4 we will
review some of the issues related to the physical interpretation of the theory
and some alternatives that have been proposed in the literature. In particular,
we will discuss the ideas underlying the possibility of a ‘third quantisation’
that may solve those issues. This is also relevant in light of the third quantised
perspective which is also adopted in the formulation of GFT, discussed in
Chapter 3 of this thesis. In Section 2.5 we review the GFT inspired model of
Ref. [101] and show how our model can be recovered from it in the large volume
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limit. This will allow us to discuss the relation between geometrodynamics and
other canonical approaches to Quantum Cosmology, such as LQC.
General perturbative methods are then developed and applied to our model.
In particular, we study the effect of the new interaction terms on known
semiclassical solutions for a closed (K = 1) FLRW universe filled with a
massless scalar, which plays the role of an internal clock. The unperturbed
case is studied in Section 2.6, where we review the construction of wave-packets
solutions done in Ref. [254]. In Section 2.7 we obtain a Helmoltz-like equation
in the case of interactions that do not depend on the internal time. The
corresponding Green kernel is obtained exactly and turns out to depend on
a real parameter, which is linked to the choice of boundary conditions at the
singularity. In Section 2.8 the exact Feynman propagator of the WDW operator
is computed non-perturbatively by means of a conformal transformation in
minisuperspace. The problem is thus reduced to that of finding the Klein-
Gordon propagator in a planar region with a boundary. The solution is found
by applying techniques that are similar to those used in analogous problems
in electrostatics. In Section 2.9, as an application of the ‘time-dependent’
perturbation theory developed in the previous section, we consider the case of
an additional interaction given by white noise. It is argued that such term can
be used to give an effective description of the interaction of the cosmological
background with the microscopic d.o.f. of the quantised gravitational field.
The corrections to the wave-packet solutions to first perturbative order are
then computed numerically. We discuss the implications of our results for
semiclassicality of the perturbed states and for the arrow of time. Finally, we
review our results and their physical consequences in Section 2.10.
2.1 Introduction
The framework adopted will be that of quantum geometrodynamics, also known
in the literature as Wheeler-DeWitt (WDW) theory. It was originally derived
by applying Dirac’s quantisation scheme (Appendix B) to Einstein’s theory
of gravity, formulated in Arnowitt-Deser-Misner (ADM) variables (Appendix
C). In this approach, the dynamics of the gravitational field is entirely deter-
mined by constraint equations, known as the diffeomorphism constraint and
the Hamiltonian constraint. The latter is frequently referred to as WDW
equation. Such constraints express the invariance of the dynamics under time
reparametrisations and spatial diffeomorphisms, respectively. They close an
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algebra, known as the hypersurface deformation algebra1, which describes
deformations of three-dimensional spatial hypersurfaces embedded in a four-
dimensional spacetime. The specific form of the constraints depends on the
particular gravitational theory at hand. However, it reduces to the algebra of
spacetime diffeomorphisms on-shell, i.e. when the constraints are satisfied. The
fact that the dynamics of the gravitational field in the canonical formulation of
GR turns out to be totally constrained2 has important consequences for the
interpretation of the quantum theory, as we will discuss below.
Geometrodynamics was the first canonical approach3 to be historically
developed. There are essentially two reasons for our choice of this approach. In
first place, besides representing a path to Quantum Gravity in its own respect,
it is also expected that it can be recovered approximately as the low energy
limit of some other (canonical) approaches, such as e.g. Loop Quantum Gravity
(LQG) [260, 257]. This is essentially due to the fact that the Einstein equations
can be recovered from it in the eikonal approximation, in analogy with the way
classical mechanics is recovered from ordinary quantum mechanics [194, 257].
In second place, this approach allows for a rigorous study of the quantum
dynamics of simple models, more specifically cosmological models and black
holes [257] . The former class of models turns out to be also the most relevant
one for the determination of potentially observable effects in Quantum Gravity
[70, 93, 94, 259, 261].
It must be stressed that geometrodynamics has several well-known limita-
tions as a full theory of Quantum Gravity4, which prompted the development
of alternative canonical approaches. The difficulties in geometrodynamics are
essentially of a mathematical character. Some well-known examples are given
by the factor ordering problem in the Hamiltonian constraint, the anomaly
problem5, and the construction of a physical Hilbert space, i.e. the implemen-
tation of the constraints6. Nevertheless, it can be used as a powerful tool in
simple systems, as discussed above. Particularly relevant are its applications
1Also known as the Bergmann-Komar algebra, see Appendix C for a discussion and
references.
2This is actually true in any relativistic theory of gravity, not necessarily GR. However,
the particular form of the constraints and their algebra structure depend on the theory, see
Ref. [398].
3There are several other approaches to Quantum Gravity. It would be well beyond the
purpose of this thesis to review all of them and explore their mutual relations. The interested
reader is referred to Ref. [256] for an accessible introduction to different approaches.
4For a general account of the WDW theory and the problems it encounters see e.g.
Ref. [360].
5See discussion in Section 2.2.
6Also in LQG the implementation of the Hamiltonian constraint represents a major open
problem. Different proposals exists to implement the dynamics in LQG, e.g. the Spin Foam
approach [341], the master constraint programme [397], or the GFT approach [322].
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to Cosmology, in cases where the number of degrees of freedom is restricted
a priori, i.e. in minisuperspace and midisuperspace7 models. In Cosmology,
geometrodynamics has also been extremely useful to gain insight into some of
the deep conceptual issues raised by a quantum theory of the gravitational field,
which are shared by all nonperturbative approaches to quantum gravity. Among
those we mention the problem of time (i.e. the lack of a universal parameter
used to describe the evolution of the gravitational field) [244, 276, 64, 218],
the closely related problem of the arrow of time [229, 231, 264, 258, 305], and
the occurrence of stable macroscopic branches for the state of the universe
(as in the consistent histories approach [223, 225, 220, 17, 129]). All of those
problems are particularly relevant for Cosmology. Their resolution would have
a great impact on our understanding of Quantum Gravity and of the history of
our Universe.
The Hamiltonian constraint, commonly known as the WDW equation after
its inventors, deserves particular attention. It has the peculiar form of a timeless
Schrödinger equation, in which the unknown is a function defined on the space
of three-dimensional geometries8
Hˆψ[hij] = 0 , (2.1)
where hij is the spatial metric9 and Hˆ is the quantum Hamiltonian constraint
(see Appendix C and Eq. (2.7)). The solution of Eq. (2.1) is referred to as the
wave-function of the universe. The WDW equation is a constraint imposed
on physical states, stemming from the invariance of the classical theory under
reparametrisations of the time variable. In order to talk about physical evolution
one has to introduce the notion of relational observables, expressing how one
physical variable evolves with respect to another [357, 389, 355].
One of the fundamental properties of WDW is its linearity. This is indeed
a consequence of the Dirac quantisation procedure and a property of any first-
quantised theory. One can nonetheless find in the literature several proposals
for non-linear extensions of the geometrodynamics equation. They are in
general motivated by an interpretation of ψ in Eq. (2.1) as a field operator
(rather than a function) defined on the space of geometries. This idea has been
7In midisuperspace models one applies a less drastic symmetry reduction than in the case
of minisuperspace, i.e. such that the space of Riemannian metrics on spacetime (modulo
diffeomorphisms) is still a functional space rather than a finite dimensional one. For a review
and references to the literature see Ref. [44].
8Those are defined on each sheet Σt of a foliation of spacetime, which is assumed to be
globally hyperbolic M∼= R× Σ (where Σ is a Cauchy surface). See Appendix C.
9We must stress that the wave-function ψ only depends on the class of three-geometries
corresponding to hij , i.e. ψ[h′ij ] = ψ[hij ] if h′ij and hij are related by a diffeomorphism. This
is a consequence of the momentum constraint Di δδhij ψ[hij ] = 0.
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applied to Cosmology and found concrete realisation in the old baby-universes
approach [197]. More recently, a model with a similar spirit and motivated by
GFT (see Chapter 3) has been proposed in Ref. [102], which assumes instead
LQC [24] as a starting point (i.e. to define the free theory).
It is worth stressing that WDW theory can be recovered in the continuum
limit of LQC (see Ref. [33] for details). In this sense it can be interpreted
as an effective theory of Quantum Cosmology, valid at scales such that the
fundamentally discrete structure of spacetime which arises from the loop
quantisation cannot be probed. Therefore WDW, far from being of mere
historical relevance, is rather to be considered as an important tool to extract
predictions from cosmological models when a continuum, semiclassical behaviour
is to be expected.
In Section 2.5 we consider as a starting point the Hamiltonian constraint
of LQC, leading to the free evolution of the universe, as discussed in the
GFT-inspired model of Ref. [102]. Non-linear terms are allowed, which can be
interpreted as interactions between disconnected homogeneous components of
an isotropic universe (scattering processes describe topology change). Instead
of resorting to a third-quantised formalism built on minisuperspace models, we
follow a rather conservative approach which does not postulate the existence
of universes disconnected from ours. Thus, we take into account only linear
modifications of the theory, so as to guarantee that the superposition principle
remains satisfied. These extra terms can be interpreted as self-interactions of
the universe, as well as violations of the Hamiltonian constraint.
We aim at studying the dynamics in a regime such that the free dynamics
(given by the finite difference equation of LQC in improved dynamics) can be
approximately described in terms of differential equations. In this regime, the
dynamics is given by a modified WDW equation. Since WDW is obtained
in the limit of large volumes, it is clear that this effective theory cannot be
used to study the dynamics of the universe near the big bang or big crunch
singularities. The additional interactions should be such that deviations from
the Friedmann equation in the semiclassical limit are small; therefore, they will
be treated as small perturbations.
We consider a closed FLRW universe, for which semiclassical solutions are
known explicitly. In fact, it was shown in Ref. [254] that it is possible to
construct a quantum state whose evolution mimics a solution of the classical
Friedmann equation, and is given by a quantum superposition of two Gaussian
wave packets (one for each of the two phases of the universe, expanding and
contracting) centered on the classical trajectory. We build on the results of
Ref. [254] and, considering the new interaction term as a perturbation, we
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determine the corrections to evolution of the wave packets arising from the
extra linear interactions in our model.
Particularly interesting is the case in which the perturbation is represented
by white noise. In fact, this could be a way to model the effect of the underlying
discrete structure of spacetime on the evolution of the macroscopically relevant
degrees of freedom. This is in analogy with standard applications of the
Langevin equation to study the dynamics of a subset of the degrees of freedom
of a physical system, where the interaction with the other (microscopic) degrees
of freedom is modelled as a stochastic driving term. Thus, it should be possible
to make contact (at least qualitatively) with GFT cosmology, according to which
the dynamics of the universe is that of a condensate of elementary spacetime
constituents. In particular, describing the interaction term as stochastic white
noise, we aim at capturing from an effective point of view the interaction with
extra degrees of freedom (such as e.g. those arising from a possible third
quantisation of gravity) which are not included in the formalism and whose
exact nature we ignore. This will be done is Section 2.9. A comparison with the
case of Stochastic Electrodynamics (SED) [113, 142, 112, 114] may be useful,
which treats vacuum fluctuations as a classical stochastic process and can
provide an alternative expanation of the Lamb shift. The analogy with SED
has of course its limitations, since in the case at hand there is no knowledge
about the dynamics of the vacuum, which should instead come from a full
theory of Quantum Gravity. In spite of this limitation, the methods developed
here are fully general, so as to allow for a perturbative analysis of the solutions
of the linearly modified WDW equation for any possible form of the additional
interactions.
2.2 Geometrodynamics
Geometrodynamics is a canonical approach to Quantum Gravity. The starting
point is the Hamiltonian formulation of GR in ADM variables (see Appendix C).
The system is fully constrained, i.e. the Hamiltonian is a linear combination of
constraints, and the dynamics is given by the two equations
H[hij, p
ij] ≈ 0 , Ha[hij, pij] ≈ 0 , (2.2)
called the Hamiltonian constraint and the (spatial) diffeomorphism constraint,
respectively. Here hij represents the metric of three-space and pij its canonically
conjugated momentum. In Appendix C we also give a review of the ADM
formalism and the general form of the classical constraints is given in Eq. (2.2).
The constraints are understood as weak equations, i.e. they do not hold
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everywhere in phase space but only on a region called the constraint hypersurface.
Since they span the algebra of first class constraints, they are interpreted as the
generators of gauge transformations, i.e. they do not change the physical state
(see Appendix B). Thus, the canonical formulation of GR in ADM variables
makes it clear that time, as an evolution parameter, has no actual physical
interpretation already at the classical level.
Following the Dirac procedure, first class constraint are imposed as restric-
tions on the space of wave functionals ψ[hij ] (spanning the kinematical Hilbert
space). In this way physical states are selected as the solutions of the following
equations
Hˆψ[hij] = 0, Hˆaψ[hij] = 0 . (2.3)
In other words, the physical Hilbert space is a subspace of the kinematical
Hilbert space, whose elements satisfy the constraints.
In quantum geometrodynamics, the canonically conjugated variables hij
and pij are assumed as the fundamental ones, and the system is quantised by
applying the standard heuristic quantisation rules
hij → hˆij , pˆij → ℏ
i
δ
δhij
. (2.4)
In this way, one has
[hij(x), p
hk(y)] = iδh(iδ
k
j)δ(x,y) . (2.5)
The diffeomorphism constraint reads as
Hˆaψ = −2Djhikℏ
i
δ
δhjk
ψ = 0 , (2.6)
while the Hamiltonian constraint is given by
Hˆψ =
(
− 16πGℏ2Gijhk δ
2
δhijδhhk
−
√
h
16πG
((3)R− 2Λ)
)
ψ = 0 , (2.7)
where Gijhk is the DeWitt supermetric (see Appendix C for definitions). Equa-
tion (2.7) is also known as the WDW equation. Classical GR is recovered in
the eikonal approximation of Eq. (2.7) (see Ref. [194]), similarly to the way
classical mechanics can be recovered from quantum mechanics. This suggests
that geometrodynamics should be at least approximately valid below the Planck
scale, regardless of what the fundamental theory of QG is [257].
Our considerations above were limited to the pure gravity case. When extra
non-gravitational fields are allowed, they contribute additional terms to the
constraints. We observe that the kinetic term in the Hamiltonian constraint
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(2.7) is ill-defined due to the presence of a second order functional derivative and
to the non-linearity of the DeWitt supermetric. In fact, there is a factor ordering
ambiguity in the definition of such term. Besides that, there is a possibility
that quantum anomalies (Schwinger terms) may arise in the constraint algebra.
Such terms are potentially dangerous since they can spoil the consistency of
the Dirac scheme. The factor ordering problem and the anomaly problem are
intimately related. In fact, it is possible to fix the factor ordering by requiring
anomaly cancellation [52], although a generally consistent regularisation scheme
that can preserve such results is not known [256]. For a more detailed review
of these issues, see Ref. [256] and references therein.
Before closing this section, we would like to stress the relation between
the canonical approach to quantum geometrodynamics and the path-integral
approach. In fact, it turns out that they are (at least formally) equivalent.
This was discussed from a heuristic point of view in Ref. [228] considering the
path-integral over Euclidean metrics. Similar considerations also apply to the
Lorentzian case10. We will discuss in Section 2.3 the Lorentzian path-integral
formulation of quantum cosmological models, which was derived rigorously in
Ref. [219].
2.3 Quantum Cosmology à la Wheeler-DeWitt
The underlying assumption in Quantum Cosmology (QC11) is that Quantum
Mechanics is really universal and, as such, its rules must also apply to the
universe as a whole. In particular, the fundamental laws determining the
large scale structure of spacetime must be quantum. From a formal point of
view, QC is based on a reduced symmetry quantisation of the gravitational
field, i.e. suitable symmetry properties are imposed on field configurations
before quantisation. Particularly relevant in this respect are homogeneous
and isotropic configurations, i.e. those that satisfy the Cosmological Principle
(discussed in Section 1.1).
Symmetry reduction is a crucial aspect of QC. On the one hand, it allows
analytic treatment of simple models which are relevant for cosmological appli-
cations. On the other hand, its relation to the full theory is in general not clear;
more precisely, a given QG12 proposal motivates the particular quantisation
rules used in its symmetry reduced version, although it is not known whether
10For the Lorentzian case in full quantum geometrodynamics the reader is referred to
Refs. [53, 51, 392].
11The acronym QC will be used in a generic sense to refer to any approach to Quantum
Cosmology. When a particular approach is implied, this will be specified by a different
acronym, such as e.g. WDW or LQC.
12Similarly to Footnote 10.
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QC can be recovered in some regime from the full quantum theory. These
features are shared by all of the known different proposals for (canonical) QG,
such as e.g. quantum geometrodynamics and LQG. Another drawback of
symmetry reduction lies in the fact that neglecting some degrees of freedom
and their conjugate momenta is inconsistent with the Heisenberg uncertainty
relations from the point of view of the full theory [256]. Nevertheless, it can be
a good approximation as long as such degrees of freedom can be regarded as
small perturbations. For instance, this assumption is justified when studying
cosmological perturbations.
In this section we will show the derivation of the QC dynamical equations in
the geometrodynamics approach, i.e. quantising the cosmological background
à la WDW. We will start from the Einstein-Hilbert action of GR, symmetry
reduced so as to satisfy the cosmological principle. The action of a FLRW
universe filled with a scalar field ϕ is given in Eq. (1.11)
S = Sg + Sm =
∫
dt N
(
1
2
GAB
q˙Aq˙B
N2
− V (q)
)
, (2.8)
with qA = (a, ϕ) and the DeWitt supermetric being (with a being the scale
factor and in units such that 8πG
3
= 1)
GAB =
(
−a 0
0 a3
)
. (2.9)
The indefiniteness of GAB, already observed in the general case, has important
consequences for the interpretation of the quantum theory.
At this stage, we would like to rewrite the action principle in Hamiltonian
form, which is suitable for the Dirac quantisation scheme of constrained systems.
Obviously the Hamiltonian constraint for the cosmological background can be
obtained as a particular case of the general ADM action, given in Appendix C.
We wish to give an alternative derivation, by symmetry reducing the Einstein-
Hilbert action and applying the Dirac procedure to the symmetry reduced
Lagrangian theory. This is known as the principle of symmetric criticality,
which we will simply assume to hold in our case13.
We will follow Ref. [256] in our derivation of the WDW equation for a
FLRW universe. To get started, we need to compute the momenta canonically
13The reader must be aware that symmetry reduction at the level of the action and at the
level of the equations of motion are in general not equivalent. In our case their equivalence is
guaranteed by the spherical symmetry of the field configuration. For the general criteria for
the validity of the symmetric criticality principle, see Ref. [335]. Further references and a
discussion which is particularly relevant for the application of this principle to cosmology are
given in Ref. [256].
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conjugated to a and ϕ from the action (2.41). We get
pa = −aa˙
N
, pϕ =
a3ϕ˙
N
(2.10)
The canonically conjugated momentum to N is found to be identically vanishing,
which should be interpreted according to the Dirac scheme (Appendix B) as a
constraint equation in phase space
pN ≈ 0 . (2.11)
Note that the system is fully constrained, as one would expect on general
grounds from the Dirac analysis of the constraints of GR. In particular, since
homogeneity has been imposed at the outset, the diffeomorphism constraint is
automatically satisfied. The Hamiltonian is proportional to the Hamiltonian
constraint, stemming from time reparametrisation invariance of the classical
theory; it reads as
H = N
(
1
2
GABpApB + U(q)
)
≈ 0 . (2.12)
The kinetic term is given by
1
2
GABpApB =
1
2
(
−p
2
a
a
+
p2ϕ
a3
)
, (2.13)
while the interaction term depends both on the form of the scalar field potential
and on the spatial geometry (i.e. the parameter K)
U(q) =
1
2
(
V (ϕ)−Ka+ Λa
3
3
)
. (2.14)
The quantum theory is obtained by applying the standard heuristic quanti-
sation rules, as in the derivation of the complete WDW theory discussed in the
previous section14. In this case we have two degrees of freedom, namely the
scale factor a and the scalar field ϕ. The rules for quantisation are then
pa → pˆa = ℏ
i
∂
∂a
, pϕ → pˆϕ = ℏ
i
∂
∂ϕ
. (2.15)
The operators corresponding to a and ϕ act instead multiplicatively. We
observe that factor ordering ambiguities inevitably arise in the quantisation
14The reader may appreciate that the minisuperspace model does not feature functional
derivatives, but only ordinary ones. This is a major advantage in comparison with the full
theory, thus allowing full analytic control.
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of the kinetic term (2.13), due to the non-linearity in the DeWitt supermetric
GAB. A possible solution corresponds to the so-called covariant factor-ordering,
i.e. a choice is made such that the kinetic term is given by the Laplacian
corresponding to GAB. Thus, we require
GABpApB → − ℏ
2
√− detGAB
∂A
(√
− detGAB GAB∂B
)
=
ℏ2
a2
∂
∂a
(
a
∂
∂a
)
−ℏ
2
a3
∂2
∂ϕ2
.
(2.16)
Having fixed the factor ordering, we can finally write down the WDW equation
for a FLRW universe. From the Hamiltonian constraint in the classical theory
and using Eqs. (2.16), (2.14) we obtain (setting ℏ = 1)
1
2
(
1
a2
∂
∂a
(
a
∂
∂a
)
− 1
a3
∂2
∂ϕ2
+ V (ϕ)−Ka+ Λa
3
3
)
ψ = 0 . (2.17)
In the rest of this chapter we will consider only the case of a closed universe
(K = 1). Making the variable transformation a→ expα, we can bring Eq. (2.17)
to a simpler form.
e−3α
(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α + e6α
(
V (ϕ) +
Λ
3
))
ψ = 0 . (2.18)
This is a wave equation with a potential, which in general depends on both
variables α and ϕ. For our purposes we will consider the relatively simple case
of a massless scalar field and vanishing cosmological constant. In this case, the
equation above reduces to(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α
)
ψ = 0 . (2.19)
In Section 2.6 we will review the construction of wave packet solutions for
Eq. (2.19), which were obtained in Ref. [254]. Such solutions will then be
perturbed using techniques developed by the author in Ref. [134].
As remarked in the final part of Section 2.2, the canonical formulation
of geometrodynamics and the path-integral one are formally equivalent. For
minisuperspace models this equivalence actually holds beyond the merely formal
level and can be established on solid grounds [219]. The path-integral of a
minisuperspace model is given by
Z =
∫
DpDqDN exp
[
i
∫
dt (phq˙h −NH)
]
. (2.20)
Due to time-reparametrisation invariance, physical configurations in the naively
formulated path-integral (2.20) are counted more than once, which makes it
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badly divergent. This situation is entirely analogous to the one which is familiar
from Yang-Mills theories. In order to provide a path-integral quantisation of
the system one introduces a gauge-fixing term and ghost fields, such that the
resulting action is invariant under BRST15 symmetry. This is done following
the general BFV (Batalin-Fradkin-Vilkovisky) method, which provides general
prescriptions for the path-integral quantisation of a constrained Hamiltonian
system [54, 182]. With a judicious choice of gauge-fixing and by means of a
suitable discretisation of the path-integral (skeletonisation), integration over
the ghost fields can then be performed [219]. The result is the following
Z =
∫
dN(t′′ − t′)
∫
DpDq exp
[
i
∫ t′′
t′
dt (phq˙h −NH)
]
. (2.21)
Hence, the path-integral of a parametrised system involves an additional or-
dinary integration over the Lagrange multiplier N (lapse). It turns out that
the range of integration of N is directly related to the physical interpretation
of the result. In fact, the wave-function ψ (i.e. a solution of the WDW equa-
tion) is obtained if one integrates the lapse over the whole real line. Instead,
by restricting the integration range to the positive half-line, one obtains the
Green function of the WDW operator. However, the Green function cannot be
interpreted as a propagator, as in the case of quantum mechanics or in QFT
[255]. The reason for this difference lies in the fact that only zero modes of the
WDW operator define physical states.
The path-integral formulation also allows to show the relation between
factor-ordering in the WDW equation and the integration measure in the path-
integral. It was suggested in Ref. [219] that the choice of factor-ordering must
be such that the WDW equation includes an extra term ℏξR which makes it
conformally invariant in minisuperspace. In fact, such choice would correspond
to the invariance of the path-integral measure under field redefinitions (R being
the scalar curvature of minisuperspace).
A different motivation for considering the path-integral (2.20) lies in the
fact that boundary conditions for solutions of the WDW equation correspond
in this alternative formulation to the choice of an integration contour [255]. In
fact, recent applications have shown that the Lorentzian path-integral can be
computed analytically by means of an appropriate deformation of the integration
contour, which is fixed uniquely by Picard-Lefschetz theory [176, 177]. These
results are not compatible with those obtained in previous works based on the
Euclidean path-integral and the ensuing no-boundary proposal (see Ref. [224]).
This shows that the Lorentzian and the Euclidean path-integral are actually
15After Becchi, Rouet, Stora [57], and Tyutin [399].
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two distinct theories16. At the background level, the Lorentzian theory leads
to a result which is qualitatively similar to the tunneling proposal introduced
in Ref. [404]. For an alternative position on the results of Refs. [176, 177], see
Ref. [152]. In Refs. [206, 207] a model with conformally coupled matter was
considered; using a suitable deformation of the lapse integration contour, the
Lorentzian path-integral was shown to lead to a cosmological bounce17.
2.4 Interpretation of the WDW equation
As remarked above, due to the absence of an absolute time parameter, the
WDW equation has the form of a ‘timeless’ Schrödinger equation. In fact, due
to the indefinite nature of the DeWitt supermetric18 GAB and the fact that only
second-order derivatives are involved, the WDW equation for a minisuperspace
model has the form of a Klein-Gordon (KG) equation with a potential. The
KG equation in a d-dimensional spacetime reads as
□dϕ = 0 , (2.22)
where ϕ is a scalar field and □d denotes the d-dimensional d’Alembertian. As
in the KG case, there is no direct probabilistic interpretation of the solutions
of the WDW equation.
For definitenes, let us consider the WDW equation for a closed universe
(K = 1) with vanishing cosmological constant and filled with a massless scalar
field with vanishing potential. This is given in Eq. (2.19), which can also be
obtained from the following Lagrangian
L =
∂ψ∗
∂α
∂ψ
∂α
− ∂ψ
∗
∂ϕ
∂ψ
∂ϕ
+ e4αψ∗ψ . (2.23)
16In particular, the results obtained in those works show that perturbations cannot be
kept under control in their approach. To overcome such a problem, one may consider
radically different choices of boundary conditions. In fact, one of the renowned features of
the Euclidean path-integral approach, based on no-boundary initial conditions, is the fact
that it offers a natural explanation for Bunch-Davies initial conditions for inflation. This
position does not seem tenable in the more rigorous Lorentzian path-integral approach [177].
17Delicate aspects related to the propagation of cosmological perturbations through the
quantum bounce are systematically studied in Ref. [207], which represents an important
viability check for such scenario.
18This is a general property, which holds for a general field configuration as well as for
minisuperspace models, see Appendix C.
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Since L in Eq. (2.23) is invariant under global U(1) transformations, the
following conservation law holds as a consequence of Noether’s theorem
∂µj
µ = 0, (2.24)
where the Noether current jµ is the standard KG current19
jµ = −i
ψ∗↔∂ψ
∂ϕ
, ψ∗
↔
∂ψ
∂α
 . (2.25)
In the cosmological case, the absence of a probabilistic interpretation along
the lines of the Copenaghen interpretation of QM is closely related to the fact
the universe, when considered as a whole, is by definition a closed system. Hence,
there is a priori no distinction between system and observer. Nevertheless,
a number of different alternative interpretations of the WDW equation is
possible. Some of them may also offer a solution to the problem of time. In
particular, the solutions we will discuss below all deal with the problem of
identifying time after quantisation (following the classification of Ref. [244]).
Alternatively, it is also possible to approach the problem of time by fixing
time before quantisation. We will not deal with such approaches here, for
which the reader is referred to Refs. [244, 256] and references therein. We will
only mention that it is in principle possible to solve the constraints before
quantisation (local deparametrisation), although it may be very difficult in
practice. In this case, the system can be brought in canonical form with respect
to a locally defined bubble-time on the classical phase space20 [274]. Yet another
possibility is offered by the consistent histories interpretation, proposed in the
seminal paper [214] (see also Ref. [244] and references therein). This is a very
general timeless interpretation that can be used for all quantum mechanical
systems, in which the concept of measurement is secondary. An important role
in this approach is played by the decoherence functional, which defines the
consistency of a family of histories of the quantum system [244].
19We introduced a compact notation to denote the antisymmetric combination of right
and left derivatives, namely
↔
∂
∂ϕ
≡
→
∂
∂ϕ
−
←
∂
∂ϕ
20See also Ref. [80] for a bubble-time approach to the problem of time using effective
equations. However, one may argue that such approach would be better qualified as solving
the problem of time after quantisation, since the effective equations, though being classical,
already encode quantum effects.
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2.4.1 Third Quantisation
In standard QFT, the problems related to the lack of a probabilistic inter-
pretation of the KG equation for a relativistic scalar particle are solved by
introducing a second quantisation of the KG field. The probabilistic interpreta-
tion is then guaranteed by unitarity of the S-matrix in the second quantised
theory. In the case of the gravitational field, quantum geometrodynamics is
already, strictly speaking, a second quantised theory. In order to be consis-
tent with the terminology, one then talks about a third quantisation of the
gravitational field.
The concept of a third quantisation was introduced in order to study
topology change in Quantum Gravity. In fact, in the standard second quantised
formulation of geometrodynamics topology is fixed at the outset, which would
seem to exclude a range of phenomena that could potentially play an important
role in Quantum Gravity. This possibility is reintroduced in the third quantised
theory. In this formalism, the universe wave function is turned into a field
operator, which acts on the vacuum of a Fock space to create ‘particles’,
i.e. universes with a given topology. In Ref. [197], a general third quantised
formalism for a system of interacting universes is described (see also Refs. [276,
244] for further references). In particular, non-linear interaction terms are
introduced. The interaction between two such universes is represented by pants
diagrams, similar to those used in the description of closed strings scattering21 in
String Theory. The non-linear interaction terms make the vacuum parameters
of the theory dynamical [197]. This has important consequences for the effective
low energy description of the theory, notably leading to a dynamical cosmological
constant [197, 121].
Some new conceptual problems arise in this formalism. In fact, although the
mathematical formalism parallels the one normally employed in conventional
field theories, some of the concepts that have a clear interpretation in that
context do not necessarily have one in the case of gravity. In particular, it is not
clear in general what the Hilbert space of a ‘single particle’ is [244]. Moreover, a
field theory formalism requires fixing the statistics obeyed by the field operator.
Since statistics is intimately related to microcausality in conventional QFTs,
which does not have an obvious counterpart in the scattering of separate
universes, it is not clear what its meaning in this framework is [244]. It is also
not clear how the problem of time is addressed in such formulation.
21Another interesting possibility is the nucleation of baby universes from a parent universe,
to which they are connected by means of a wormhole [120]. The latter is interpreted in this
formalism as a gravitational instanton (i.e. a minimum of the Euclidean action, interpreted
as a quantum tunneling effect).
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A third quantised formalism is also adopted in modern background inde-
pendent approaches to QG, such as Group Field Theory [322]. However, the
interpretation of the theory is completely different from that of the WDW
theory in third quantisation. GFT is reviewed in Chapter 3, where we also
discuss its connections with other approaches. In that framework, some of the
issues we just listed, such as the construction and the interpretation of the
Fock space, have a solution.
2.4.2 Construction of the Hilbert Space Inner Product
from the KG Inner Product
The existence of a probabilistic interpretation in QG is linked to the notion
of time evolution [244], which makes the physical interpretation of the theory
particularly difficult and quite different from other quantum theories. Since
there is no absolute time structure, one must single out a suitable clock (internal
time) variable among the other physical variables. In the cosmological case,
there is a striking formal analogy between the WDW equation and the KG
equation in curved spacetime. The WDW equation resembles the KG equation
also in the general case, due to the hyperbolic character of superspace [149]. One
could then attempt the construction of the physical Hilbert space of solutions
of the WDW equation in a similar fashion to the KG equation. In the KG case,
if we assume the existence of a timelike Killing vector field22 and provided the
potential is positive, we can split the space of solutions in two and construct
separately the Hilbert space of positive and that of negative frequency solutions.
In fact, the KG inner product turns out to be positive-definite on such solutions
and directly leads to the definition of a Hilbert space inner product. We can
then try to apply the same strategy to the WDW equation [244]. In fact,
the indefiniteness of the DeWitt supermetric also allows to define a notion of
‘spacelike’, ‘null’, and ‘timelike’ vectors in superspace, although these notions
are not necessarily related to the notion of a physical time. However, it was
shown that in general no such Killing vector exists in superspace [275, 277].
Moreover, the potential in the WDW equation contains a curvature term which
is not necessarily positive definite; thus positive and negative frequencies would
generally be mixed [244]. In the following, we will discuss how this problem can
be solved in the specific cosmological example we gave in the previous section,
in which many of the difficulties of the general case do not occur.
In the cosmological model considered above, a possible choice for a (globally
defined) internal time is represented by the scalar field ϕ. We remark that,
22Its existence depends on the background spacetime.
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given the structure of Eq. (2.19), the parameter α would also be a valid choice
for a local time variable23. In fact, this is the interpretation of α that was
given in Ref. [254]. However, such a choice leads to a potential that is not
bounded from below24. We remark that in the general case the existence of a
globally defined internal time variable depends both on the form of the DeWitt
supermetric and on the potential.
With the interpretation given above of the massless scalar ϕ as an internal
clock, the Noether current (2.25) leads to the following Noether charge
Q =
∫ ∞
−∞
dα jϕ , (2.26)
which is obviously conserved under ‘time’ evolution
dQ
dϕ
= 0 . (2.27)
Clearly, the conservation of Q is in general incompatible with that of the L2
norm of ψ, defined as
∥ψ∥L2(R) =
∫ ∞
−∞
dα |ψ|2 . (2.28)
Furthermore, the Noether charge Q has no definite sign unless one considers
either only positive frequency solutions or only those with negative frequency,
since a generic solution of the WDW equation admits a decomposition in terms
of both. Hence, Eq. (2.26) does not define in general a positive-definite norm
on the space of solutions.
We observe that positive frequency solutions and negative frequency solu-
tions span superselection sectors that are preserved by the algebra of Dirac
observables25 identified e.g. in Ref. [31]. States in a given superselection sector
satisfy a Schrödinger equation with Hamiltonian ±
√
Θˆ, with
Θˆ = − ∂
∂α2
+ e4α . (2.29)
Thus, one has within each sector
i
∂
∂ϕ
ψ± = ±
√
Θˆ ψ± , (2.30)
23A consistent way of using local bubble-times from the point of view of effective equations
was studied in Ref. [80].
24Even from a classical perspective α is not a good choice for a global time since it is not a
monotonic function of the proper time.
25Dirac observables in the classical theory are functions on phase space with vanishing
Poisson brackets with the generators of the first class constraints algebra (see Appendix B).
In the quantum theory they are represented as Hermitian operators.
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where ψ± denotes a positive (negative) frequency solution of the WDW equation.
Within each sector, the conservation of the Hilbert norm holds as in ordinary
QM. Thus, Eq. (2.27) becomes in this case a statement about conservation of
the expectation value of the operator26 pˆϕ = −i∂ϕ.
As far as the free dynamics is concerned (i.e. no third quantisation is
introduced), it is perfectly legitimate to work in a given superselection sector and
use it to construct the physical Hilbert space. However, when the theory includes
either non-linearities or potentials that are not positive-definite, superselection
no longer holds and both sectors have to be taken into account at the same
time. In that case, a possible way to remedy the lack of a natural Hilbert space
structure could be represented by a third quantisation (see above) [244].
The non-equivalence of Q and ∥ψ∥L2(R) can be easily seen for a wave packet
ψ(α, ϕ) =
∫ ∞
−∞
dk ψk(α, ϕ)A(k) , (2.31)
where ψk is a fundamental solution to the WDW equation and A(k) its am-
plitude. In particular, if the ψk are the ones for the model considered in
Section 2.6, one finds (see Eq. (2.60) )
Q =
∫ ∞
−∞
dk 2k|A(k)|2 . (2.32)
Note that when A(k) is supported only on one side of the real line (consistently
with superselection), Eq. (2.27) can be interpreted as a conservation law for
the average momentum27, i.e. the expectation value ⟨pˆϕ⟩. In agreement with
the discussion above, a similar interpretation is not possible when the support
of the wave packet is not contained within a half-line (in momentum space k).
2.5 A generalisation of the WDW equation
In this section we introduce a generalisation of the WDW equation, characterised
by new terms representing interactions in the minisuperspace of a FLRW
universe. The model is quite general and different interpretations are possible.
In fact, by assuming a third quantised perspective, the model represents the
most general field theory on minisuperspace, obtained by introducing new terms
which could be in principle non-linear and non-local. Alternatively, it can be
26The conservation of pϕ holds in the classical theory, but also by definition in the
Schrödinger reformulation. In fact, the generator of ϕ-translations is identified with the
Hamiltonian ±
√
Θˆ in Eq. (2.30).
27In the QFT context the same relation is interpreted as a relativistic normalisation, which
amounts to having a density of 2k particles per unit volume, cf. Ref. [342].
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obtained in the large volume limit of the model in Ref. [102]. The latter can be
understood as a third quantised field theory based on LQC, or equivalently as
a toy model for GFT based on the Lie group U(1). Given the relevance of the
GFT approach for our work, we will follow this alternative path to motivate our
model. However, the reader must be aware that this is not the only possibility
and the present model can also be considered in its own respect.
2.5.1 Motivation and the relation to LQC and GFT
The model introduced in Ref. [102] is a field theory on the minisuperspace of a
FLRW universe, filled with a minimally coupled massless scalar field, whose
kinetic term is given by the Hamiltonian constraint of LQC, see Eq. (2.33).
The kinetic term in our model will be obtained from the one in Ref. [102]
in the large volume limit. For this reason, it will be useful to review how
the WDW equation is recovered from the Hamiltonian constraint of LQC28
following Ref. [33]. Essential elements of LQC are reviewed in Appendix D.
For our purposes it is convenient to consider a massless scalar field ϕ,
minimally coupled to the gravitational field. As explained above, this choice
has the advantage of allowing for a straightforward deparametrisation of the
theory, thus defining a clock. The Hamiltonian constraint has the general
structure [33, 102]
Kˆψ(ν, ϕ) ≡ −B(ν) (Θ+ ∂2ϕ)ψ(ν, ϕ) = 0 , (2.33)
where ψ is the wave function of the universe, defined in this model on a discrete
minisuperspace, Θ is a finite difference operator acting on the gravitational
sector in the kinetimatical Hilbert space of the theory Hgkin, and ν labels
eigenvectors of the volume operator29.
28The actual way in which WDW represents a large volume limit of LQC is put in clear
mathematical terms in Refs. [25, 127], where the analysis is based on a special class of
solvable models (sLQC). See also Appendix D and references therein.
29In LQC one usually introduces the dimensionless variable υ and correspondingly the
states |υ⟩ on which the holonomies act as shift operators, see Appendix D. It turns out that
|υ⟩ is also an eigenvector of the volume operator Vˆ , with eigenvalue |ν| =
(
8πβ
6
)3/2 |υ|
K ℓ
3
Pl
[32]. The constant K is given below Eq. (2.37). The absolute value ν indicates that both
orientations of the volume of the cell are possible.
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The action on minisuperspace that was considered in Ref. [102] reads30
S[ψ] = Sfree[ψ] +
∑
n
λn
n!
∑
ν1...νn
∫
dϕ1 . . . dϕn f (n)({νi}, {ϕi})
n∏
j=1
ψ(νj, ϕj) ,
(2.34)
where the first term gives the dynamics of the free theory, namely a homogeneous
and isotropic gravitational background coupled to a massless scalar field
Sfree[ψ] =
∑
ν
∫
dϕ ψ(ν, ϕ)Kˆψ(ν, ϕ) . (2.35)
The operator Kˆ is defined in Eq. (2.33) and gives the Hamiltonian constraint in
LQC. The terms containing the functions f (n) represent additional interactions,
that can be interpreted as violating the constraint.
The action (2.34) defines a toy model for Group Field Cosmology [102],
given by a GFT with Lie group G = U(1) and ν a Lie algebra element31.
The free dynamics, i.e. the precise form of the operator Kˆ, depends on the
specific LQC model adopted. However, the continuum limit should be the
same regardless of the model considered and must give the WDW equation for
the corresponding three-space topology32. From this point of view, the WDW
approach to QC should be interpreted as an effective theory, valid at scales such
that the discreteness introduced by the polymer quantisation cannot be probed.
We will show that, even from this more limited perspective, the theory defined
by the action (2.34) leads to a novel effective theory of QC that introduces
significant modifications to the standard WDW equation. If one holds the loop
quantisation as more fundamental, one must conclude that the validity of our
approach is limited to large volumes; therefore, it cannot be used to study the
dynamics in regimes that would correspond to classical spacetime singularities
such as, e.g., big bang and big crunch singularities in cosmology.
It was hinted in Ref. [102] that the additional interactions could also be
interpreted as interactions occurring between homogeneous patches of an in-
30The model was originally formulated for K = 0, but it admits a straightforward generali-
sation to include the case K = 1.
31Up to a constant dimensionful factor. In fact, Lie algebra elements are dimensionless,
whereas for us ν has the physical dimensions of a volume.
32The WDW equation obtained in the continuum limit from LQC for a generic lattice
refinement model displays factor ordering ambiguities that are inherited from those in the
Hamiltonian constraint of LQC. The ambiguities are solved and the factor ordering in the
WDW equation is uniquely determined for a particular choice of lattice refinement, which
corresponds to the improved dynamics scheme of LQC [311]. The unique factor ordering
thus determined turns out to correspond to the covariant one (see below).
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homogeneous universe33. Another possible interpretation is that they actually
represent interactions among different, separate, universes. The latter turns out
to be a natural option in the framework of third quantisation (see Ref. [244] and
references therein), which naturally allows for topology change34. The interac-
tions are in principle completely general and can be non-local in minisuperspace.
However, this case will not be considered in our work.
2.5.2 The large volume limit
The model described in the previous subsection is based on a discrete minisu-
perspace. Here we will show how a continuum minisuperspace is recovered in
the limit of large volumes, thus providing a generalisation of WDW cosmology.
It turns out that only the gravitational sector is discretised. In fact, the dis-
creteness introduced by the LQC formulation, and by its extension represented
by the action (2.34), does not affect the matter sector, which is still the same
as in the continuum WDW quantum theory35 . The gravitational sector of the
Hamiltonian constraint operator of LQC in ‘improved dynamics’ 36, reads (cf.
Eq. (2.33))
−B(ν)Θψ(ν, ϕ) ≡ A(ν)ψ(ν+ν0, ϕ)+C(ν)ψ(ν, ϕ)+D(ν)ψ(ν−ν0, ϕ) , (2.36)
where the finite increment ν0 represents an elementary volume unit37 and
A,B,C,D are functions which depend on the chosen quantisation scheme. In
order to guarantee that Θ is symmetric38 in ν, the coefficients must satisfy the
33However, this may pose problems related to the absence of a natural notion of contiguity
of such patches.
34For examples of topology change in the ‘baby universes’ literature see e.g. Refs. [197,
196, 120].
35However, it is important to remark that it is also possible to introduce a polymer
quantisation for the matter degrees of freedom. This is similar to the one used for the
quantisation of the homogeneous gravitational field, and inequivalent to the standard Fock
quantisation (Schrödinger quantisation in the homogeneous case) [401, 402, 29, 28]. See also
Ref. [126] for a polymer version of quantum mechanics.
36In the framework of LQC, the Hamiltonian constraint contains the gravitational connec-
tion c. However, only the holonomies of the connections are well defined operators, hence
to quantise the theory we replace c by sin µ¯c/µ¯, where µ¯ represents the ‘length’ of the line
segment along which the holonomy is evaluated. Originally µ¯ was set to a constant µ0,
related to the area-gap. To cure severe issues in the ultraviolet and infrared regimes which
plague the µ0 quantisation, a new scheme called ‘improved dynamics’ was proposed [32].
In the latter, the dimensionless length of the smallest plaquette is µ¯. See Appendix D for
further discussion and references.
37Assuming for instance the Hamiltonian constraint given in Ref. [32] Cˆgravψ(υ) =
f+(υ)ψ(υ + 4) + f0ψ(υ) + ψ−(υ)ψ(υ − 4), with υ dimensionless. In our notation, this
corresponds to Eq. (2.36) with elementary step ν0 =
(
8πβ
6
)3/2
4
k ℓ
3
Pl. Also cf. Appendix D
and Footnote 29 for the definition of υ.
38In the large volume limit it will be formally self-adjoint w.r.t. the measure B(ν)dν.
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D(ν) = A(ν − ν0) condition [102]; it holds in both the K = 0 and the K = 1
case.
It is a general result in LQC that the WDW equation can be recovered in
the continuum (i.e. large volume) limit [25]. In particular, it was shown in
Ref. [33] that for K = 1 one recovers the Hamiltonian constraint of Ref. [254].
In fact, it turns out that Θ can be expressed as the sum of the operator Θ0
relative to the K = 0 case, and a ϕ-independent potential term (i.e. diagonal
in the ν basis) as
Θ = Θ0 +
πGl20β
2
3k4/3
|ν|4/3 . (2.37)
In the above expression k = 2
√
2
3
√
3
√
3
, β is the Barbero-Immirzi parameter of
Loop Quantum Gravity (LQG), G the gravitational constant and l0 is the
(comoving) size of the fiducial cell on the spatial manifold in the K = 1 model.
The latter can be formally sent to zero in order to recover the K = 0 case.
Restricting to wave functions ψ(ν) which are smooth and slowly varying in
ν, we obtain the WDW limit of the Hamiltonian constraint
Θ0ψ(ν, ϕ) = −12πG(ν∂ν)2ψ(ν, ϕ) , (2.38)
which is exactly the same constraint one has in WDW theory. Thus, LQC
naturally recovers the factor ordering (also called covariant factor ordering,
in the sense that the quantum constraint operator is of the form GAB∇A∇B,
where GAB is the inverse WDW metric and ∇A denotes the covariant derivative
associated with GAB) which was obtained in Ref. [218] under the requirement
of field reparametrisation invariance of the minisuperspace path-integral.
Since ν represents a proper volume, it is proportional to the physical39
volume of a cell with linear dimensions equal to the scale factor a
ν ∝ a3 . (2.39)
With the change of variable α = log a, we can rewrite the constraint operator
Kˆ as
Kˆ = e−3α
(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α
)
. (2.40)
39As opposed to comoving.
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The operator in Eq. (2.40) will be used as the kinetic kernel in our model. Thus,
we have the general extension of WDW theory, with action
S[ψ] =
∫
dϕdα ψ(α, ϕ)Kˆψ(α, ϕ)+
∑
n
λn
n!
∫ n∏
i=1
dϕi dαi f (n)({αi}, {ϕi})
n∏
j=1
ψ(αj, ϕj) ,
(2.41)
where Kˆ is the one defined in Eq. (2.40).
2.5.3 Simplified model
The model specified by the minisuperspace action (2.41) is the most general third
quantised field theory40 that extends WDW cosmology without introducing
new degrees of freedom41. If we consider only the quadratic term in the action
(2.41), we get a modified dynamical equation of the form42
Kˆψ(α, ϕ) +
∫
dα′dϕ′ g(α, α′;ϕ, ϕ′)ψ(α′, ϕ′) = 0 , (2.42)
with
g(α, α′;ϕ, ϕ′) = λ2f (2)(α, α′;ϕ, ϕ′) . (2.43)
We will assume for simplicity that the interaction g is local in minisuperspace,
i.e.
g(α, α′;ϕ, ϕ′) = g(α, ϕ)δ(α− α′)δ(ϕ− ϕ′) . (2.44)
Using Eqs. (2.40) and (2.44) we find that Eq. (2.42) reduces to a Klein-Gordon
equation with a ‘space’ and ‘time’ dependent potential(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α
)
ψ(α, ϕ) = −e3αg(α, ϕ)ψ(α, ϕ) . (2.45)
Note that the functional form of g(α, ϕ) is kept completely general.
It should be pointed out that more general interaction terms than the ones
considered in (2.42) can in principle be conceived. In fact, from the point of
view of a third quantised theory of gravity, the most general equation of motion
40We implicitly assumed above that the universe wave function (now promoted to a field)
is real. This is actually for mere simplicity of notation, and the model can be formulated
even more generally for a complex wave function. Nevertheless, these considerations do not
affect our discussion below, since we will only consider the linear dynamics.
41Such as new fields or higher dimensions in minisuperspace. The latter may correspond to
other degrees of freedom of the gravitational field or extra matter fields that were neglected
in the two-dimensional minisuperspace truncation.
42This equation can be interpreted as a violation of the Hamiltonian constraint, or
a modification achieved by the inclusion of extra degrees of freedom. As long as only
the cosmological background is considered and we work at an an effective level, both
interpretations are possible and the mathematical methods used to solve it are the same.
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would involve non-linear terms, as in the action (2.41). However, the methods
developed in this chapter are completely general and their application to the
study of non-linearities in perturbation theory is straightforward, following the
analogous well-known procedure in perturbative relativistic Quantum Field
Theory (QFT). The main ingredient for such calculations is given by the Green
function, together with the Feynman rules for the vertices associated with
the various interactions. A perturbative study of the WDW equation with
an additional linear term can thus be seen as the starting point for a more
general study. Note that, even though such a generalisation may seem more
natural from a merely formal point of view, it makes the physical interpretation
of the theory even more problematic. A linear term instead, as we will show
explicitly with the example given in Section 2.9, can be used to model the
interaction of the degree of freedom represented by the scale factor with other
microscopic degrees of freedom of the gravitational field without having to
change the interpretation of the wave function ψ.
2.5.4 Perturbation theory
Since the interaction term represented by the r.h.s. of Eq.(2.42) is unknown,
we cannot determine an exact solution of the equation without resorting to
a case by case analysis. However, since the solutions of the WDW equation
in the absence of a potential are known explicitly, it is convenient to adopt a
perturbative approach. The methods we develop are fully general and can thus
be applied for any possible choice of the function g.
We formally expand the wave function and the WDW operator in terms of a
dimensionless parameter λ. Such parameter only serves book-keeping purposes
and will be eventually set equal to unity. Thus, we have
ψ = ψ(0) + λψ(1) + . . . , (2.46)
Tˆ = Tˆ0 + λ e
3αg , (2.47)
with
Tˆ0 ≡
(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α
)
. (2.48)
Therefore, the dynamics up to first order in perturbation theory is given by
Tˆ0ψ
(0) = 0 , (2.49)
Tˆ0ψ
(1) = −e3αg ψ(0) . (2.50)
The zero-th order contribution to the wave function ψ(0) is a solution of the
wave equation with an exponential potential; this was obtained in Ref. [254]
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and will be reviewed in the next section. If we were able to invert Tˆ0, we would
get the wave function corrected to first order from Eq. (2.50). However, finding
the Green function of Tˆ0 is not as straightforward in this case as it would be in
the K = 0 case43. Moreover, as for the d’Alembertian, the Green kernel will
depend on the boundary conditions. The problem of determining which set of
boundary conditions is more appropriate depends on the physical situation we
have in mind and will be dealt with in the next sections.
2.6 Analysis of the unperturbed case
In this section, we review the construction of wave packet solutions for the
cosmological background, which were obtained in Ref. [254]. The WDW
equation for a homogeneous and isotropic universe (positive curvature, K = 1)
with a massless scalar field is(
∂2
∂α2
− ∂
2
∂ϕ2
− e4α
)
ψ(α, ϕ) = 0 . (2.51)
We impose the boundary condition
lim
α→∞
ψ(α, ϕ) = 0 , (2.52)
which is necessary in order to reconstruct semiclassical states describing the
dynamics of a closed universe. In fact, regions of minisuperspace corresponding
to arbitrary large scale factors are not accessible due to the potential barrier in
Eq. (2.51).
Equation (2.51) can be solved by separation of variables
ψk(α, ϕ) = Nk Ck(α)φk(ϕ) , (2.53)
leading to
∂2
∂ϕ2
φk + k
2φk = 0 , (2.54)
∂2
∂α2
Ck − (e4α − k2)Ck = 0 . (2.55)
Note that ψk(α, ϕ) stands for the elementary solution of Eq. (2.51) and should
not be confused with the Fourier transform of ψ, for which we will use instead
43For K = 0, the kinetic operator is simply Tˆ0 the d’Alembertian, whose Green kernels are
well-known for all possible choices of boundary conditions.
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the notation ψ˜(α, k). In Eq. (2.53) Nk denotes a normalisation factor depending
on k and whose value will be fixed later.
Let us proceed with the solutions of Eqs. (2.54), (2.55). Equation (2.54)
yields complex exponentials as solutions
φk = e
ikϕ . (2.56)
Eq. (2.55) has the same form as the stationary Schrödinger equation for a non-
relativistic particle in one dimension, with potential V (α) = e4α − k2 and zero
energy. We observe that the particle is free for α→ −∞, whereas the potential
barrier becomes infinitely steep as α takes increasingly large positive values.
Given the boundary condition (2.52), Eq. (2.55) admits as an exact solution
the modified Bessel function of the second kind (also known as MacDonald
function)
Ck(α) = Kik/2
(
e2α
2
)
. (2.57)
Wave packets are then constructed as linear superpositions of the (appropriately
normalised) solutions
ψ(α, ϕ) =
∫ ∞
−∞
dk ψk(α, ϕ)A(k) , (2.58)
with a suitable amplitude A(k). Since the Ck(α) are improper eigenfunctions
of the (one-parameter family of) Hamitonian operator(s) in Eq. (2.55), they do
not belong to the space of square integrable functions on the real line L2(R).
However, it is still possible to define some sort of normalisation by fixing the
oscillation amplitude of the improper eigenfunctions for α → −∞. For this
purpose, we recall the WKB expansion of the MacDonald function
Kik/2
(
e2α
2
)
≃
√
π
2
e−k
π
4 (k2−e4α)−1/4 cos
(
k
2
arccosh
k
e2α
− 1
2
√
k2 − e4α − π
4
)
,
(2.59)
which provides a very accurate approximation for large values of k. Therefore,
we define
ψk(α, ϕ) = e
k π
4
√
k Kik/2
(
e2α
2
)
eikϕ , (2.60)
which for large enough values of k gives elementary waves all having same
amplitude to the left of the potential barrier. Note that for small k Eq. (2.60) is
insufficient to normalise the amplitudes to the same value, and the elementary
waves (2.60) will still exhibit their dependence on k.
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Let us assume a Gaussian profile for the amplitude A(k) in Eq. (2.58)
A(k) =
1
π1/4
√
b
e−
(k−k)2
2b2 , (2.61)
where k should be taken large enough so as to guarantee the normalisation of
the function ψk(α, ϕ) according to Eq. (2.60). One then finds that the solution
has the profile shown in Fig. 2.1. The solution represents a wave packet that
starts propagating from a region where the potential vanishes (i.e. at the initial
singularity, where α and ϕ are both large and negative) towards the potential
barrier located approximately at αk =
1
2
log k, whence it is reflected back. The
region where α and ϕ are both large and positive corresponds to the classical
big crunch singularity. For large values of k the wave packet is practically
completely reflected back from the barrier. The parameter b gives a measure
of the semiclassicality of the state, i.e. it accounts for how much it peaks on
the classical trajectory. We remark that the peak of the wave packet follows
closely the classical trajectory (see Fig. 2.2)
e2α =
k¯
cosh(2ϕ)
. (2.62)
At a classical level, the conserved quantity k¯ is identified with the canonical
momentum pϕ.
It is worth observing that quantum gravitational effects are significant also
in regions where classically there is no singularity, i.e. at the turning point
corresponding to the maximum expansion and where the universe enters the
phase of recollapse. In the corresponding quantum mechanical model, the point
of recollapse corresponds to a potential barrier. Hence, quantum tunneling takes
place, which significantly alters the profile of the wave function at recollapse.
2.6.1 Noether charge
The Noether charge of the semiclassical universe considered in this section can
actually be computed analytically. In fact, since it is a conserved quantity,
one can evaluate it in the regime where the computation is as easy as possible.
This turns out to be the minisuperspace region corresponding to the classical
singularity, given that the potential in the WDW equation vanishes for α→ −∞.
We note that when both α and ϕ are in a neighborhood of −∞, i.e. close to the
initial singularity, one can approximate the exact solution with a Gaussian wave
packet (given by the WKB approximation, see Appendix E and Ref. [254]),
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Fig. 2.1 Absolute square |ψ(0)|2 of
the ‘wave function’ of the universe,
corresponding to the choice of pa-
rameters b = 1, k = 10. Lighter
shades correspond to larger values
of the wave function. During ex-
pansion and recollapse the evolu-
tion of the universe can be seen as
a freely propagating wave packet.
From the plot it is also evident the
reflection against the potential bar-
rier at αk =
1
2
log k, where the wave
function exhibits a sharp peak.
Fig. 2.2 Classical trajectory of the
universe in minisuperspace. It is
closely followed by the peak of semi-
classical states, as we can see by
comparison with Fig. 2.1. Here
k = 10 as in the previous figure.
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which describes the evolution of the universe in the expanding phase44. One
has
ψ
α→−∞≈ ck b
√
π
2
exp
{
i
2
[
k
(
2ϕ+ arccosh
(
k
e2α
)
+
√
1− e
4α
k
2
)
− π
2
]}
× exp
[
−b
2
2
(
ϕ+
1
2
arccosh
(
k
e2α
))2]
,
Using Eq. (2.63) and the definition of the Noether current (2.25), the charge
density reads
jϕ = |ck|2πb2k exp
[
−b
2
4
(
2ϕ+ arccosh
(
k
e2α
))2]
. (2.63)
For large negative values of α one can approximate the inverse hyperbolic
function in the argument of the exponential as
arccosh
(
k
e2α
)
α→−∞≈ log(2k)− 2α . (2.64)
Thus, the computation of the Noether charge using Eq. (2.32) is reduced to a
Gaussian integral, leading to the result
Q = |ck|2b π3/2 k . (2.65)
From the calculations above we conclude that for such wave packet solutions
the conservation of the KG current leads to momentum conservation in the
classical limit. We recall that classically the momentum is related to the velocity
of the scalar field
k = pϕ = a
3ϕ˙ . (2.66)
2.7 Time-independent perturbation potential
In the case in which the potential in the r.h.s of Eq. (2.45) does not depend
on the internal time ϕ, we can resort to time-independent perturbation theory
to calculate the corrections to the wave function. More precisely, we consider
the representation of the operator Tˆ0 defined in Eq. (2.48) in Fourier space45,
44A similar expansion holds in the region of the big crunch singularity, with the wavefunction
propagating in the opposite α direction after reflection against the potential barrier [254].
45Or equivalently its action on a monochromatic wave.
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which leads to the following Helmoltz equation with a potential(
∂2
∂α2
+ k2 − e4α
)
ψ˜(0)(α, k) = 0 . (2.67)
Note that the potential cannot be considered as a small perturbation with
respect to the standard Helmoltz equation. In fact, reflection from an infinite
potential barrier requires boundary conditions that are incompatible with those
adopted in the free particle case. Therefore, we have to solve Eq. (2.67) exactly.
The solution of the unperturbed equation are known and were given above in
Eq. (2.57).
In order to compute the first perturbative corrections, we need to solve
Eq. (2.50), which in Fourier space leads to(
∂2
∂α2
+ k2 − e4α
)
ψ˜(1)(α, k) = U(α)ψ˜(0)(α, k) , (2.68)
upon defining U(α) = −e3αg(α). Equation (2.68) is easily solved once the
Green function of the Helmoltz operator on the l.h.s is known. The equation
for the Green function is(
∂2
∂α2
+ k2 − e4α
)
Gk(α, α′) = δ(α− α′) . (2.69)
The homogeneous equation admits two linearly independent solutions, which
we can use to form two distinct linear combinations that satisfy the boundary
conditions at the two extrema of the interval of the real axis we are considering.
The remaining free parameters are then fixed by requiring continuity of the
function at α′ and the condition on the discontinuity of the first derivative at
the same point.
Equation (2.67) has two linearly independent solutions p(α) and h(α) given
by
p(α) = Ki k
2
(
e2α
2
)
(2.70)
and
h(α) = I−i k
2
(
e2α
2
)
+ Ii k
2
(
e2α
2
)
. (2.71)
Thus, we make the following ansatz
Gk(α, α′) =
γ p(α) α ≥ α′ ,δ h(α) + η p(α) α < α′ . (2.72)
Note that Gk(α, α′) satisfies the boundary condition Eq. (2.52) by construction.
Since we do not know what is the boundary condition for α→ −∞, i.e. near the
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classical singularity46, we will not be able to fix the values of all constants γ, δ, η.
Therefore, we will end up with a one-parameter family of Green functions.
The Green function must be continuous at the point α = α′, which implies
γ p(α′) = δ h(α′) + η p(α′) . (2.73)
Moreover, in order for its second derivative to be a Dirac delta function, the
following condition on the discontinuity of the first derivative must be satisfied
γ p′(α′)− δ h′(α′)− η p′(α′) = 1 . (2.74)
Upon introducing a new constant Ω = γ − η, we can rewrite Eqs. (2.73), (2.74)
in the form of a Kramer’s systemΩ p(α′)− δ h(α′) = 0 ,Ω p′(α′)− δ h′(α′) = 1 ,
which admits a unique solution, given by
Ω = − h(α
′)
W (α′)
, (2.75)
δ = − p(α
′)
W (α′)
, (2.76)
where W (α′) = p(α′)h′(α′)− h(α′)p′(α′) is the Wronskian. Therefore, substi-
tuting back in the ansatz (2.72), we obtain the desired expression for the Green
function
Gk,η(α, α′) =
p(α)
(
η − h(α′)
W (α′)
)
α ≥ α′ ,
− p(α′)
W (α′) h(α) + η p(α) α ≤ α′ .
Here we have explicitly introduced the parameter η in our notation for the
Green function in order to stress its non-uniqueness. Note that the phase shift
at −∞ varies with η.
Finally, the solution of Eq. (2.68) reads
ψ˜(1)(α, k) =
∫
dα′ Gk,η(α, α′)U(α′)ψ˜(0)(α, k) . (2.77)
The possibility of studying the perturbative corrections using a decomposition in
monochromatic components is viable because of the validity of the superposition
principle. This is in fact preserved by additional interactions of the type
46In fact, even popular choices like the Hartle-Hawking no-boundary proposal [227, 224] or
the tunneling condition proposed by Vilenkin [405], only apply to massive scalar fields.
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considered here, which violate the Hamiltonian constraint while preserving
the linearity of the wave equation. Note that in general modifications of the
scalar constraint in the WDW theory would be non-linear and non-local, as for
instance within the proposal of Ref. [330], where classical geometrodynamics
arises as the hydrodynamics limit of GFT. However, such non-linearities would
spoil the superposition principle, hence making the analysis of the solutions
much more involved.
The time dependence of the perturbative corrections is recovered by means
of the inverse Fourier transform of Eq. (2.77)
ψ(1)(α, ϕ) =
∫
dk
2π
ψ˜(1)(α, k)e−ikϕ . (2.78)
Expectation values of observables can be defined using the measure deter-
mined by the ‘time’ component of the KG current jϕ as
⟨f⟩ =
∫
dα fjϕ . (2.79)
The KG current is defined as in Eq. (2.25)
jµ = −i
ψ∗↔∂ψ
∂ϕ
, ψ∗
↔
∂ψ
∂α
 . (2.80)
Using the conservation law of the KG current we can then derive an analogue
of Ehrenfest theorem, namely
d
dϕ
⟨f⟩ =
∫
dα (jϕ∂ϕf + f∂ϕjϕ) =
∫
dα (jϕ∂ϕf + f∂αjα) . (2.81)
When the observable f does not depend explicitly on the internal time ϕ, the
first term in the integrand vanishes. Considering for instance the scale factor
a = eα then, after integrating by parts, we get
d
dϕ
⟨a⟩ = −
∫
dα eαjα . (2.82)
In an analogous fashion, one can show that
d
dϕ
⟨a2⟩ = −2
∫
dα e2αjα . (2.83)
Formulae (2.81) and (2.83), besides their simplicity, turn out to be quite handy
for numerical computations, especially when dealing with ‘time’-independent
observables. In fact they can be used to compute time derivatives of the
averaged observables without the need for a high resolution on the ϕ axis, i.e.
2.8 First perturbative corrections with time-dependent potentials 66
they can be calculated using data on a single ‘time’-slice. Expectation values
can thus be propagated forwards or backwards in ‘time’ by solving first order
ordinary differential equations.
2.8 First perturbative corrections with time-dependent
potentials
In the previous section we considered a time-independent perturbation, which
can be dealt with using the Helmoltz equation. This is in general not possible
when the perturbation depends on the internal time. In order to study the
more general case we have to resort to different techniques to find the exact
Green function of the operator Tˆ0. Since the potential e4α breaks translational
symmetry, Fourier analysis, which makes the determination of the propagator
so straightforward in the K = 0 case47, is of no help.
Let us perform the following change of variables
X =
1
2
e2α cosh(2ϕ) , Y =
1
2
e2α sinh(2ϕ) , (2.84)
which represents a mapping of minisuperspace into the wedge X > |Y |. The
minisuperspace interval (corresponding to DeWitt’s supermetric) can be ex-
pressed in the new coordinates as
dϕ2 − dα2 = 1
X2 − Y 2 (dY
2 − dX2) , (2.85)
with (X2 − Y 2)−1 the conformal factor48. As an immediate consequence of
conformal invariance, uniformly expanding (contracting) universes are given by
straight lines parallel to X = Y (X = −Y ) within the wedge. The two lines
X = −Y and X = Y represent the initial and final singularity, respectively.
It is worth pointing out that the classical trajectory Eq. (2.62) now takes the
much simpler expression
k = 2X , (2.86)
i.e. classical trajectories are represented by straight lines parallel to the Y axis
and with the extrema on the two singularities.
47As remarked above, in the K = 0 case the WDW equation is equivalent to the wave
equation.
48Recall that any two metrics on a two-dimensional manifold are related by a conformal
transformation.
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In the new coordinates X, Y the operator Tˆ0 in Eq. (2.48) reads
Tˆ0 = (X
2 − Y 2)(∂2X − ∂2Y − 4) , (2.87)
which is, up to the inverse of the conformal factor, a Klein-Gordon operator
with m2 = 4. This is a first step towards a perturbative solution of Eq. (2.50),
which we rewrite below for convenience of the reader in the form
Tˆ0ψ
(1) = U(α, ϕ)ψ(0) , (2.88)
where
U(α, ϕ) = −e3αg(α, ϕ) . (2.89)
Note that the above is the same equation as the one considered in the previous
section, but we are now allowing for the interaction potential to depend also
on ϕ. Given Eq. (2.87), we recast Eq. (2.88) in the form that will be used for
the applications of the next section, namely
(∂2X − ∂2Y − 4)ψ(1) =
U(X, Y )
(X2 − Y 2)ψ
(0) . (2.90)
The formal solution to Eq. (2.90) is given by a convolution of the r.h.s with
the Green function satisfying suitably chosen boundary conditions
ψ(1)(X, Y ) =
∫
dX ′dY ′ G(X, Y ;X ′, Y ′)
U(X ′, Y ′)
(X ′2 − Y ′2)ψ
(0)(X ′, Y ′) . (2.91)
The Green function of the Klein-Gordon operator in free space is well-known
for any dimension D (see e.g. Ref. [428]). In D = 2 it is formally given by49
G(X, Y ;X ′, Y ′) =
∫
d2k
(2π)2
e−i(kY (Y−Y
′)−kX(X−X′))
(k2Y − k2X)− 4
, (2.92)
and satisfies the equation
(∂2X − ∂2Y − 4)G(X, Y ;X ′, Y ′) = δ(X −X ′)δ(Y − Y ′) . (2.93)
Evaluating (2.92) explicitly using Feynman’s integration contour, which is a
preferred choice in the context of a third quantisation, we get [151, 428]
G(X, Y ;X ′, Y ′) = −1
4
θ(s)H
(2)
0 (2
√
s)− i
2π
θ(−s)K0(2
√−s) , (2.94)
49Notice that here Y plays the role of time.
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where we introduced the notation s = (Y − Y ′)2 − (X −X ′)2 for the interval.
However, the present situation is quite different from that of a free particle in the
plane, since there is a physical boundary represented by the edges of the wedge
X > |Y |. Therefore, boundary conditions must be appropriately discussed
and implemented. A preferred choice is the one that leads to the Feynman
boundary conditions in the physical coordinates (α, ϕ). In the following, we
will see the form that such boundary conditions take in the new coordinate
system, finding the transformation laws of operators annihilating progressive
and regressive waves.
We start with the observation that the generator of dilations in the (X, Y )
plane acts as a tangential derivative along the edges
X∂X + Y ∂Y = ∂t . (2.95)
Moreover on the upper edge X = Y (corresponding to the big crunch) we have
∂t|X=Y = 1
4
(∂α + ∂ϕ) , (2.96)
while on the lower edge X = −Y (corresponding to the initial singularity) we
have
∂t|X=−Y = 1
4
(∂α − ∂ϕ) . (2.97)
Therefore the boundary conditions
∂t|X=YG = ∂t|X=−YG = 0 (2.98)
are equivalent to the statement that the Green function is a positive (negative)
frequency solution of the wave equation at the final (resp. initial) singularity.
This is in agreement with the Feynman prescription and with the fact that the
potential eα vanishes at the singularity α→ −∞.
There is a striking analogy with the classical electrostatics problem of
determining the potential generated by a point charge inside a wedge formed
by two conducting plates. In fact, it is well-known that the electric field is
normal to the surface of a conductor, so that the tangential derivative of the
potential vanishes. The similarity goes beyond the boundary conditions and
holds also at the level of the dynamical equation. In fact, after performing
a Wick rotation Y → −i Y Eq. (2.93) becomes the Laplace equation with a
constant mass term, while the operator ∂t defined in Eq. (2.95) keeps its form.
After performing the Wick rotation, the problem can be solved with the
method of image charges. Given a source (charge) at point P0 = (r′, θ′),
three image charges as in Fig. 2.4 are needed to guarantee that the boundary
conditions are met. The Euclidean Green function, as a function of the point
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Fig. 2.3 The whole of minisuper-
space (α, ϕ) is conformally mapped
into the wedge X > |Y |. The
straight lines X = ±Y correspond
to the two classical singularities,
while the vertical line k¯ = 2X is
the classical trajectory of a closed
universe.
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Y
Fig. 2.4 The Green function is a
function of the point Q and the
source P0. The positions and the
charges of the images Pj ’s are deter-
mined so as to satisfy the boundary
conditions.
Q = (r, θ) and source P0 in the (X, Y ) plane, is given by
G(r, θ, r′, θ′) =
1
2π
(
K0(mP0Q)−K0(mP1Q) +K0(mP2Q)−K0(mP3Q)
)
,
(2.99)
where K0 is a modified Bessel function of the second kind and m = 2 (cf.
Eqs. (2.93), (2.87)). The quantities PjQ represent the Euclidean distances
between the charges Pj and the point Q. The Lorentzian Green function is
then recovered by Wick rotating all the Y time coordinates, i.e. those of Q
and of the Pj’s. We would like to remark that we obtained this solution by
treating the two edges symmetrically, thus maintaining time reversal symmetry.
The Green function with a source P0 within the wedge vanishes when Q is on
either of the two edges. In fact, this can be seen as a more satisfactory way of
realising DeWitt’s boundary condition, regarding it as a property of correlators
rather than of states50.
50DeWitt originally proposed the vanishing of the wave function of the universe at singular
metrics on superspace, suggesting in this way that the singularity problem would be solved a
priori with an appropriate choice of the boundary conditions. However, there are cases (see
discussion in Ref. [79, 81]) where DeWitt’s proposal does not lead to a well posed boundary
value problem and actually overconstrains the dynamics. For instance, the solution given
in Ref. [254] that we discussed in Section 2.6 satisfies it for α → ∞ but not at the initial
singularity, since all the elementary solutions Ck(α) are indefinitely oscillating in that region.
Imposing the same condition on the Green function does not seem to lead to such difficulties.
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2.9 Treating the interaction as white noise
The methods developed in the previous sections are completely general and can
be applied to any choice of the extra interaction terms using Eq. (2.91). In this
section we will consider, as a particularly simple example, the case in which
the additional interaction is given by white noise. Besides the mathematical
simplicity, there are also physical motivations for doing so. In fact, we can
make the assumption that the additional terms responsible for the violation of
the Hamiltonian constraint51 can be used to model the effect of other degrees
of freedom in QG, arising, e.g., from the underlying discreteness of spacetime .
2.9.1 Motivation
Some approaches to Quantum Gravity (such as, e.g., GFT) suggest that an
appropriate description of the gravitational interaction at a fundamental level
must be given in the language of third quantisation [326]. At this stage, one
might make an analogy with the derivation of the Lamb shift in Quantum
Electro-Dynamics (QED) and in effective stochastic approaches. As it is well-
known, the effect stems from the second quantised nature of the electromagnetic
field. However, the same prediction can also be obtained if one holds the
electromagnetic field as classical, but impose ad hoc conditions on the statistical
distribution of its modes, which necessarily has to be the same as the one in
the vacuum state of QED. In this way, the instability of excited energy levels in
atoms and the Lamb shift are seen as a result of the interaction of the electron
with a stochastic background electromagnetic field [113, 112]. However, in the
present context we will not resort to a third quantisation of the gravitational
field, but instead put in ad hoc stochastic terms arising from interactions with
degrees of freedom other than the scale factor. Certainly, our position here is
weaker than that of Stochastic Electro-Dynamics (SED) (see Refs. [142, 114]
and the works cited above), since a fundamental third quantised theory of
gravity has not yet been developed to such an extent so as to make observable
predictions in Cosmology. Therefore we are unable to give details about
the statistical distribution of the gravitational degrees of freedom in what
would correspond to the vacuum state of QG. Our model should henceforth
be considered as purely phenomenological; its link to the full theory will be
clarified only when the construction of the latter will eventually be completed.
To be more specific, we treat the function g in the perturbation as white
noise. Stochastic noise is used to describe the interaction of a system with
51See Footnote 42.
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other degrees of freedom regarded as an environment52. Hence we write
⟨g(α, ϕ)⟩ = 0 , (2.100)
⟨g(α, ϕ)g(α′, ϕ′)⟩ = ε δ(α− α′)δ(ϕ− ϕ′) , (2.101)
where ⟨ ⟩ denotes an ensemble average and ε is a parameter which can be
regarded as the magnitude of the noise. It is straightforward to see that
⟨ψ(1)⟩ = 0 , (2.102)
which means that the ensemble average of the corrections to the wave function
vanishes.
A more interesting quantity is represented by the second moment
F(X1, Y1;X2, Y2) = ⟨(ψ(1)(X1, Y1))∗ψ(1)(X2, Y2)⟩ . (2.103)
In fact, when evaluated at the same two points, F˜(X, Y ) ≡ F(X, Y ;X, Y )
represents the variance of the statistical fluctuations of the wave function at
the point (X, Y ). Using Eqs. (2.50), (2.101) and (2.103) we get〈∣∣ψ(1)∣∣2 (X, Y )〉 = F˜(X, Y )
= 16 ε
∫
X≥|Y |
dX ′ dY ′ (X ′2 − Y ′2) 12 |ψ(0)(X ′, Y ′)|2 |G(X −X ′, Y − Y ′)|2 .
(2.104)
In order to obtain the correct expression of the integrand, one needs to use the
transformation properties of the Dirac distribution, which yield
⟨g(α, ϕ)g(α′, ϕ′)⟩ = 2ε(X2 − Y 2)δ(X −X ′)δ(Y − Y ′) . (2.105)
Note the resemblance of Eq. (2.104) with the two-point function evaluated
to first order (using Feynman rules) for a scalar field in two dimensions and
interacting with a potential (X2 − Y 2) 12 |ψ(0)|2. Following this analogy, the
variance F˜ can be seen as a vacuum bubble.
Equation (2.104) implies that a white noise interaction is such that the
different contributions to the modulus square of the perturbations add up
52For a derivation of the Schrödinger-Langevin equation using the methods of stochastic
quantisation we refer the reader to Ref. [426]. We are not aware of other existing works
suggesting the application of stochastic methods to Quantum Cosmology. However, there
are applications to the fields of classical cosmology and inflation and the interested reader is
referred to the published literature.
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incoherently. Moreover, the perturbative corrections receive contributions from
all regions of minisuperspace where the unperturbed wave function is supported.
2.9.2 Results
A discussion about the implications of the results of this section is now in
order. The boundary conditions (2.98) imposed on the Green function (2.99)
treat the two directions of the internal time ϕ symmetrically. Therefore,
the amplitude for a universe expanding from X = −Y to the point with
coordinates (X0, Y0) is the same as that for having a collapsing universe53
going from (X0, Y0) to X = −Y . It is also clear from (2.104) and the property
G(X −X ′, Y − Y ′) = G(X −X ′, Y ′ − Y ) that
F˜(X, Y ) = F˜(X,−Y ). (2.106)
Therefore, fluctuations in the perturbed wave function are symmetric under
time inversion. The result expressed by Eq. (2.106) is actually more general
and holds for any interaction function g(α, ϕ) which respects this symmetry
property. In this case, the arrow of time is thus determined by the unperturbed
solution for the background and points towards the direction in which the
universe expands, in agreement with the interpretation of Ref. [254]. Whether
this cosmological arrow of time agrees with the thermodynamic one, defined by
the direction of growth of inhomogeneities, remains an open problem54. The
suggestive idea of such an identification between the two fundamental arrows
of time is old and was first proposed by Hawking [229] in the context of the
sum-over-geometries approach to quantum cosmology, but later disproved by
Page [334]. Their arguments are based on formal properties of the wave function
of the universe, defined by a path-integral over compact Euclidean metrics (i.e.
with no boundary). However, it is not clear whether they have a counterpart in
other approaches to quantum cosmology, such as the one we considered in this
work. In order to be able to provide a satisfactory answer to this question, one
must not neglect the role played by inhomogeneities. In fact, their dynamics
might display interesting features especially where quantum effects become
more relevant, i.e. close to the singularities or at the turning point (recollapse).
In particular, the symmetry (or the lack thereof) of the dynamics around the
53Or anti-universe, note the close analogy with CPT symmerty in ordinary relativistic
QFT.
54The problem remains open also in LQC. Progress on the inclusion of inhomogeneities
in the LQC framework using lattice models can be found in Ref. [418]. For a study of
inhomogeneities using effective equations, see instead Ref. [178]
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Fig. 2.5 Plot of ⟨|ψ(1)|2⟩ as a function of α for different values of the internal
time ϕ and for k¯ = b = 1. The perturbation is maximally focused at the time
of recollapse, whereas it spreads and develops a secondary maximum when
approaching the singularities.
latter will be crucial, since that is the point where the cosmological arrow of
time defined by the background undergoes an inversion [229].
Another important aspect concerns the semiclassical properties of the
perturbed states that we constructed. From Figure 2.5 one sees that the
perturbation at a fixed ϕ is a rapidly decreasing function of α with Gaussian
tails. Therefore, the result of a white noise perturbation on a wave packet
solution of the WDW equation is still a wave packet. The position of the peak
of the perturbation, like that of the unperturbed state, is a monotonically
increasing function of ϕ for negative values of ϕ, while it is monotonically
decreasing for positive ϕ. In this sense we can regard the perturbed state as
retaining the property of semiclassicality of the unperturbed state. It is therefore
possible to perform the classical limit, which can be obtained when ℏ→ 0, or
equivalently by considering infinitesimally narrow unperturbed wavepackets
ψ(0), i.e. in the limit b→ 0. More precisely, one should compute expectation
values of physical observables (e.g. the scale factor) on the perturbed state
ψ(0) + ψ(1) and perform an asymptotic expansion near ℏ = 0. One can also
simultaneously expand around ε = 0, and the classical dynamics would then
be seen to get corrections in the form of additional terms involving powers of ε
and ℏ, to be interpreted as stochastic and quantum effects respectively (or a
combination of the two).
2.10 Conclusion
Motivated by LQC and GFT we considered an extension of WDW cosmology
with additional interaction terms in minisuperspace. Such terms can be seen
as a particular case of the model considered in Ref. [102], which was proposed
as an approach to quantum dynamics of inhomogeneous cosmology. In general,
in that model inhomogeneities would lead to non-linear differential equations
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for the quantum field. This is indeed the case when the ‘wave function’ of the
universe is interpreted as a quantum field or even as a classical field describing
the hydrodynamics limit of GFT.
In the framework of a first quantised cosmology, we only considered linear
modifications of the theory in order to ensure the validity of the superposition
principle. Our work [134] represents indeed a first step towards a more general
study, that should take into account non-linear and possibly non-local interac-
tions in minisuperspace. However, the way such terms arise, their exact form,
and even the precise way in which minisuperspace dynamics is derived from a
given candidate fundamental theory of Quantum Gravity, should be dictated
by the full theory itself.
Assuming that the additional interactions are such that deviations from the
standard WDW equation (and from the Friedmann equation in the classical
limit) are small, we developed general perturbative methods which allowed us to
solve the modified WDW equation. We considered a closed FLRW universe filled
with a massless scalar field to define an internal time, for which wave packet
solutions are known explicitly and propagate with no dispersion. A modified
WDW equation is then obtained in the large volume limit of a particular GFT
inspired extension of LQC for a closed FLRW universe. Perturbative methods
are then used to find the corrections given by self-interactions of the universe to
the exact solution given in Ref. [254]. To this end, the Feynman propagator of
the WDW equation is evaluated exactly (i.e. non-perturbatively) by means of a
conformal map in minisuperspace and (after a Wick rotation) using the method
of the image charges that is familiar from electrostatics. This is potentially
interesting as a basic tool for any future perturbative analysis of non-linear
minisuperspace dynamics for a closed universe. Our choice of the boundary
conditions satisfied by the Green function is compatible with a cosmological
arrow of time given by the expansion of the universe.
A Helmoltz-like equation was obtained from WDW when the extra inter-
action does not depend on the internal time. Its Green kernel was evaluated
exactly and turns out to depend on a free parameter η related to the choice
of boundary conditions. Further work is needed to clarify the possible link
between the value of the parameter η and different boundary proposals in
Quantum Cosmology.
We illustrated our perturbative approach in the simple and physically
motivated case in which the perturbation is given by stochastic white noise.
In this phenomenological model the stochastic interaction term can be seen as
describing the interaction of the cosmological background with other degrees of
freedom of the gravitational field, which are not included in the minisuperspace
formulation of the model. Calculating the variance of the statistical fluctuations
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of the wave function, we found that a white noise interaction is such that the
different contributions to the modulus square of the perturbations add up
incoherently. Moreover, the perturbed wavefunction retains the property of
semiclassicality. Furthermore, the width of the perturbation of the wave function
reaches a minimum at recollapse. We discussed the possible implications of the
model for the cosmological arrow of time.
Chapter 3
Group Field Theory approach and
emergent Cosmology
In this chapter we discuss the Group Field Theory (GFT) formalism and
its applications to Cosmology. GFT is a non-perturbative and background
independent approach to Quantum Gravity formulated as a field theory on a
Lie group. It has several remarkable connections with other approaches, in
particular with LQG and Spin Foam models. The fundamental degrees of
freedom are open spin-network vertices, interpreted as the basic building blocks,
or quanta, of geometry. The formalism allows one to study the dynamics of
a large (and a priori variable) number of microscopic degrees of freedom in
quantum geometry by using a field theory formalism. In GFT the dynamics
of the cosmological background is emergent and can be obtained from the full
theory, i.e. without symmetry reduction before quantisation. This is achieved
by considering a particular class of states, namely ‘condensate’ states. In
particular, we will focus on the implications of the emergent cosmology scenario
for early universe cosmology, studied by the author in Refs. [141, 140, 139].
The plan of the chapter is as follows. In Section 3.1 we give an introduction
to the ideas underlying the GFT programme. We discuss the motivation for
our work and relate it to the main results obtained in GFT, as well as other
approaches to Quantum Gravity and early universe cosmology. In Section 3.2
we give a brief introduction to the formalism. In Section 3.3 we study the
dynamics of the GFT field in a mean field approximation. We then apply the
mean field method to the GFT formulation of the EPRL Lorentzian model.
The additional conditions imposed on the mean field in order to recover the
dynamics of the background are discussed in detail.
In Section 3.4 we study the evolution of the emergent cosmological back-
ground in a model with no interactions between the geometry quanta. The
dynamics of expansion is governed by an effective Friedmann equation, which
includes quantum gravitational correction terms. Those can be understood as
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effective fluids coupled to the emergent classical background. The occurrence
of a bounce which resolves the initial spacetime singularity is shown to be a
general property of the model, i.e. it holds regardless of the specific choice of
initial conditions. An important feature of this model is the occurrence of an
early era of accelerated expansion, without the need to introduce an inflaton
field with an appropriately chosen potential. However, the number of e-folds
that can be obtained during this era, which we may call geometric inflation, is
very small compared to standard inflationary models.
In Section 3.5 we assume a phenomenological perspective and include
interactions between spacetime quanta in the model. In particular, we show
how GFT interactions lead to a recollapse of the universe while preserving the
bounce replacing the initial singularity. It is remarkable that cyclic cosmologies
are thus obtained in this framework without any a priori assumption on the
geometry of spatial sections of the emergent spacetime. Furthermore, we
show how interactions make it possible to have an early epoch of accelerated
expansion, which can be made to last for an arbitrarily large number of e-folds.
Section 3.6 deals with the dynamics of perturbations representing deviations
from perfect isotropy. Working in the mean field approximation of the GFT
formulation of the Lorentzian EPRL model, we derive the equations of motion
for such perturbations to first order. We then study these equations around a
specific simple isotropic background, characterised by the fundamental repre-
sentation of SU(2), and in the regime of the effective cosmological dynamics
corresponding to the bouncing region replacing the classical singularity, well ap-
proximated by the free GFT dynamics. In this particular example, we identify a
region in the parameter space of the model such that perturbations can be large
at the bounce but become negligible away from it, i.e. when the background
enters the non-linear regime. We also study the departures from perfect isotropy
by introducing specific quantities, such as the surface-area-to-volume ratio and
the effective volume per quantum, which makes them quantitative.
3.1 Motivation
Our current understanding of the early universe based on Standard Cosmology
is limited by the initial singularity, and more generally by the lack of control over
the deep Quantum Gravity regime (around the Planck scale). The occurrence
of spacetime singularities in General Relativity is generic for matter satisfying
suitable energy conditions, as shown by Hawking and Penrose [339, 226, 232,
230]. It is believed that quantum gravitational effects taking place at the
Planck scale could lead to a resolution of the singularities, as first suggested in
Ref. [149]. Moreover, since the onset of inflation is supposed to take place at
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Planckian times, the dynamics of the universe at this stage should find a more
suitable formulation so as to take quantum gravitational effects into account. In
fact, it is conceivable that the quantum dynamics of the gravitational field itself
could effectively give rise to dynamical features similar to those of inflationary
models, without the need to introduce a new hypothetical field (the inflaton)
with an ad hoc potential.
The idea of singularity resolution in Quantum Gravity has been very fruitful
in theoretical frameworks based on a fundamentally discrete quantum geometry,
such as background independent approaches to Quantum Gravity. The first
realisation was made within the context of Loop Quantum Cosmology (LQC),
a quantisation inspired by Loop Quantum Gravity (LQG) of the symmetry-
reduced, cosmological sector of GR. The results obtained in such framework
have shown that the initial singularity is replaced by a quantum bounce, which
is a robust feature [71, 34, 37, 74, 77]. Other models featuring a cosmological
bounce, inspired by different approaches to Quantum Gravity, are reviewed in
Ref. [88] and references therein.
A particular background independent approach to Quantum Gravity in
which bouncing cosmological solutions were found is Group Field Theory
(GFT). Remarkably, this result was obtained within the complete theory,
i.e. without symmetry reducing before quantising, as it is done instead in
LQC1. GFT represents a higher dimensional generalisation of matrix models
[184, 322, 324, 42, 272, 250, 251], like random tensor models, but further
enriched by the group-theoretic data characterising the quantum states of
geometry also in LQG. It can be understood indeed also as a second quantisation
of LQG [326, 398, 358]. In this formulation, the elementary degrees of freedom
(single particle states) are open spin network vertices, with their edges labelled
by irreducible representations of a Lie group G (typically G = SU(2)). They
are dual to quantum tetrahedra2, which can be understood as the basic building
blocks, or quanta, of a spatial geometry.
GFTs for d-dimensional Quantum Gravity are field theories on a Lie group
Gd, quantised e.g. by path integral methods. In the models discussed in
this chapter, we will be interested in the case d = 4. For a given GFT, the
perturbative expansion of the path integral can be expressed as a sum of
transition amplitudes of a given Spin Foam (SF) model, a covariant definition
of the LQG dynamics [319, 349, 186, 273, 40, 248, 221, 39, 359, 341].
At a fundamental level, spacetime is absent in the formulation of GFT,
and rather an emergent concept [325], reminiscent of the way we understand
1Reviewed in Appendix D.
2See Appendix H for a review of the kinematics of a quantum tetrahedron.
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collective phenomena in condensed matter physics. This general perspective has
been advocated and outlined in Ref. [325], and in related contexts in Ref. [270].
The programme of recovering cosmology from GFT along this perspective
was started in Refs. [203, 204, 372]. In following studies, Refs. [331, 332], it
was shown that GFT allows to derive an effective Friedmann equation from
the evolution of the mean field, within a generalised GFT formulation of the
Lorentzian EPRL spin foam model (Ref. [170]).
The mean field describes the collective dynamics of quanta of space/geometry.
Solutions to the effective Friedmann equation describe then an emergent classical
background obtained from a full theory of quantum gravity. As a general
feature, the solutions of the model exhibit a quantum bounce which resolves
the initial singularity, provided that the hydrodynamics approximation of GFT
(where the mean field analysis is confined) holds [331, 332, 141, 140]. This is
discussed in Section 3.4 for the non-interacting GFT model and it is shown
in Section 3.5 to be a robust feature under the inclusion of interaction terms.
In Section 3.5 we will discuss a number of other interesting results concerning
interacting GFT models and their effective cosmological dynamics studied
by the author, namely: the acceleration phase after the bounce can be long
lasting without the need to introduce an inflaton field, but purely driven by the
GFT interactions; the same interactions can produce a cyclic evolution for the
universe, with infinite expansion and contraction phases (and no singularities).
In Section 3.6, microscopic anisotropies of the fundamental building blocks
are studied perturbatively and a region of parameter space is determined such
that perturbations stay bounded away from the bounce; hence, they can be
neglected compared to the expanding background in this regime.
3.2 Brief review of the GFT formalism and its
emergent cosmology
In this Section, we review the basics of the GFT formalism for Quantum
Gravity3. In particular, we will discuss in detail those aspects which will be
needed for the cosmological applications considered in our work4.
3The reader interested in a more comprehensive review of the mathematical and founda-
tional aspects of GFT is referred to Refs. [184, 322, 272].
4Reviews of the recent developments of the cosmological applications of GFT can be
found in Refs. [205, 327].
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3.2.1 The GFT formalism. Kinematics
The GFT field for pure gravity is defined on four copies of a Lie group G,
to be extended when introducing matter degrees of freedom5. Therefore, its
argument is an array of four group elements (g1, g2, g3, g4) which we will denote
as gν , for brevity. We use instead the notation gi for specific components of
gν . Analogously, we introduce the notations jν , mν , etc. for the spins and
their counterparts with Latin indices. Sometimes more than four spins are
considered. In that case, only lower Latin indices appear in the equations and
refer to the individual spins. Upper case Latin indices denote quadruples of
holonomies gAν attached to the edges emanating from a vertex. Throughout
this chapter, Newton’s constant will be denoted by GN to avoid confusion with
the notation used for the Lie group G. We also assume ℏ = GN = c = 1, unless
otherwise stated.
We introduce the field operator φˆ(gν), which is a scalar on G4, and its
adjoint φˆ†(gν). These operators act on a Fock space, whose vacuum state |0⟩ is
defined as the state which is annihilated by the field operator6
φˆ(gν)|0⟩ = 0 , ∀gν . (3.1)
The vacuum is interpreted as a no geometry state. This is to be contrasted
with the perturbative quantisation of linearised GR on a fixed background
(e.g. Minkowski spacetime) in which the vacuum corresponds to a state with
no gravitons. The field operators satisfy the following (bosonic) commutation
relations
[φ(gν), φˆ
†(g′ν)] = IG(gν , g′ν) , (3.2)
[φ(gν), φ(g
′
ν)] = [φ(g
′
ν), φ(g
′
ν)] = 0 , (3.3)
5For instance, when a scalar field is considered the domain is G4×R, see below. Geometry
and matter degrees of freedom are treated on the same level, i.e. as arguments of the GFT
field rather than fields defined on a differentiable manifold, as in classical GR.
6Moreover, we expect that such state must be invariant under the automorphism group
of G4, i.e. the group of isometries of the Cartan-Killing form on G4. This is in analogy
with standard QFT, in which the vacuum is invariant under the group of isometries of the
Minkowski metric, i.e. the Lorentz group (the Euclidean group in Euclidean field theories).
We are not aware of any proof of the uniqueness of such vacuum for GFTs. In principle,
different inequivalent vacua may exist that are invariant under global isometries on a curved
manifold, as in the case e.g. of the α-vacua in DeSitter space.
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with7
IG(gν , g′ν) =
∫
G
dh
4∏
i=1
δ
(
gih(g
′
i)
−1) . (3.4)
Integration is performed with respect to the Haar measure on G, which is
assumed to be normalised to unity, i.e.
∫
G
dg = 1. The GFT field must satisfy
the right-invariance property under the diagonal action of G on G4, i.e.
φ(gν) = φ(gν h) ,∀h ∈ G. (3.5)
This implies that the field is actually a function defined on G4/G. We will come
back later to the interpretation of the commutation relations (3.2), (3.3) from a
geometrical point of view. We remark that, in case a non-compact group G is
considered, the expression (3.4) needs appropriate regularisation [205]. For our
applications this will not represent an issue, since we will only be interested in
the compact case, more specifically G = SU(2).
A single excitation of the vacuum is given by the ‘one-particle state’
|gν⟩ ≡ φˆ†(gν)|0⟩ . (3.6)
This is interpreted as a single four-valent vertex with holonomies gν on its edges.
A basis of multiparticle states with N vertices is represented by the states
|g1ν , . . . , gNν ⟩ =
N∏
A=1
φˆ†(gAν )|0⟩ . (3.7)
The states (3.7) correspond to a totally disconnected graph. More interesting
graph structure can be obtained by considering particular superpositions of
such states, as we are going to explain.
The analogue of a ‘wave packet’ in this framework is given by the state
|f⟩ ≡
∫
d4g f(gν)φˆ†(gν)|0⟩ , f(gν) = ⟨gν |f⟩ , (3.8)
where we introduced the notational shorthand d4g for
∏4
i=1 dgi, where dgi
denotes the Haar measure on the i-th copy of G. The most general multiparticle
7The Dirac delta function on a Lie group can be defined by means of the exponential
map. Considering g ∈ G we have δ(g) = δ(expX) = ∏3α=1 δ(Xα), where X is an element
of the Lie algebra g and δ(Xα) is the ordinary Dirac delta defined on g. Note that, while
the ordinary Dirac delta is peaked at zero, its counterpart on a Lie group is peaked at the
identity.
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g3, j3
g4, j4
Fig. 3.1 An open spin network vertex (in red), corresponding to an elementary
excitation of the GFT vacuum. To each link is attached a group element
gi (holonomy). The four-valent vertex is dual to a tetrahedron (in black),
whose faces are labelled by su(2) representations with spin ji. The four spins
must satisfy the closure condition J1 + J2 + J3 + J4 = 0, implementing gauge
invariance at the vertex.
state is defined as
|fN⟩ ≡ 1√
N !
∫ N∏
A=1
d4gA f(g1ν , . . . , g
N
ν )
N∏
A=1
φˆ†(gAν )|0⟩ , (3.9)
where gAν are quadruples of holonomies labelled by A = 1, . . . , N . The wave-
function
f(g1ν , . . . , g
N
ν ) =
1√
N !
⟨g1ν , . . . , gNν |fN⟩ (3.10)
is completely symmetric under permutations of the quadruples of holonomies,
as a consequence of the bosonic commutation relations (3.3). |fN⟩ can be inter-
preted as the state of a graph with N vertices, with topological and geometrical
properties depending on the properties of the wave-function f(g1ν , . . . , gNν ). This
will be explained in more detail below.
The commutation relation (3.2) implies further restrictions on the functional
dependence of the single-particle and multi-particle wave functions. In fact,
one finds for the one-particle state (3.8)
f(gν) = ⟨0|φ(gν)|f⟩ =
∫
dk f(gνk) , (3.11)
which implies that the wave function must be invariant under the right action
of G on the quadruple gν , i.e.
f(gν) = f(gνk) . (3.12)
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Even though in this formalism it is clearly a global symmetry, this property is
usually referred to as gauge invariance since it represents the counterpart of
SU(2) gauge transformations at each vertex of a spin network in LQG. Next
we consider a two-particles state
|f2⟩ ≡ 1√
2
∫ 2∏
A=1
d4gA f(g1ν , g
2
ν)φˆ
†(g1ν)φˆ
†(g2ν)|0⟩ , (3.13)
for which we find
f(g1ν , g
2
ν) =
1√
2!
⟨g1ν , g2ν |f2⟩ =
1
2!
∫
dk dh
(
f
(
g1ν k, g
2
ν h
)
+ f
(
g2ν k, g
1
ν h
))
.
(3.14)
The last equation is satisfied provided that: the multi-particle wave-function is
right-invariant with respect to each of its arguments gAν
f
(
g1ν k, g
2
ν
)
= f
(
g1ν , g
2
ν k
)
= f
(
g1ν , g
2
ν
)
, ∀k ∈ G (3.15)
and it is invariant under permutations of its arguments
f
(
g1ν , g
2
ν
)
= f
(
g2ν , g
1
ν
)
. (3.16)
A straightforward generalisation of the above shows that similar properties
must also hold for the wave function of a generic multi-particle state with N
vertices.
It is clear at this stage that the non-standard bosonic commutation relations
(3.2), (3.3) enforce gauge invariance (right-invariance) at each vertex. States
|fN⟩ of the type (3.9) can be interpreted geometrically as graphs consisting
of a collection of identical vertices, that are gauge invariant and symmetric
under permutations, with wave-function f(g1ν , . . . , gNν ) satisfying the properties
discussed above. Such graphs are in general disconnected. A more interesting
class of graphs, which is closer to the states in LQG (spin networks) can be
obtained as follows. Let us consider a generic multiparticle state |fN⟩ with
wavefunction f(g1ν , . . . , gNν ) and pick two distinct vertices A, B and edges
emanating from them, which we label as i and j, respectively. We define a
modified wavefunction as (no summation over repeated indices) [205]
f˜(. . . , gAi , . . . , g
B
j , . . . ) =
∫
G
dhABij f(. . . , h
AB
ij g
A
i , . . . , h
AB
ij g
B
j , . . . ) . (3.17)
It follows from the definition (3.17) that f˜ depends on the two holonomies
gAi and gBj only through the combination GABij = (gBj )−1gAi . The i-th edge
emanating from the vertex A (called the source) is incident on the vertex B
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(the target), where it is identified with the j-th edge emanating from it. GABij
then represents the holonomy over the glued edges, in going from A to B.
Clearly, GBAji = (GABij )−1 by definition. It is straightforward to generalise the
construction to the case in which more than one pair of edges are glued together.
We refer the reader to Ref. [326] for the general case.
As a simple example, we consider a two-particle state in which all edges
with the same label i are glued together. In this case, the gluing map is very
simple and is given by h12ij = δijh, where h ∈ G. We have, using Eq. (3.17) and
the right-invariance of the Haar measure8
f˜
(
g1ν , g
2
ν
)
=
∫
G
dh f(hg1ν , hg
2
ν) =
∫
G
dh f(h(g2ν)
−1g1ν , h) ≡ F
(
(g2ν)
−1g1ν
)
.
(3.18)
The holonomies for this graph are given by G12ij = (G21ji )−1 = (g2j )−1g1i δij (no
summation).
Delicate aspects of the relation between the Fock space of GFTs and the
kinematical Hilbert space of LQG are discussed in Ref. [326]. Here we would
like to remark some differences in the kinematical properties of states in the
two approaches, which are also highlighted in Ref. [205]. In particular, the Fock
space inner product is not equivalent to the inner product in the kinematical
Hilbert space of LQG. This is due to the fact that GFT states corresponding to
different graphs are not necessarily orthogonal if they have the same occupation
numbers. Another difference is the symmetry of the wave function in GFT
under permutations of the vertices, which is not satisfied by all LQG states.
The limitation to simplicial graphs is instead not an essential one, and can
be overcome by a suitable generalisation of the formalism to allow for more
general combinatorial complexes [329]. The states discussed in this Section
are interpreted as the boundary states, i.e. they encode information about the
quantum geometry of the spatial sheets of a foliation. The implementation
of the dynamics in GFT gives rise to a sum over triangulations of a four
dimensional spacetime with assigned boundary data. This is discussed in
Section 3.2.3.
8Every Lie group admits a right-invariant Haar measure and a left-invariant one. However,
in general they do not coincide. It is possible to show that for compact Lie groups there is a
Haar measure which is both right- and left-invariant [391]. In this case the Haar measure
is said to be bi-invariant. Lie groups for which such a bi-invariant Haar measure exists are
called unimodular. Some non-compact groups, such as SL(2,R), also admit a bi-invariant
metric.
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3.2.2 Kinematical Operators
One-body Operators
A complete specification of the kinematics of the theory requires the introduction
of kinematical operators. In analogy with condensed matter physics, we can
introduce one-body and two-body operators9. The general expression of a
one-body operator is the following
Tˆ1 =
∫
d4gd4g′ t(gν , g′ν)φˆ
†(gν)φˆ(g′ν) . (3.19)
If Tˆ1 has a first-quantised counterpart tˆ, one has
t(gν , g
′
ν) = ⟨ψgν |tˆ|ψg′ν ⟩ , (3.20)
where ψgν is the (improper) eigenfunction of the position operator10 on G4
in the first quantised theory. If Hermiticity of Tˆ1 is assumed, the following
condition must be satisfied
t(gν , g
′
ν) = t(g
′
ν , gν) . (3.21)
In case the operator is obtained as the second quantised counterpart of a
Hermitian operator in the first quantised theory, Hermiticity is automatically
satisfied, as one can easily verify using Eq. (3.20).
Equations (3.19), (3.20) allow for a straightforward implementation of a
vocabulary between observables in LQG and in GFT. In LQG, observables are
represented by geometric operators. Perhaps the most important examples are
given by the volume and area operators. In GFT one has for the volume
Vˆ =
∫
d4gd4g′ ⟨ψgν |Vˆ LQG|ψg′ν ⟩φˆ†(gν)φˆ(g′ν) . (3.22)
The volume operator is the main observable which is relevant for cosmological
applications of GFT. The area of a plaquette dual to the i-th link is given by11
9Their generalisation to n-body operators, albeit possible, is not needed for our purposes.
10Note that, in order to avoid confusion with the one-particle states |gν⟩ introduced in
Eq. (3.6) we use a different notation from the one in Ref. [205].
11The definition of the area operator involves Newton’s constant GN. In the formulation
of the microscopic theory this constant does not appear explicitly. Rather, as we will show
in the following, it is identified with some combinations of its parameters by comparing the
dynamics of the emergent cosmological background with the standard Friedmann equation.
In Ref. [205] it is argued that the gravitational constant is subject to renormalisation, and
the constant GN appearing in Eq. (3.23) at a purely kinematical level should be interpreted
as the low energy effective gravitational constant.
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(see Ref. [205])
Aˆi = 8πβℏGN
∫
d4gd4g′ φˆ†(gν)
√
−∆i φˆ(g′ν) . (3.23)
We remark that, although Aˆi is a perfectly well-defined operator, its geometrical
interpretation is not clear when we go beyond the case of a single disconnected
vertex. This is essentially due to the properties that we expect to be satisfied by
the area observable in the classical limit. Namely, the area defined in Ref. (3.23)
is an extensive operator, whereas from the point of view of differential geometry
it should not. Additional difficulties in the interpretation of Aˆi as an observable
for generic states is due to the bosonic statistics of GFT states.
A very important one-body operator, which is a specific feature of the
second quantised formalism and does not have an analogue in LQG is given by
the number operator Nˆ . It is defined as
Nˆ =
∫
d4g φˆ†(gν)φˆ(gν) . (3.24)
States of the type (3.9) are eigenstates of the number operator, with eigenvalue
equal to the number of vertices
Nˆ |fN⟩ = N |fN⟩ . (3.25)
An arbitrary state in Fock space is expressed as a superposition of |fN⟩ states,
which may as well have a different number of vertices N . In this case, it is still
possible to talk about the expectation value of the number of vertices ⟨Nˆ⟩ or
higher order moments of its distribution ⟨Nˆ r⟩, due to the definition of Nˆ as an
operator in second quantisation.
Basis Change
It can be convenient to introduce a change of basis, which may be motivated by
simplifications in the evaluation of the matrix elements of one-body operators
(e.g. the volume) or to simplify the dynamics (see Section 3.3.1). We will
consider the expansion of the GFT field in a basis corresponding to a given set
of guantum numbers χ⃗. We introduce creation and annihilation operators aχ⃗,
a†χ⃗ satisfying the standard harmonic oscillator algebra
[aχ⃗, a
†
χ⃗′ ] = δχ⃗,χ⃗′ , [aχ⃗, aχ⃗′ ] = [a
†
χ⃗, a
†
χ⃗′ ] = 0 . (3.26)
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The single-particle wave functions with quantum numbers χ⃗ are denoted by
ψχ⃗. They satisfy the normalisation condition∫
d4g ψχ⃗(g)ψχ⃗′(g) = δχ⃗χ⃗′ . (3.27)
The expansion of the GFT field operators in the new basis is then given by
φˆ(gν) =
∑
χ⃗
ψχ⃗(gν)aˆχ⃗ , φˆ
†(gν) =
∑
χ⃗
ψχ⃗(gν)aˆ
†
χ⃗ . (3.28)
The number operator (3.24) has the following expression in the new basis
Nˆ =
∑
χ⃗
aˆ†χ⃗aˆχ⃗ . (3.29)
Additional constraints must be imposed on the quantum numbers χ⃗ for each
term in the sums (3.28) in order to satisfy the commutation relation (3.2). In
other words the quantum numbers representing the components of the array χ⃗
are not all independent. The origin of the constraints lies in the right-invariance
property of the GFT field. In fact, it can be shown that the commutation
relations are satisfied provided that Eq. (3.26) holds and that ψχ⃗(g) be right-
invariant. The last requirement in turn implies constraints on the quantum
numbers, as we will illustrate below by means of a particularly relevant example.
Such constraints represent a significant difference with standard QFT and stem
from the geometric interpretation of the theory.
As an example, we consider a GFT on the Lie group G = SU(2) and take
χ⃗ to represent spin quantum numbers of the complete set of observables (for a
single particle) ((Ji)2, J i3 ), i.e. χ⃗ = {(ji,mi)} with i = 1, . . . , 4. We consider
the generic single particle wave-function that is an eigenstate of the set of four
spin operators defined on G4. It can be expressed as
F jνmν (gν) =
∑
nν
Cj1j2j3j4m1m2m3m4n1n2n3n4 Dj1m1n1(g1)Dj2m2n2(g2)Dj3m3n3(g3)Dj4m4n4(g4) .
(3.30)
The Wigner matrices Djimini(gi) form a complete basis of eigenvectors
12 of
(Ji)2 and J i3 for functions defined on the i-th copy of SU(2). The index ni is
linked to the degeneracy of the eigenvalue mi for fixed ji, and has the same
range of values of mi. For a review of the properties of Wigner matrices see
Appendix G. However, the state (3.30) is not right-invariant in general. In fact,
right-invariance leads to a constraint on the coefficients in Eq. (3.30), which
12This is essentially the content of the Peter-Weyl theorem, see Ref. [175].
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we will from now on denote more compactly as Cjνmνnν . In fact, under the right
diagonal action of h ∈ SU(2) we have
F jνmν (gνh) =
∑
nν
Cjνmνnν
4∏
i=1
Djimini(gih) =
∑
lν
(∑
nν
Cjνmνnν
4∏
r=1
Djrlrnr(h)
)
4∏
i=1
Djimili(gi)
=
∑
nν
(∑
lν
Cjνmν lν
4∏
r=1
Djrnrlr(h)
)
4∏
i=1
Djimini(gi) ,
(3.31)
where we used the properties of the Wigner matrices and relabelled indices in
the last step. Right-invariance F jνmν (gνh) = F
jν
mν (gν) demands
Cjνmνnν =
∑
lν
Cjνmν lν
4∏
r=1
Djrnrlr(h) , ∀h ∈ SU(2) . (3.32)
Note that the l.h.s in Eq. (3.32) does not depend on h. Given that the rows of
the Wigner matrices (as well as their columns) span irreducible representations
of SU(2), the problem of determining the coefficients Cjνmνnν is isomorphic to
that of constructing a singlet state with four spins (ji, ni), with i = 1, . . . , 4.
This is discussed in more detail in Appendix H, where the solutions of Eq. (3.32)
are constructed explicitly. Solutions of Eq. (3.32) are elements of the intertwiner
space of a four-valent open spin network vertex, defined as
◦Hjν = InvSU(2) [Hj1 ⊗Hj2 ⊗Hj3 ⊗Hj4 ] . (3.33)
Elements of the vector space
◦Hjν are called intertwiners. A basis in
◦Hjν is
denoted by Ijν ιmνnν , where ι is an additional quantum number used to label
basis vectors, e.g. corresponding to eigenspaces of an Hermitian operator that
commutes with all of the operators in the set ((Ji)2, J i3 ). Finally, we can write
the right-invariant single-particle wave function in the spin basis as13
ψχ⃗(gν) =
∑
nν
Ijν ιmνnν
4∏
i=1
Djimini(gi) . (3.34)
Using Eq. (3.28), the field operator in the spin basis reads as
φˆ(g) =
∑
χ⃗
ψχ⃗(g)aˆχ⃗ =
∑
jνmνnν
Ijν ιmνnν
4∏
i=1
Djimini(gi)aˆjνmν . (3.35)
13The intertwiner Ijνιmνnν must be appropriately normalised so as to satisfy (3.27).
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The expansion of φˆ†(g) can be worked out similarly.
In the spin basis the second quantised volume operator (3.22) takes a simpler
form. In fact, by inverting Eqs. (3.28), we can re-express it as
Vˆ =
∑
χ⃗,χ⃗′
⟨ψχ⃗|Vˆ LQG|ψχ⃗′⟩aˆ†χ⃗aˆχ⃗′ , (3.36)
where ⟨ψχ⃗|Vˆ LQG|ψχ⃗′⟩ is the matrix element of the LQG volume operator on
gauge-invariant four-vertices. Note that in the first quantised theory intertwiner
spaces corresponding to given set of spins jν are invariant under the action of
Vˆ LQG, i.e. one has
⟨ψχ⃗|Vˆ LQG|ψχ⃗′⟩ = δjνj′ν ⟨ψχ⃗|Vˆ LQG|ψχ⃗′⟩ . (3.37)
This implies that the LQG volume operator can be studied separately in each
intertwiner space
◦Hjν corresponding to a set of four spins jν . The choice of
an appropriate recoupling scheme can simplify the computation of the matrix
elements considerably, see Ref. [96]. We will only be dealing with four-valent
vertices, for which the recoupling scheme is straightforward and is reviewed in
Appendix H.
Many-body operators
Many-body operators can be defined in parallel with the standard definition in
condensed matter physics. A two-body operator representing the interaction of
two ‘particles’ reads as (cf. e.g. Ref. [369])
Tˆ2 =
1
2
∫
d4gd4g′ u(gν , g′ν)φˆ
†(gν)φˆ†(g′ν)φˆ(g
′
ν)φˆ(gν) , (3.38)
with u(gν , g′ν) representing an interaction kernel. N -body operators can be
constructed as a straightforward generalisation of (3.38).
Note that both the one-body operator (3.19) and the two-body operator
(3.38) have an equal number of creation and annihilation operators. Moreover,
they respect the same ordering of the arguments for each of the field operators.
However, the most interesting operators in GFT, which give the dynamics of
GFT models, do not fall in this class. In fact, for the operators that we will
consider, the arguments of the field operators are arranged following peculiar
combinatorial patterns, which make such operators highly non-local. As we will
explain below, such non-locality is necessary for the geometric interpretation of
the theory.
We aim to give a few examples of such non-local operators, by exhibiting the
interaction terms of some GFT models in four dimensions. The most general
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interaction term of the simplicial type14 is five-valent and has the form (see
Ref. [331])
Vˆsimpl =
λ
5
∫ ( 5∏
A=1
d4gA φˆ(gAν )
)
V5(g1ν , . . . , g5ν) . (3.39)
By specifying the functional form of the kernel V5 it is possible to recover some
well-known GFT models. For instance, the Ooguri model corresponds to the
interaction term
VˆOo =
λ
5
∫
d10g φˆ1234φˆ4567φˆ7389φˆ962 10φˆ10 851 , (3.40)
where we used the shorthand notation φˆ1234 = φˆ(g1, g2, g3, g4). The EPRL
model, on which we will focus on for the cosmological applications of GFT,
has the same combinatorial structure of the Ooguri model but a non-constant
kernel
VˆEPRL =
λ
5
∫
d10g VEPRL5 (g1, . . . , g10)φˆ1234φˆ4567φˆ7389φˆ962 10φˆ10 851 . (3.41)
The precise form of the function VEPRL5 is currently not known. It must be
pointed out that it involves some ambiguities that arise in the formulation
of the GFT model, as well as in the corresponding spin foam model. For
a discussion of these issues we refer the reader to Ref. [331]. Nevertheless,
the precise expression of the interaction kernel will not be relevant for our
applications, since only its combinatorial structure is needed. In Section 3.3 we
will present the EPRL interaction potential (3.41) in the spin representation,
which is the one that has been used in cosmological applications.
3.2.3 GFT dynamics
The dynamics in GFT follows from a path-integral. Considering a real GFT
field for simplicity, this is given by
Z =
∫
Dφ e−S[φ] , (3.42)
where the classical GFT action has the form
S[φ] = K[φ] + V [φ] . (3.43)
14Simplicial GFT interactions are such that vertices in the corresponding spin foam model
are associated to 4-simplices. For the GFT-Spin Foam correspondence see the following
section.
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The kinetic term corresponds to one-body operators15 of the type considered
in Eq. (3.19). More specifically, it reads as
K[φ] =
∫
d4gd4g′ φ(gν)kˆ(gν , g′ν)φ(g
′
ν) , (3.44)
where we made use of the assumption that the GFT field is real, i.e. φ = φ.
The kernel kˆ(gν , g′ν) in the kinetic term (3.44) can be in principle non-local.
However, for our applications in the next sections we will restrict our attention
to a local kinetic kernel, i.e. we will assume
kˆ(gν , g
′
ν) =
4∏
i=1
δ
(
gi(g
′
i)
−1) Kˆg′ν , (3.45)
where Kˆgν is a differential operator affecting only the gν dependence. In this
particular case one has
K[φ] =
∫
d4g φ(gν)Kˆgνφ(gν) . (3.46)
It is natural to assume that the dynamics is invariant under global isometries
of G16. By further requiring that the equations of motion are second order, the
simplest ansatz is
Kˆgν = −△G + µ , (3.47)
where µ is a mass term. The Laplace-Beltrami operator on G reads as
△G = 1√
g
∂i
(√
ggij∂j
)
, (3.48)
where gij denotes the Riemannian metric on G. Under suitable conditions this
is uniquely determined, see footnote 16. The potential will be given by one of
the corresponding many-body operators discussed in Section (3.2.2). In the
case of the EPRL model, the interaction term is thus given by
VEPRL[φ] =
λ
5
∫
d10g VEPRL5 (g1, . . . , g10)φ1234φ4567φ7389φ962 10φ10 851 . (3.49)
15Note that both K[φ] and V [φ] are classical functionals in this section, since quantisation
is achieved via the path-integral.
16 More specifically, isometries of the bi-invariant metric defined on G, which is naturally
induced by the (negative of the) Killing-Cartan form on the Lie algebra via the pull-back
of the left-translation. A bi-invariant metric exists for all compact Lie groups. Moreover,
if the Lie algebra of the group is assumed to be simple the bi-invariant metric is unique
up to a constant factor. See Ref. [10] and references therein for further details. For our
applications we will consider G = SU(2), for which the hypotheses of the uniqueness theorem
are satisfied. Thus, the bi-invariant metric can be obtained as the metric induced by the
natural embedding of SU(2) ∼= S3 in R4, as it is done in Appendix G.
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The dynamics of GFT models is quite different from that of standard field
theories already at the classical level, due to their high degree of non-locality
which leads to integro-differential equations of motion. However, the existence
of a continuous group of symmetries of the action (given e.g. by invariance
under the right-action of G) leads to conservation laws which generalise the
standard Noether theorem, which holds in local field theories [250, 251].
At the quantum level, the non-locality of GFT is intimately related to its
interpretation as a theory of QG. In fact, the edges of the Feynman diagrams of
a GFT model are stranded17 (fat diagrams) with one strand per each argument
of the GFT field. The form of the interaction term gives the prescription for
joining the strands of different edges at a vertex. The Feynman diagrams are
thus interpreted as cellular complexes F dual to a triangulated topological
spacetime18 [184, 321, 322].
By means of an appropriate choice of the GFT action, it is possible to
establish a precise correspondence between GFT and Spin Foam models. The
general derivation of the GFT action for a wide class of Spin Foam models is
given in Refs. [349, 347], which generalises the results obtained in Refs. [86,
319, 144] for specific models of simplicial quantum gravity. It must be pointed
out that such connection between the dynamics in the two approaches holds
regardless of the interpretation of the boundary data, i.e. whether they are
the ones described in Section 3.2.1 or in the case of LQG spin-network states.
The perturbative expansion of a GFT model is given by a sum over cellular
complexes
Z =
∫
Dφ e−S[φ] =
∑
F
λ|V |
sym(F)AF , (3.50)
where λ is the coupling constant19, |V | is the number of vertices in the Feynman
diagram (i.e. perturbative order), sym(F) the symmetry factor of F , and AF
the Feynman amplitude obtained from the GFT [184]. In this sense, the GFT
formalism provides a completion of a given Spin Foam model [326, 322]. In
fact, the non-perturbative information contained in the GFT path-integral
allows for the possibility of making sense of the sum over triangulations of
17This is similar to the case of matrix models [150], of which GFTs represent a higher
dimensional generalisation. GFT is also not affected by some problems encountered in a
different generalisation of matrix models, i.e. the so-called tensor models [13, 211, 367],
namely the absence of a parameter to control the topological expansion [86, 319].
18Although we will only be concerned with the case d = 4, it is worth remarking that
GFTs can be formulated as theories of QG in any dimensions d. The interpretation of the
Feynman diagrams in GFT in terms of discrete geometry holds true in general and for any
dimensions (see Refs. [184, 144, 145, 143]).
19We are assuming only one type of interactions. If different interaction terms are considered,
Eq. (3.50) must be generalised accordingly.
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spacetime. This has been shown explicitly for 3d quantum gravity, in which
case the perturbative expansion (3.50) is uniquely Borel resummable [187].
3.3 Mean field approximation
The main advantage of the third quantised formalism of GFT lies in the fact
that it provides a convenient way to handle arbitrary superpositions of graphs,
also allowing to study the dynamics of states with an arbitrary number of
vertices N . In particular, in GFT the number N does not have to be fixed at
the outset and is in principle a dynamical variable, computed as the expectation
value ⟨Nˆ⟩ of the number operator (3.24) on a given state. This is a feature
that in LQC must instead be imposed by hand, with the adoption of some
lattice refinement model [73]. However, the relation between LQC and the full
theory is still not clear20. In LQG the Hamiltonian constraint acts on spin
network states by changing the underlying graph [396, 394, 395], although the
interpretation of the graph changing Hamiltonian is still an open issue21.
As we have seen above in Section 3.2.1, in GFT the open spin network
vertices represent the fundamental degrees of freedom of the theory, which are
interpreted as the basic building blocks of quantum geometry. It was suggested
in Ref. [325] that the continuum spacetime emerges from QG when considering
the collective dynamics of a large number N of such elementary constituents.
This is analogous to the way continuum mechanics is recovered from condensed
matter physics. Following this analogy, the next step is to identify a regime of
the theory that allows us to perform a ‘hydrodynamics approximation’, which in
turns leads to the recovery of a continuum spacetime. Suitable observables must
then be identified in the quantum theory to match the macroscopic ones. Such
a dynamical emergence of classical spacetime from QG in the GFT approach
has been studied in the cosmological case, considering a particular class of
states, i.e. coherent states [203, 204]. Such states |σ⟩ are defined as eigenstates
of the GFT field operator (which is assumed to be complex)
φˆ(gν)|σ⟩ = σ(gν)|σ⟩ , |σ⟩ = N exp
(∫
d4g σ(gν)φˆ
†(gν)
)
|0⟩ (3.51)
20See footnote 3 in Appendix D for a discussion of recent developments in Quantum
Reduced Loop Gravity (QRLG).
21We would like to mention a possible interpretation of the graph changing Hamiltonian
in LQG as the generator of graph refinements, regarded as time evolution [160]. The notion
of a graph changing Hamiltonian also inspired the development of spin foams, viewed as the
time evolution of spin networks [348].
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where σ(gν) is a function on G4 and N is a normalisation factor given by
N = e− ||σ||
2
2 , with ||σ||2 =
∫
d4g |σ(gν)|2 = ⟨σ|Nˆ |σ⟩ . (3.52)
In Refs. [331, 332] a modified Friedmann equation for the emergent universe,
including quantum gravitational corrections, was thus obtained. It has been
conjectured that such field coherent states would correspond to a new phase in
QG, characterised by substantially different properties from the non-geometric
phase corresponding to the Fock (i.e. perturbative) vacuum. According to
this point of view, such field coherent states should be interpreted as non-
perturbative vacua of the GFT, arising from a process similar to Bose-Einstein
condensation. For this reason the coherent state |σ⟩ is often referred to in the
literature as a GFT condensate22. The idea of the emergence of spacetime
geometry as the result of a phase transition is known as geometrogenesis, and
was introduced in the context of the quantum graphity approach [270].
At the present stage, geometrogenesis remains an unproven conjecture,
whose validity will only be assumed for our purposes. In the following, we will
work in the mean field approximation of the GFT dynamics, which is suitable
for the description of a system with a large number of quanta (i.e. graphs with
many nodes). This is equivalent to study the quantum dynamics of the state
|σ⟩ provided that we neglect field-field correlations, i.e. only the evolution of
the mean value ⟨σ|φˆ(gν)|σ⟩ = σ(gν) in Eq. (3.51) is considered and higher order
momenta are disregarded. Tests of the validity of the mean field approximation
include the study of the stability of the ‘condensate’ under perturbations, i.e.
the study of the solutions of the analogue of the Bogoliubov-DeGennes equation
in the GFT context, and a calculation of the back-reaction of the perturbations
on the condensate itself23. In fact, this is needed in order to quantify the
fraction of ‘particles’ that are expelled from the condensate.
In the rest of this section, we introduce the mean field approximation of
GFT, in view of the cosmological applications considered in this chapter. We
will consider a GFT model with a complex scalar field φ, whose partition
function reads as
Z =
∫
DφDφ e−S[φ,φ] , (3.53)
22Condensate representations based on coherent states have been considered in the algebraic
formulation of GFT in Ref. [252]. Such states are characterised by an infinite number of
particles and are inequivalent to the standard Fock representation.
23For a detailed study of a Bose-Einstein condensates and the Bogoliubov-DeGennes
equation in the context of analogue gravity systems, see Refs. [208, 373].
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where S[φ, φ] is the classical GFT action and φ is defined on SU(2)4 × R
φ = φ(g1, g2, g3, g4;ϕ) = φ(gν ;ϕ) . (3.54)
ϕ is a matter field, which for simplicity can be taken so as to represent a
massless scalar, used as a relational clock [331, 332, 282]. Just as for the
discrete geometric data encoded in the group elements (and their conjugate
variables), the interpretation of the real variable ϕ as a discretised matter
field is grounded in the expression of the (Feynman) amplitudes of the model
corresponding to the action S, which take the form of lattice gravity path
integrals for gravity coupled to a massless scalar field. The field is invariant
under the diagonal right action of SU(2)
φ(gνh;ϕ) = φ(gν ;ϕ), ∀h ∈ SU(2). (3.55)
This right-invariance property of the GFT field, and of the corresponding
quantum states, can be understood as the usual gauge invariance on spin network
states that characterises any lattice gauge theory, and more geometrically as
the closure of the tetrahedra dual to the vertices of the same spin network
states (this becomes transparent in the formulation of the theory using non-
commutative Lie algebra-valued flux variables [41]). Some mathematical details
are given in Appendices G, H.
The classical GFT field and the wavefunctions associated to its quantum
states are L2 functions with respect to the Haar measure on the SU(2) group
manifold. Therefore they can be expanded, according to the Peter-Weyl
theorem, in a basis of functions labeled by the irreducible representations of the
same group (see Appendix G). For quantum states, this is the decomposition
in terms of spin network states. For the classical GFT field, this decomposition
looks:
φ(gν ;ϕ) =
∑
jν ,mν ,nν ,ι
φjν ,ιmν (ϕ) Ijν ,ιnν
4∏
i=1
√
djiD
ji
mi,ni
(gi) , (3.56)
whereDjm,n(g) are the Wigner functions, dj is the dimension of the corresponding
irreducible representation, i.e. dj = 2j + 1. The representation label j takes
integer and half-integer values, i.e. j ∈ {0, 1
2
, 1, 3
2
, . . . }, the indicesm, n take the
values −j ≤ m,n ≤ j. Furthermore, the right-invariance leads more precisely
to the Hilbert space H = L2 (SU(2)4/SU(2), dµHaar). This is the intertwiner
space of a four-valent open spin network vertex, and also the Hilbert space of
states for a single tetrahedron, a basis for which is given by the intertwiners
Ijν ,ιnν , which are elements in
◦Hjν (defined in Eq. (3.33)).
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The index ι labels elements in a basis in
◦Hjν , and represents an additional
degree of freedom in the kinematical description of the GFT field and of its
quantum states.
For example, ι can be chosen so as to label eigenstates of the volume
operator for a single tetrahedron. With this choice, the volume operator acts
diagonally on a wavefunction for a single tetrahedron φ (which we indicate
with the same symbol as the classical GFT field, since they are functionally
analogous) decomposed as in Eq. (3.56)
Vˆ φ(gν) =
∑
jν ,mν ,nν ,ι
V jν ,ιφjν ,ιmν Ijν ,ιnν
4∏
i=1
√
djiD
ji
mi,ni
(gi). (3.57)
This action of the volume operator is the same as in LQG, where the volume
eigenvalues for four-valent vertices have been studied extensively, see Ref. [96].
More details on the quantum geometry of such GFT states are in Appendix I.
The number of quanta (at a given clock time ϕ) can be defined as a second
quantised operator following Ref. [326]. Its mean value in a coherent state of
the field operator (the simplest type of condensate state) is the squared norm
of the mean field φ
N(ϕ) =
∫
SU(2)4
dµHaar φ(gν ;ϕ)φ(gν ;ϕ). (3.58)
It is worth stressing that N is in general not conserved by the dynamics in
GFT. In fact, this is one of the main advantages of this approach, since it
allows us to study efficiently the dynamics of quantum gravity states with a
variable number of degrees of freedom.
3.3.1 Group Field Theory for the Lorentzian EPRL model
In the following, we work with the GFT formulation of the Lorentzian EPRL
model for quantum gravity, developed first in the context of spin foam models.
This was also used in Refs. [331, 332], in a slightly generalised form, to account
for some of the ambiguities in the definition of the model, including quantisation
ambiguities, other choices at the level of model building, and possible quantum
corrections due to renormalisation flow. It was presented using the spin
representation of the GFT field φ (thus of the action), and using the SU(2)
projection of the Lorentz structures in terms of which the model is originally
defined. Like any GFT model, the action is decomposed into the sum of a
kinetic and an interaction term
S = K + V5 + V 5 . (3.59)
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The most general (local) kinetic term for an SU(2)-based GFT field of rank-4
is24
K =
∫
dϕ
∑
jaν ,m
a
ν ,ιa
φ
j1ν ι1
m1ν
φ
j2ν ι2
m2ν
Kj1ν ι1m1ν δ
j1νj
2
νδm1νm2νδ
ι1ι2 , (3.60)
and one has the interaction term corresponding to simplicial combinatorial
structures given by25
V =
1
5
∫
dϕ
∑
ji,mi,ιa
φj1j2j3j4ι1m1m2m3m4φ
j4j5j6j7ι2
−m4m5m6m7φ
j7j3j8j9ι3
−m7−m3m8m9φ
j9j6j2j10ι4
−m9−m6−m2m10
× φj10j8j5j1ι5−m10−m8−m5−m1
10∏
i=1
(−1)ji−mi V5(j1, . . . , j10; ι1, . . . ι5) .
(3.61)
The details of the EPRL model would be encoded in the choice of kernels K
and V5, and it is the interaction kernel that encodes the Lorentzian embedding
of the theory and its full covariance, and what goes usually under the name of
‘spin foam vertex amplitude’, here with boundary SU(2)-states. The explicit
expression for such interaction kernel can be found in Ref. [331, 332] and, in
more details in Ref. [383]. We do not need to be explicit about the functional
form of the interaction kernel for our purposes, while we will say more about
the kinetic term in the following. Some discrete symmetries of the interaction
kernel will however be relevant for what follows. In fact, the coefficients V5
are invariant under permutations of the spins and of the intertwiners, which
preserve the combinatorial structure of the potential (3.61).
Beside the general form (3.60), in the following we will also use a specific
case for the GFT kinetic term, i.e.
K =
∫
dϕ
∫
SU(2)4
dµHaar φ(gν , ϕ)Kgνφ(gν , ϕ) , (3.62)
in the group representation, with
Kgν = −
(
τ∂2ϕ +
4∑
i=1
△gi
)
+m2 τ,m2 ∈ R, (3.63)
which has been previously studied in the context of GFT cosmology in Refs. [344,
343], motivated by the renormalisation group analysis of GFT models (see
24We indicate φj
1
νι1
m1ν
by φj
1
νι1
m1ν
, for typographic reasons.
25The authors would like to thank Marco Finocchiaro for pointing out an incorrect expres-
sion of the interaction potential that appeared in previous literature (private communication).
The potential given here correctly implements the closure constraint of the 4-simplex obtained
by ‘gluing’ five tetrahedra.
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Ref. [110] and references therein). The same term can be given in the spin
representation (using also the orthogonality of the intertwiners) as
K =
∫
dϕ
∑
jν ,mν ,nν ,ι1,ι2
Ijν ι1nν Ijν ι2nν φjν ι1mν Tˆjνφjν ι2mν =
∫
dϕ
∑
jν ,mν ,ι
φjν ιmν Tˆjνφ
jν ι
mν ,
(3.64)
with
Tˆjν = −τ∂2ϕ + η
4∑
i=1
ji(ji + 1) +m
2. (3.65)
Let us stress once more that the exact functional dependence on the discrete
geometric data can be left more general for the EPRL model(s), since it is
not uniquely fixed in the construction of the model, and it is only weakly
constrained (mainly at large volumes) by the effective cosmological dynamics
(which of course allows for the specific example above); the dependence on the
scalar field variable ϕ is more important for obtaining the correct cosmological
dynamics, at least in the isotropic case.
3.3.2 Emergent Friedmann dynamics
In this Section we derive the equations of motion of an isotropic cosmological
background from the dynamics of the mean field for the GFT model. We
reproduce in more detail the analysis of Ref. [331, 332] and clearly spell out all
the assumptions made in the derivation, including the necessary restrictions on
the GFT field, such as isotropy (i.e. considering equilateral tetrahedra) and
left-invariance, which we now discuss.
Conditions on the mean field
As we have recalled, the simplest effective cosmological dynamics is obtained as
the mean field approximation of the full GFT quantum theory, for any specific
model. The resulting hydrodynamic equations, which we will discuss in the next
section, are basically the classical equations of motion of the given GFT model,
subject to a few additional restrictions. One way to obtain such equations from
the microscopic quantum dynamics is to consider operator equations of motion
evaluated in mean value on simple field coherent states, i.e. simple condensate
states, and the resulting equations are going to be non-linear equations for
the condensate wavefunctions, playing the role of classical GFT field. Such
condensates have a geometric interpretation as homogeneous continuum spatial
geometries and the condensate wavefunction is a probability distribution (a fluid
density) on the space of such homogeneous geometries (i.e. minisuperspace, or
the corresponding conjugate space).
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For this interpretation to be valid, however, one additional condition has to
be imposed on the condensate wave function: left-invariance under the diagonal
group action. If the wavefunction satisfies this additional condition, on top
of the right invariance, and the domain is chosen to be SU(2)4, coming from
the imposition of simplicity constraints on SL(2,C) data, like in the EPRL
model, then the domain becomes isomorphic to minisuperspace of homogeneous
geometries [198]. Thus, this is not a symmetry of the GFT field, like the
right-invariance, nor it is normally imposed on GFT quantum states. It is a
property imposed on this specific class of states, in order to reduce the number
of dynamical degrees of freedom and to guarantee the above interpretation.
Thus, we assume that the field components can be expressed as:
φjν ιmν =
∑
ι′
φjν ιι
′Ijν ι′mν , (3.66)
where ι′ is another intertwiner label, independent from ι. Then, Eq. (3.60)
becomes, using the assumption Eq. (3.66)
K =
∫
dϕ
∑
jν ,mν ,ι
φjν ιmνKjν ιmνφjν ιmν =
∫
dϕ
∑
jν ,ι,ι′,ι′′
φjν ιι
′K˜jν ιι′ι′′φjν ιι′′ , (3.67)
with
K˜jν ιι′ι′′ =
∑
mν
Ijν ι′mν Ijν ι
′′
mν Kjν ιmν , (3.68)
while the special case Eq. (3.64) further simplifies to
K =
∫
dϕ
∑
jν ,mν ,ι
φjν ιmν Tˆjνφ
jν ι
mν =
∫
dϕ
∑
jν ,ι
φjν ιTˆjνφ
jν ι. (3.69)
When the kernel Kjν ιmν does not depend on mν , Eq. (3.68) simplifies considerably
K˜jν ιι′ι′′ =
(∑
mν
Ijν ι′mν Ijν ι
′′
mν
)
Kjν ι = δι′ι′′Kjν ι , (3.70)
leading us to the following expression for the kinetic term
K =
∫
dϕ
∑
jν ,ι,ι′
φjν ιι
′Kjν ιφjν ιι′ . (3.71)
Isotropic reduction and monochromatic tetrahedra
Different definitions of ‘isotropy’ are possible for GFT condensates, and have
been used in the literature, depending on the chosen reconstruction procedure
for the continuum geometry out of the discrete data associated to such GFT
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states (see Refs. [198, 205]). For all of them, though, the result is qualitatively
similar, as it should be: the condensate wavefunction has to depend on a
single degree of freedom, e.g. one single spin variable, corresponding to the
volume information or the scale factor of the emergent universe. Here, as in
Refs. [331, 332], we adopt the simplest and most symmetric definition: we
choose a condensate wavefunction such that the corresponding GFT quanta
can be interpreted as equilateral tetrahedra. This implies that all of the spins
labelling the quanta are equal ji = j, ∀i, corresponding to tetrahedra with all
triangle areas being equal. In this case, spin network vertices are said to be
monochromatic. We further assume that the only non-vanishing coefficients
for each j are those which correspond to the largest eigenvalue of the volume
and a fixed orientation of the vertex (which lifts the degeneracy of the volume
eigenvalues). In this way, the label ι is uniquely determined in each intertwiner
space following from right-invariance (see Appendix I). We call this particular
value ι⋆. This means that we have fixed all the quantum numbers of a quantum
tetrahedron. We are still left with the intertwiner label following from left-
invariance. To fix this, we identify the two vectors in
◦Hjν determined by the
decomposition of φ by assuming that the only non-vanishing components φjν ιι′
are such that ι = ι′, i.e.
φjν ιι
′
= φjν ιιδιι
′
(no sums). (3.72)
Thus, also this extra label is fixed by the maximal volume requirement. The
geometric interpretation of this further step is unclear, at present, but it is at
least compatible with what we know about the (quantum) geometry of GFT
states. Using Eqs. (3.66), (3.72), the expansion Eq. (3.56) simplifies to
φ(gν ;ϕ) =
∑
jν ,mν ,nν ,ι
φjν ι(ϕ) Ijν ιmν Ijν ιnν
4∏
i=1
√
djiD
ji
mi,ni
(gi). (3.73)
Bringing all these conditions together (and dropping unnecessary repeated
intertwiner labels), we get for the kinetic term
K =
∫
dϕ
∑
j
φjι
⋆K˜j ι⋆φjι⋆ , (3.74)
while the interaction term is given by
V =
1
5
∫
dϕ
∑
j
(
φjι
⋆)5 V ′′5 (j; ι⋆). (3.75)
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In Eq. (3.75) we introduced the notation
V ′′5 (j; ι⋆) = V ′5(j, j . . . , j︸ ︷︷ ︸
10
; ι⋆, ι⋆ . . . ι⋆︸ ︷︷ ︸
5
) = V5(j . . . j; ι⋆ . . . ι⋆)ω(j, ι⋆) , (3.76)
with
ω(j, ι⋆) =
∑
mi
10∏
i=1
(−1)ji−mi Ijι⋆m1m2m3m4Ijι
⋆
−m4m5m6m7Ijι
⋆
−m7−m3m8m9
× Ijι⋆−m9−m6−m2m10Ijι
⋆
−m10−m8−m5−m1 .
(3.77)
Thus, in the isotropic case, the effect of the interactions is contained in the
diagonal of the potential and in the coefficient ω(j, ι⋆) constructed out of the
intertwiners. We also observe that distinct monochromatic components have
independent dynamics.
Equation (3.77) can also be written in a different form, by expressing the
intertwiner Ijι⋆mν in terms of the intertwiners αjJmν defined in Appendix H (see
Eq. (H.7))
ω(j, ι⋆) =
∑
Jk
(
5∏
k=1
cJkι
⋆
)
{15j}Jk , (3.78)
where we identified the contraction of five intertwiners αjJmν with a 15j symbol
of the first type
{15j}Jk =
∑
mi
10∏
i=1
(−1)ji−mi αjJ1m1m2m3m4αjJ2−m4m5m6m7αjJ3−m7−m3m8m9
× αjJ4−m9−m6−m2m10αjJ5−m10−m8−m5−m1 .
(3.79)
Background equation
The equations of motion for the background can be found by varying the action
Eq. (5.21). Using Eqs. (3.74), (3.76) we find (compare with [331, 332])
K˜j ι⋆φjι⋆ + V ′′5 (j; ι⋆)
(
φjι
⋆)4
= 0. (3.80)
In the particular case given by Eq. (3.63) we can write
K =
∫
dϕ
∑
j
φjι
⋆
Tˆjφ
jι⋆ Tˆj = −τ∂2ϕ + 4ηj(j + 1) +m2. (3.81)
For the purpose of studying a concrete example, from now on we consider the
special case in which j = 1
2
of SU(2). Then, we have, using the definition
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Eq. (3.77)
ω
(
1
2
,±
)
=
∑
mi
I
1
2
ι±
m1m2m3m4I
1
2
ι±
m4m5m6m7I
1
2
ι±
m7m3m8m9I
1
2
ι±
m9m6m2m10I
1
2
ι±
m10m8m5m1
=
3∓ i√3
18
√
2
.
(3.82)
ι⋆ = ι± means that we are considering as an intertwiner the volume eigenvector
corresponding to a positive (resp. negative) orientation, see Appendix I. Thus,
the equation of motion for the background in this special case reads
(−τ∂2ϕ + 3η +m2)φ 12 ι⋆ + V ′′5(12; ι⋆
)(
φ
1
2
ι⋆
)4
= 0, (3.83)
with the coefficient of the interaction term given by Eqs. (3.76), (3.82). Note
that, under the assumption that j = 1
2
, used in addition to the isotropic
reduction, even the more general form of the EPRL GFT model coupled to a
massless free scalar field (3.60), as used in Refs. [331, 332] will collapse to the
special case (3.83). Also, the dominance of a single (small) spin component in
the cosmological dynamics of isotropic backgrounds can be shown to take place
at late times [201], and it can be expected to be a decent approximation at
earlier ones. Thus, even the special case we are considering is not too restrictive.
3.4 Emergent Background: the non-interacting
case
In this section we study the properties of solutions of the modified Friedmann
equation, obtained in Ref. [332]. The equation was derived in the previous
section in the mean field approximation of the GFT dynamics. The mean field,
with the assumptions listed in Section 3.3.2, has non-vanishing components φjι⋆
with j a spin representation index and ι⋆ a fixed intertwiner label. We introduce
the notation σj = φjι
⋆ to be consistent with the one used in Refs. [141, 140]. The
j-th component of the mean field can be written in the polar representation
as σj = ρjeiθj . As shown above, different spin components of the mean
field decouple. Therefore, we will study their evolution independently. For
convenience of the reader, we rewrite below the equation of motion for the
background (3.80), with kinetic operator given by Eq. (3.81) and vanishing
potential
− τ∂2ϕσj +Rjσj = 0 , (3.84)
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with Rj = 4ηj(j + 1) +m2. We also define the quantity zj as
zj =
Rj
τ
=
4ηj(j + 1) +m2
τ
. (3.85)
As in Refs. [331, 332, 141] this will be assumed to be positive. For τ > 0 this
condition can be satistied for all spins, provided that m2 > 0. However, this is
not possible for τ < 0, since it is always possible to find a large enough value
of j such that the numerator in Eq. (3.85) is positive26.
Since evolution in gravity theories is purely relational, all dynamical quanti-
ties can be regarded as functions of a massless scalar field ϕ, used as an internal
clock. With respect to this relational notion of evolution, there is a conserved
charge associated to θj:
ρ2j∂ϕθj = Qj. (3.86)
Note that such a conserved charge only exists if the effective dynamics of the
GFT mean field is invariant under global U(1) transformations. In particular,
there is no such quantity when the GFT field is real or for the EPRL model
considered in the previous section (except when interactions are negligible, i.e.
near the bounce).
The modulus of the isotropic mean field satisfies the equation of motion27
∂2ϕρj −
Q2j
ρ3j
− zjρj = 0, (3.87)
leading to another conserved current, which will be referred to as ‘GFT energy’28
following Ref. [332]
Ej = (∂ϕρj)
2 +
Q2j
ρ2j
− zjρ2j . (3.88)
26In Ref. [201] it was shown that in this case the lowest spin component, i.e. j0 = 1/2 if
one excludes the trivial representation j0 = 0, gives the dominant contribution at late times.
27This has the form of Ermakov equation [171].
28Such quantity is conserved as a consequence of ϕ-translation invariance of the GFT
action with a massless scalar. It is not clear whether it would still be conserved in the case
of a scalar with a potential or for different matter species, since none of these cases have
been considered in the literature so far. However, it must be pointed out that the physical
interpretation of the ‘GFT energy’ E is not clear. In fact, such term is motivated by the
fact that it is by definition the mechanical energy of the one-dimensional mechanical system
described by Eq. (3.87). Nevertheless, the reader must be aware that such terminology is
potentially misleading, due to the fact that in GFT there is no notion of energy of the system.
The parameter E plays an important role in the cosmology of GFT models, particularly the
free model considered in this section, since it introduces departures from the LQC effective
equations for a single-spin mean field, see Refs. [331, 332].
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Equation (3.87) admits the following solution
ρj(ϕ) =
e(−b−ϕ)
√
zj∆(ϕ)
2
√
zj
, (3.89)
where
∆(ϕ) =
√
k2 − 2ke2(b+ϕ)√zj + e4(b+ϕ)√zj + 4z2jQ2j (3.90)
and k, b are integration constants. From Eq. (3.88) follows
Ej = k, (3.91)
whereas the total U(1) charge receives contributions from all the indepen-
dent monochromatic componens of the condensate, and is identified with the
canonical momentum of the scalar field (see Ref. [332])∑
j
Qj = πϕ. (3.92)
The dynamics of macroscopic observables is defined through that of the ex-
pectation values of the corresponding quantum operators. As discussed in
Section 3.2.2, in GFT (as in LQG) the fundamental observables are geometric
operators, such as areas and volumes. The volume of space at a given value of
relational time ϕ can be computed using the definition (3.22) and replacing the
field operators by the classical mean field29, subject to the restrictions discussed
above
V (ϕ) =
∑
j
Vjρ
2
j(ϕ) , (3.93)
where Vj ∝ j3/2ℓPl is the eigenvalue of the volume operator computed on a
four-valent monochromatic vertex, with edges carrying spin j representations
of SU(2). Using this as a definition and differentiating w.r.t. relational time
ϕ one obtains, as in Ref. [332] the following equations, which play the role of
effective Friedmann (and acceleration) equations describing the dynamics of
the Cosmos as it arises from that of a condensate of spacetime quanta
∂ϕV
V
=
2
∑
j Vjρj∂ϕρj∑
j Vjρ
2
j
, (3.94)
∂2ϕV
V
=
2
∑
j Vj
(
Ej + 2z
2
j ρ
2
j
)∑
j Vjρ
2
j
. (3.95)
29The result obtained in this way is equivalent to the one obtained by evaluating the
expectation value of the GFT volume operator on a coherent state |σ⟩, as done in Ref. [331,
332].
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In the context of GFT, spacetime is thus seen to emerge in the hydrodynamic
limit of the theory; the evolution of a homogeneous and isotropic universe is
completely determined by that of its volume. Note that the above equations
are written in terms of functions of ϕ. In fact, as implied by the background
independence of GFT, and more in general of any theory of quantum geometry,
a priori there is no spacetime at the level of the microscopic theory. In
particular, there exists no coordinate time. Nevertheless, we will show how it is
possible to introduce a preferred choice of time, namely proper time, in order
to study the dynamics of the model in a way similar to the one followed for
standard homogeneous and isotropic models. This will be particularly useful
for the study of the accelerated expansion of the universe. In the following
we will restrict our attention to the case in which the condensate belongs to
one particular representation of the symmetry group. This special case can be
obtained from the equations written above by considering a condensate wave
function σj with support only on j = j0. Representation indices will hereafter
be omitted. Hence, we have
∂ϕV
V
= 2
∂ϕρ
ρ
≡ 2ζ(ϕ) , (3.96)
∂2ϕV
V
=
[
∂2ϕρ
ρ
+
(
∂ϕρ
ρ
)2]
= 2
(
E
ρ2
+ 2z
)
. (3.97)
These are effective Friedmann equations, giving the relational evolution of the
volume with respect to the scalar field ϕ. Eqs. (3.96), (3.97) give the evolution
of the emergent spacetime, with ρ playing the role of an auxiliary field.
The large volume limit corresponds in this model to the limit of large
(relational) time. As ϕ → ±∞, one has ζ(ϕ) → √z. Thus, the standard
Friedmann and acceleration equations with a constant gravitational coupling
and a fluid with a stiff equation of state are recovered. We will introduce proper
time by means of the relation between velocity and momentum of the scalar
field
πϕ = ϕ˙V. (3.98)
Furthermore, we can define the scale factor as the cubic root of the volume
a ∝ V 1/3. (3.99)
We can therefore write the evolution equation of the universe obtained from
GFT in the form of an effective Friedmann equation (H = V˙
3V
is the Hubble
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expansion rate and ε = ϕ˙
2
2
the energy density30)
H2 =
(
∂ϕV
3V
)2
ϕ˙2 =
8
9
ζ2ε. (3.100)
Using Eqs. (3.88), (3.92), (3.98) we can recast Eq. (3.100) in the following form
H2 =
8
9
Q2
(γR
V 2
+
γE
V 3
+
γQ
V 4
)
, (3.101)
where we introduced the quantities
γR =
z
2
, γE =
VjE
2
, γQ = −
V 2j Q
2
2
. (3.102)
The first term in Eq. (3.101) is, up to a constant factor, the energy density of a
massless scalar field on a conventional FLRW background, whereas the others
represent the contribution of effective fluids with distinct equations of state
and express departures from the ordinary Friedmann dynamics. Respectively,
the equations of state of the terms in Eq. (3.102) are given by w = 1, 2, 3,
consistently with the (quantum corrected) Raychaudhuri equation Eq. (3.114).
Effective fluids have been already considered in the context of LQC as a a way
to encode quantum corrections, see e.g. [374].
This equation reduces to the conventional Friedmann equation in the large
ϕ limit, where the contributions of the extra fluid components are negligible
H2 =
8πGN
3
ε. (3.103)
Thus, consistency with the Friedmann equation of Standard Cosmology (Chap-
ter 1) in this limit demands z = 3πG, which allows to identify some particular
combination of the parameters of the microscopic model with low energy quan-
tities characteristic of macroscopic physics (see Ref. [332] and Footnote 11 in
this chapter). Specifically, we can write
GN =
Rj0
3πτ
=
4ηj0(j0 + 1) +m
2
3πτ
. (3.104)
We observe in particular that higher values of the spin in this model correspond
to a stronger gravitational attraction. However, if we allow for a general super-
position of all monochromatic components and provided that the conditions
spelled out in Ref. [201] are satisfied (in particular one must have τ < 0), in the
limit ϕ→∞ a low spin component j = j0 will give the dominant contribution.
30The energy densitity is denoted here by ε, unlike other chapters where it is denoted by
ρ, to avoid confusion with the modulus of the condensate ‘wave function’.
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If we assume that this corresponds to the fundamental representation of SU(2)
j0 = 1/2 we have
GN =
3η +m2
3πτ
, (3.105)
provided m2 < −3η.
The interpretation of our model is made clear by Eq. (3.101). In fact the
dynamics has the usual Friedmann form with a classical background represented
by the scale factor a and quantum geometrical corrections given by two effective
fluids, corresponding to the two conserved quantities Q and E. In the following
we will consider for convenience Eq. (3.100) in order to study the properties of
solutions.
Let us discuss in more detail the properties of the model at finite (relational)
times. Eq. (3.96) predicts a bounce when ζ(ϕ) vanishes. We denote by Φ the
‘instant’ when the bounce takes place. One can thus eliminate the integration
constant b in favour of Φ
b =
log
(√
E2 + 4zQ2
)
2
√
z
− Φ. (3.106)
We define the effective gravitational constant as
Geff =
1
3π
ζ2, (3.107)
which can be expressed, using Eqs. (3.89), (3.96) as
Geff =
GN (E
2 + 12πGNQ
2) sinh2
(
2
√
3πGN(ϕ− Φ)
)(
E −√E2 + 12πGNQ2 cosh (2√3πGN(ϕ− Φ)))2 . (3.108)
Its profile is given in Fig. 3.2a,3.2b, in the cases E < 0, E > 0 respectively.
Notice that it is symmetric about the line ϕ = Φ, corresponding to the bounce.
The energy density has a maximum at the bounce, where the volume reaches
its minimum value
εmax =
1
2
Q2
V 2bounce
, (3.109)
where
Vbounce =
Vj0
(√
E2 + 12πGNQ2 − E
)
6πGN
. (3.110)
Clearly, the singularity is always avoided for E < 0 and, provided Q ̸= 0, it is
also avoided in the case E > 0. Moreover, if the GFT energy is negative, the
energy density has a vanishing limit at the bounce for vanishing Q:
lim
Q→0
εmax = 0, E < 0. (3.111)
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Fig. 3.2 The effective gravitational constant as a function of relational time
ϕ for E < 0 (Fig. 3.2a) and E > 0 (Fig. 3.2b), in arbitrary units. There is
a bounce replacing the classical singularity in both cases.The origin in the
plots correponds to the bounce, occuring at ϕ = Φ. The asymptotic value for
large ϕ is the same in both cases and coincides with Newton’s constant. In the
case E < 0 this limit is also a supremum, whereas in the E > 0 case Geff has
two maxima, equally distant from the bounce, and approaches Newton’s GN
constant from above.
Therefore, in this limiting case the energy density is zero at all times. Never-
theless, the universe will still expand following the evolution equations (3.96)
and
lim
Q→0
V (ϕ) =
|E|Vj0 cosh2
(√
3πGN(ϕ− Φ)
)
3πGN
, E < 0. (3.112)
This is to be contrasted with the Friedmann equation in classical cosmol-
ogy (3.103), which implies that the rate of expansion is zero when the energy
density vanishes.
It is possible to express the condition that the universe has a positive
acceleration in purely relational terms. In fact this very notion relies on the
choice of a particular time parameter, namely proper time, for its definition.
Introducing the scale factor and proper time as in Eqs. (3.98), (3.99) one finds
a¨
a
=
2
3
ε
[
∂2ϕV
V
− 5
3
(
∂ϕV
V
)2]
. (3.113)
We observe that the last equation can also be rewritten as
a¨
a
= −4
9
Q2
(
4
γR
V 2
+ 7
γE
V 3
+ 10
γQ
V 4
)
. (3.114)
We can trade the condition a¨ > 0 for having an accelerated expansion with the
following one, which only makes reference to relational evolution of observables
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Fig. 3.3 The l.h.s. and the r.h.s. of inequality (3.116) as functions of the
relational time ϕ correspond to the the dashed (blue) and thick (orange) curve
respectively, in arbitrary units. When the dashed curve is above the thick one
the universe is undergoing an epoch of accelerated expansion following the
bounce. Fig. 3.3a corresponds to the case E < 0, whereas Fig. 3.3b is relative to
the opposite case E > 0. Notice that for the latter there is a stage of maximal
deceleration after exiting the ‘inflationary’ era. After that the acceleration
takes less negative values until it relaxes to its asymptotic value. For E < 0
instead the asymptote is approached from below.
(see Appendix J)
∂2ϕV
V
>
5
3
(
∂ϕV
V
)2
. (3.115)
The two conditions are obviously equivalent. However, the second one has a
wider range of applicability, since it is physically meaningful also when the
scalar field has vanishing momentum. Making use of Eq. (3.96) the condition
above can be rewritten as
4z +
2E
ρ2
>
20
3
ζ2. (3.116)
This is satisfied trivially in a neighbourhood of the bounce since g vanishes
there and the l.h.s. of the inequality is strictly positive, see Figs. 3.3a, 3.3b. It
is instead violated at infinity, consistently with a decelerating universe in the
classical regime.
Unfortunately, this epoch of accelerated expansion does not last long enough.
In fact, the number of e-folds obtained in this model is much smaller than
the one that is usually required in inflationary models, i.e. N ≪ 50 − 60
(see Section 1.7). We will show in Section 3.5.3 how this problem can be
addressed by the inclusion of suitable interactions in the GFT model, with no
modifications to the matter sector.
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3.4.1 Discussion of the non-interacting model
The dynamics of the universe predicted by the GFT model studied above is
purely relational31, i.e., using the language of Ref. [357], it is expressed by the
functional relation between partial observables, here given by the volume V
and the scalar field ϕ. According to this interpretation, physically meaningful
statements about the predicted value of V can only be made in conjunction
with statements about the predicted outcome of a measurement of ϕ. In
fact, this interpretation is inspired by one of the main insights of GR, namely
by the observation that coordinate time is purely gauge-dependent, and is
therefore deprived of any physical meaning. Thus, it cannot be expected to
play any role in the quantum theory either. In other words, the dynamics can
be described entirely using the so called complete observables, which in this
model are exhausted by the functional relation V (ϕ). In a theory with gauge
invariance, such quantities are the only ones having physical meaning; they can
be seen as functions on the space of solutions modulo all gauges [357]. Gauge
invariance of V (ϕ) is trivially verified in classical cosmology; it is also valid
at the quantum level, since gauge invariance of the volume operator follows
from its general definition in GFT [205]. A discussion on the implementation
of diffeomorphism invariance in GFT can be found in Ref. [38].
We have shown that the bounce is accompanied by an early stage of
accelerated expansion, occurring for any values of the conserved quantities E,
Q (provided that the latter is non-vanishing) and despite the fact that the
scalar field has no potential. This is a promising feature of the model, which
indicates that the framework adopted allows for a mechanism leading to an
accelerated expansion through quantum geometry effects. From the point of
view of Eq. (3.100) one can say that the accelerated expansion is a consequence
of Geff not being constant. By looking at Eqs. (3.101), (3.102), (3.114) one
sees that this phenomenon can be traced back to an effective fluid component
with a negative energy density, which arises from quantum geometry effects.
In the next section we will see that the bounce is not spoiled by the inclusion
of interactions between GFT quanta, whereas they have important effects for
the duration of the acceleration era and for the subsequent stages of expansion
of the emergent universe.
31These considerations are valid in general and are not limited to the non-interacting
model considered in this section. In fact, the need for relational observables follows as a
direct consequence from the background independence of the GFT approach. In particular,
the dynamics of the emergent universe will be formulated in relational terms also in the case
of the interacting model considered in the next section.
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3.5 Emergent background: the effect of interac-
tions
In this Section, we study the cosmological implications of interactions between
GFT quanta from a phenomenological perspective. In particular, we show
how GFT interactions lead to a recollapse of the universe while preserving
the bounce replacing the initial singularity, which has already been shown to
occur in the free case studied in the previous Section. It is remarkable that
cyclic non-singular cosmologies are thus obtained in this framework without
any a priori assumption on the geometry of spatial sections of the emergent
spacetime, unlike Standard Cosmology (Chapter 1). Furthermore, we show how
interactions make it possible to have an early epoch of accelerated expansion,
which can be made to last for an arbitrarily large number of e-folds, without
the need to introduce an ad hoc potential for the scalar field.
3.5.1 Non linear dynamics of a GFT condensate
The dynamics of an isotropic GFT condensate can be described by means of
the effective action [331, 332]
S =
∫
dϕ
(
A |∂ϕσ|2 + V(σ)
)
. (3.117)
Extremising the effective action (3.117) one recovers the equations of motion
of the isotropic mean field, derived in Section 3.3.1 for a simplicial GFT model.
As in the previous section, we have defined σ = φjι⋆ , where j and ι⋆ are fixed
so that they can be dropped to make the notation lighter. The mean field σ is
a complex scalar field that depends on the relational time ϕ. As we showed
in the previous section, the dynamics of the emergent universe is given by the
effective Friedmann equations, which can be written in relational form as
∂ϕV
V
= 2
∂ϕρ
ρ
, (3.118)
∂2ϕV
V
= 2
[
∂2ϕρ
ρ
+
(
∂ϕρ
ρ
)2]
, (3.119)
where ρ = |σ| and V is the volume.
The form of the effective potential V(σ) can be motivated by means of the
microscopic GFT model and we require it to be bounded from below. For the
applications considered in this section, its form will be determined by purely
phenomenological considerations. There is an ambiguity in the choice of the
sign of A, which is not fixed by the microscopic theory and will turn out to
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be particularly relevant for the cosmological applications of the model32. In
particular, it can be used to restrict the class of microscopic models by selecting
only those that are phenomenologically viable. In fact, as we will show, only
models entailing A < 0 are sensible from a phenomenological point of view
since otherwise one would have faster than exponential expansion.
In this section we consider a model based on an effective potential of the
following form
V(σ) = B|σ(ϕ)|2 + 2
n
w|σ|n + 2
n′
w′|σ|n′ , (3.120)
where we can assume n′ > n without loss of generality. The terms in the effective
potential can be similarly motivated as in Ref. [331, 332]. The interaction
terms appearing in GFT actions are usually defined in such a way that the
perturbative expansion of the GFT partition function reproduces that of spin
foam models. Specifically, spin foam models for quantum gravity in d = 4
are mostly based on quintic interactions, called simplicial. An example is
the EPRL vertex considered in Section 3.3.1. In the case that the GFT
field is endowed with a particular tensorial transformation property, other
classes of models can be obtained whose interaction terms, called tensorial,
are based on even powers of the modulus of the field. In this light, the
particular type of interactions considered here can be understood as mimicking
such types of interactions, which is the reason why we will refer to them as
pseudosimplicial and pseudotensorial, respectively. In the following we will
study their phenomenological consequences, and show how interesting physical
effects are determined as a result of the interplay between two interactions of
this type. The integer-valued powers n, n′ in the interactions are assumed non-
negative and will be kept unspecified throughout this section, thus making our
analysis retain its full generality. The particular values motivated by the above
discussion can be retrieved as particular cases. In the following we will show
how different ranges for such powers lead to phenomenologically interesting
features of the model, most notably concerning an early era of accelerated
expansion in Section 3.5.3.
Since V(σ) has to be bounded from below, we require w′ > 0. The equation
of motion of the field σ obtained from Eqs. (3.117), (3.120) is
− A∂2ϕσ +Bσ + w|σ|n−2σ + w′|σ|n
′−2σ = 0. (3.121)
Writing the complex field σ in polar form σ = ρ eiθ one finds (Ref. [331, 332])
that the equation of motion for the angular component leads to the conservation
32This ambiguity has also been discussed earlier in Ref. [100] when exploring the possibility
of embedding LQC in GFT.
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law
∂ϕQ = 0, with Q ≡ ρ2∂ϕθ, (3.122)
while the radial component satisfies a second order ODE33
∂2ϕρ−
Q2
ρ3
− B
A
ρ− w
A
ρn−1 − w
′
A
ρn
′−1 = 0. (3.123)
The conserved charge Q is identified with the momentum of the scalar field
πϕ = Q [331, 332]. One immediately observes, that for large values of ρ the
term ρn′−1 becomes dominant. In order to ensure that Eq. (3.123) does not lead
to drastic departures from Standard Cosmology at late times (cf. Eq. (3.118)),
the coefficient of such term has to be positive
µ ≡ −w
′
A
> 0, (3.124)
which implies, since w′ > 0, that one must have A < 0. In fact, the opposite case
µ < 0 would lead to an open cosmology expanding at a faster than exponential
rate, which relates to a Big Rip. Thus, considering A < 0, compatibility with
the free case (see Refs. [331, 332, 141]) demands
z ≡ B
A
> 0, (3.125)
which in turn implies B < 0. The sign of w is a priori not constrained, which
leaves a considerable freedom in the model. Given the signs of the parameters B
and w′, the potential in Eq. (3.120) can be related to models with spontaneous
symmetry breaking in Statistical Mechanics and Quantum Field Theory. The
sub-leading term in the potential plays an important rôle in determining an
inflationary-like era, as shown below in Section 3.5.3.
The connection to the theory of critical phenomena is to be expected from
the conjecture that GFT condensates arise through a phase transition from
a non-geometric to a geometric phase [323, 325], which could be a possible
realisation of the geometrogenesis scenario [270]. Despite the lack of a detailed
theory near criticality and the fact that the occurrence of the aforementioned
phase transition is still a conjecture, there are nonetheless encouraging results
coming from the analysis (both perturbative and non-perturbative) of the
Renormalisation Group flow, which shows the existence of non-trivial IR fixed
points in certain models, see Refs. [62, 60, 61, 63, 109]. On this ground we will
adopt, as a working hypothesis, the formation of a condensate as a result of
33We note that Eq. (3.123) is Ermakov equation complemented with the contribution of
two extra terms representing the interactions.
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Fig. 3.4 Plot of the potential U(ρ) (Eq. (3.128) ) for the dynamical system
described by Eq. (3.127) and a particular choice of parameters. The three
horizontal curves correspond to different values of the ‘GFT energy’ E, in
turn corresponding to different choices of initial conditions for ρ, ρ′. The
corresponding orbits in phase space are shown in Fig. 3.5. Recollapse is generic
feature of the model and occurs for any values of the parameters, provided
µ > 0 and Q ̸= 0.
the phase transition, as in Refs. [331, 332, 100, 201, 344, 203, 204, 198, 202,
200, 199, 372].
From Eqs. (3.124), (3.125) and defining
λ ≡ −w
A
, (3.126)
we can rewrite Eq. (3.123) in the form
∂2ϕρ− zρ−
Q2
ρ3
+ λρn−1 + µρn
′−1 = 0 , (3.127)
that will be used throughout the rest of this section. The above equation has
the form of the equation of motion of a classical point particle with potential
(see Fig. 3.4)
U(ρ) = −1
2
zρ2 +
Q2
2ρ2
+
λ
n
ρn +
µ
n′
ρn
′
. (3.128)
Equation (3.127) leads to another conserved quantity, E, defined as
E =
1
2
(∂ϕρ)
2 + U(ρ), (3.129)
which is referred to as ‘GFT energy’ [331, 332, 141]. Its physical meaning, from
a fundamental point of view, is yet to be clarified.
3.5 Emergent background: the effect of interactions 115
0 2 4 6 8 10 12 14
-60
-40
-20
0
20
40
60
ρ
ρ′
Fig. 3.5 Phase portrait of the dynamical system given by Eq. (3.127). Orbits
have energy given by the corresponding color lines as Fig. 3.4. Orbits are
periodic and describe oscillations around the stable equilibrium point (center
fixed point) given by the absolute minimum of the potential U(ρ). This is a
general feature of the model which does not depend on the particular choice of
parameters, provided Eq. (3.124) is satisfied.
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Fig. 3.6 Plot of the volume of the universe as a function of relational time ϕ (in
arbitrary units), corresponding to the blue orbit in Fig. 3.5. As a generic feature
of the interacting model the universe undergoes a cyclic (and non-singular)
evolution and its volume has a positive minimum, corresponding to a bounce.
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3.5.2 Recollapsing universe
Some properties of the solutions of the model and its consequences for cosmology
can already be drawn by means of a qualitative analysis of the solutions of
the second order ODE in Eq. (3.128). In fact, solutions are confined to the
positive half-line ρ > 0, given the infinite potential barrier at ρ = 0 for Q ̸= 0.
Moreover, since µ > 0 the potential in Eq. (3.128) approaches infinity as ρ takes
arbitrarily large values. Therefore, provided that we fix the ‘GFT energy’ E at
a value which is larger than both the absolute minimum and that of (possible)
local maxima of the potential U(ρ), the solutions of Eq. (3.127) turn out to
be cyclic motions (see Figs. 3.4, 3.5) describing oscillations around a stable
equilibrium point. These, in turn, correspond via Eq. (3.93) to cyclic solutions
for the dynamics of the universe Eqs. (3.118), (3.119) (see Fig. 3.6).
It is interesting to compare this result with what is known in the case
where interactions are disregarded [331, 332, 141]. In that case one has that
the universe expands indefinitely and in the limit ϕ→∞ its dynamics follows
the ordinary Friedmann equation for a flat universe, filled with a massless and
minimally coupled scalar field. Therefore, we see that the given interactions
in the GFT model induce a recollapse of the universe, corresponding to the
turning point of the motion of ρ, as seen in Fig. 3.5.
It is well-known in the classical theory that such a recollapse follows as a
simple consequence of the closed topology of 3-space. In the GFT framework
instead, the topology of space(time) is not fixed at the outset, but should rather
be reconstructed from the behavior of the system in the macroscopic limit.
In other words, the simple condensate ansatz used here does not provide any
information about the topology of spatial sections of the emergent spacetime
which, as it is well known, play an important rôle in the dynamics of classi-
cal cosmological models. Any topological information must therefore come
from additional input. A possible strategy one could follow is to work with
generalised condensates encoding such information [328]. Here, instead, we
propose that the closedness of the reconstructed space need not be encoded in
the condensate ansatz as an input, but is rather determined by the dynamics as
a consequence of the GFT interactions. Hence, allowing only interactions that
are compatible with reproducing a given spatial topology, one may recover the
classical correspondence between closed spatial topology and having a finitely
expanding universe.
3.5.3 Geometric inflation
Cosmology obtained from GFT displays a number of interesting features con-
cerning the initial stage of the evolution of the universe, which mark a drastic
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departure from the standard FLRW cosmologies. In particular, the initial
big-bang singularity is replaced by a regular bounce (see Ref. [331, 332, 141]),
followed by an era of accelerated expansion [141]. Similar results were also
obtained in the early LQC literature, see e.g. Refs. [71, 72]. However, it is
not obvious a priori that they must hold for GFT as well. Nonetheless, it
is remarkable that these two different approaches yield qualitatively similar
results for the dynamics of the universe near the classical singularity, even
though this fact by itself does not necessarily point at a deeper connection
between the two.
In the model considered in this section, our results have a purely quantum
geometric origin and do not rely on the assumption of a specific potential for the
minimally coupled scalar field34, which is taken to be massless and introduced
for the sole purpose of having a relational clock. This is quite unlike inflation,
which instead heavily relies on the choice of the potential and initial conditions
for the inflaton in order to predict an era of accelerated expansion with the
desired properties.
In this section we investigate under which conditions on the interaction
potential of the GFT model it is possible to obtain an epoch of accelerated
expansion that could last long enough, so as to account for the minimum
number of e-folds required by standard arguments. The number of e-folds is
given by
N = 1
3
log
(
Vend
Vbounce
)
, (3.130)
where Vbounce is the volume of the universe at the bounce and Vend is its value
at the end of the era of accelerated expansion. A necessary condition for it
to be called an ‘inflationary’ era is that the number of e-folds must be large
enough, namely N ≳ 60.
Using Eq. (3.93), which in our case simplifies to
V (ϕ) = Vj0ρ
2(ϕ) , (3.131)
we can rewrite Eq. (3.130) as
N = 2
3
log
(
ρend
ρbounce
)
, (3.132)
with an obvious understanding of the notation. This formula is particularly
useful since it allows us to derive the number of e-folds only by looking at the
34This is also the case in LQC, see Ref. [72]. However, the number of e-folds computed in
that framework turns out to be too small in order to supplant inflation [82].
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dynamics of ρ. We recall that ρ denotes the norm of the ‘wave-function’ σ; it
must not be confused with the energy density.
Since there is no notion of proper time, a sensible definition of acceleration
can only be given in relational terms. In particular, we seek a definition that
agrees with the standard one given in ordinary cosmology. As in Ref. [141] we
can thus define the acceleration as (see also the discussion following Eq. (3.113)
and Appendix J)
a(ρ) ≡ ∂
2
ϕV
V
− 5
3
(
∂ϕV
V
)2
. (3.133)
Hence, from Eqs. (3.118), (3.119) one gets the following expression for the
acceleration a as a function of ρ for a generic potential
a(ρ) = − 2
ρ2
{
∂ϕU(ρ)ρ+
14
3
[E − U(ρ)]
}
. (3.134)
Using Eq. (3.128) one finally has for our model
a(ρ) = − 2
ρ2
[
14
3
E +
(
1− 14
3n′
)
µρn
′
+
4zρ2
3
+
(
1− 14
3n
)
λρn − 10Q
2
3ρ2
]
.
(3.135)
Therefore, the sign of the acceleration is opposite to that of the polynomial
s(ρ) = P (ρ) +
(
3− 14
n
)
λρn+2 +
(
3− 14
n′
)
µρn
′+2, (3.136)
where we defined
P (ρ) = 4zρ4 + 14Eρ2 − 10Q2. (3.137)
In the following we will study in detail the properties of the era of accelerated
expansion. We will start by examining the free case, whereas the rôle of
interactions in allowing for an inflationary-like era will be studied later in this
section.
The non-interacting case
In this case the acceleration is given by
a(ρ) = − 2
3ρ4
P (ρ). (3.138)
The bounce occurs when ρ reaches its minimum value, i.e. when U(ρ) = E,
leading to
ρ2bounce =
1
S
(√
E2 + zQ2 − E
)
. (3.139)
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A straightforward calculation shows that a(ρbounce) > 0 as expected. The era
of accelerated expansion ends when P (ρ) vanishes, which happens at a point
ρ⋆ > ρbounce, which is given by
ρ⋆ =
1
4S
(√
49E2 + 40zQ2 − 7E
)
. (3.140)
We can then use Eqs. (3.132), (3.139), (3.140) to determine the energy E as a
function of the number of e-folds N . Reality of E thus leads to the following
bounds on N
1
3
log
(
10
7
)
≤ N ≤ 1
3
log
(
7
4
)
, (3.141)
that is
0.119 ≲ N ≲ 0.186. (3.142)
Such tight bounds, holding for all values of the parameters z and Q2, rule out
the free case as a candidate to replace the standard inflationary scenario in
cosmology.
The interacting case: the multicritical model
In this subsection we investigate the consequences of interactions for the
evolution of the universe. In particular, we show how the interplay between the
two interaction terms in the effective potential (Eq. 3.120) makes it possible
to have an early epoch of accelerated expansion, which lasts as long as in
inflationary models. Before studying their effect, we want to discuss how
the occurrence of such interaction terms could be motivated from the GFT
perspective. In principle, one could have infinitely many interaction terms given
by some power of the GFT field. However, only a finite number of them will be
of relevance at a specific scale, as dictated by the behaviour of the fundamental
theory under the Renormalisation Group (RG) flow.
In a continuum and large scale limit new terms in the action could be
generated, whereas others might become irrelevant. In this sense, one might
speculate that, e.g., in addition to the five-valent simplicial interaction term
the effective potential includes another term which becomes relevant on a larger
scale. Ultimately, rigorous RG arguments will of course have the decisive word
regarding the possibility to obtain such terms from the fundamental theory.
Nevertheless, by studying the phenomenological features of such potentials
and extracting physical consequences from the corresponding cosmological
solutions, we aim at clarifying the map between the fundamental microscopic
and effective macroscopic dynamics of the theory. At the same time, our results
might help to shed some light onto the subtle issue of the physical meaning of
such interaction terms.
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Hereafter we assume the hierarchy µ≪ |λ|, since otherwise an inflationary
era cannot be easily accommodated. This means that the higher order term in
the interaction potential V(σ) becomes relevant only for very large values of
the condensate field σ, hence of the number of quanta representing the basic
building blocks of quantum spacetime. Consequently, the dynamics in the
immediate vicinity of the bounce is governed by the parameters of the free
theory and the sub-leading interaction term.
To begin with, let us start by fixing the value of the GFT energy. We require
the universe to have a Planckian volume at the bounce. Since the volume is
given by Eq. (3.131), this is done by imposing ρbounce = 1. Such a condition
also fixes the value of the GFT energy to
E = U (ρbounce = 1) . (3.143)
In fact, we demand that ρbounce is the minimal value of ρ which is compatible
with the GFT energy E available to the system. Hence, we also have the
condition ∂ρU (ρbounce = 1) ≤ 0. Notice that this is trivially satisfied in the free
case. In the interacting case (holding the hierarchy µ≪ |λ|) one can therefore
use it to obtain a bound on λ
λ ≤ z +Q2. (3.144)
It is convenient for our purposes and in order to carry over our analysis in full
generality, to introduce the definitions
α ≡
(
3− 14
n
)
λ, (3.145)
β ≡
(
3− 14
n′
)
µ. (3.146)
The acceleration Eq. (3.135) can thus be written as
a(ρ) = − 2
ρ4
[
P (ρ) + αρn+2 + βρn
′+2
]
. (3.147)
As pointed out before, a > 0 has to hold at the bounce. The first thing to
be observed is that α < 0 is a necessary condition in order to have enough
e-folds. In fact, if this were not the case, the bracket in Eq. (3.147) would
have a zero at a point ρend < ρ⋆ (cf. Eq. (3.140)), thus leading to a number
of e-folds which is even smaller than the corresponding one in the free case.
Furthermore, it is possible to constrain the value of µ in a way that leads both
to the aforementioned hierarchy and to the right value for N , which we consider
as fixed at the outset. In order to do so, we solve Eq. (3.132) w.r.t. ρend, having
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fixed the bounce at ρbounce = 1
ρend = ρbounce e
3
2
N . (3.148)
The end of geometric inflation occurs when the polynomial in the bracket in
Eq. (3.147) has a zero. Since ρend ≫ 1, it is legitimate to determine this zero
by taking into account only the two highest powers in the polynomial, with
respect to which all of the other terms are negligible. We therefore have
αρn+2end + βρ
n′+2
end ≈ 0, (3.149)
which, using Eq. (3.148), leads to
β = −α e− 32N (n′−n). (3.150)
The last equation is consistent with the hierarchy µ≪ |λ| and actually fixes the
value of µ once λ, n, n′ and N are assigned. Furthermore one has β > 0 which,
together with Eqs. (3.124), (3.146), implies n′ > 14
3
. Importantly, this means
that n′ = 5 is the lowest possible integer compatible with an inflationary-like
era. This particular value is also interesting in another respect, since in GFT
typically only specific combinatorially non-local interactions characterized by
such a power allow for an interpretation in terms of simplicial quantum gravity
(cf. Refs. [322, 329]).
Our considerations so far leave open two possibilities, namely:
• λ < 0 and n ≥ 5 (n′ > n), which in the case of n = 5 could correspond
to the just mentioned simplicial interaction term and the higher order
n′-term could possibly be generated in the continuum and large scale
limit of the theory and becomes dominant for very large ρ. For even n′ it
mimics so-called tensorial interactions.
• λ > 0 and 2 < n < 5 (n′ ≥ 5), which for n′ = 5 could allow a connection
to simplicial quantum gravity and would remain dominant for large ρ
over the n-term, which in the case n = 4 is reminiscent of an interaction
of tensorial type.
However, this is not yet enough in order to guarantee an inflation-like era.
In fact we have to make sure that there is no intermediate stage of deceleration
occurring between the bounce at ρb = 1 and ρend, i.e., that a(ρ) stays positive
in the interval between these two points. In other words we want to make sure
that ρend is the only zero of the acceleration lying to the right of ρb. In fact
a(ρ) starts positive at the bounce and has a minimum when P (ρ) becomes
of the same order of magnitude of the term containing the power ρn+2 (see
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Eq. (3.147)). Thus we see that we have to require that the local minimum
of a(ρ) (i.e. the maximum of the poynomial in brackets in Eq. (3.147)) is
positive (resp. negative). As ρ increases further, the acceleration increases
again until it reaches a maximum when the contribution coming from the term
containing ρn′+2 becomes of the same order of magnitude of the other terms.
Thereafter the acceleration turns into a decreasing function all the way until
ρ → +∞ and therefore has a unique zero. Positivity of the local minimum
of a(ρ) translates into a further constraint on parameters space. By direct
inspection, it is possible to see that the latter case listed above does not satisfy
such condition for any value of the parameters of the model. Therefore we
conclude that λ must be negative if the acceleration is to keep the same sign
throughout the inflationary era. The evolution of the acceleration as a function
of relational time ϕ is shown in Figs. 3.7a, 3.7b, 3.7c for some specific choice
of the parameters. It is worthwhile stressing that the behaviour of the model
in the case λ < 0 is nevertheless generic and therefore does not rely on the
specific choice of parameters. Furthermore, by adjusting the value of N and
the other parameters in Eq. (3.150), it is possible to achieve any desirable value
of e-folds during geometric inflation.
All we said in this section applies to the multi-critical model with the
effective potential Eq. (3.120) but does not hold in a model with only one
interaction term. In fact in that case it is not possible to prevent the occurrence
of an intermediate era of deceleration between ρb and ρend, the latter giving
the scale at which the higher order interaction term becomes relevant.
One last remark is in order: geometric inflation was shown to be a feature
of multicritical GFT models but only at the price of a fine-tuning in the value
of the parameter µ (see Eq. (3.150)).
3.5.4 Interactions and the final fate of the universe
It is possible to recast the dynamical equations for the volume of the universe
in a form that bears a closer resemblance to the standard Friedmann equation,
as shown in Ref. [141]. In fact, the Hubble expansion rate can be expressed as
(see Appendix J for more details)
H =
1
3
∂ϕV
V 2
πϕ. (3.151)
From Eq. (3.118) and the proportionality between the momentum of the scalar
field and Q we have
H2 =
4
9
Q2
V 2
(
∂ϕρ
ρ
)2
. (3.152)
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Fig. 3.7 Inflationary era supported by GFT interactions in the multi-critical
model. The blue (orange) curve in Fig. (3.7a) represents the graph of the
logarithm of the acceleration (minus the acceleration) as a function of the
number of e-folds in the case λ < 0. The plot refers to the particular choice of
parameters n = 5, n′ = 6, m = 1, Q = 1, λ = −3. The value of µ is determined
from Eq. (3.150) by requiring the number of e-folds to be N = 60. There
is a logarithmic singularity at N ≃ 60, marking the end of the accelerated
expansion. Figs. 3.7b, 3.7c show the behavior of the acceleration close to the
bounce and at the end of ‘inflation’ respectively.
The term in bracket can thus be interpreted as a dynamical effective gravita-
tional constant as in Ref. [141]. Alternatively, using Eqs. (3.131), (3.129), (3.128),
the last equation Eq. (3.152) becomes
H2 =
8Q2
9
[ εz
V 2
+
εE
V 3
+
εQ
V 4
+
ελ
V 3−n/2
+
εµ
V 3−n′/2
]
, (3.153)
where we defined
εE = VjE, (3.154)
εz =
z
2
, (3.155)
εQ = −Q
2
2
V 2j , (3.156)
ελ = −λ
n
V
1−n/2
j , (3.157)
εµ = − µ
n′
V
1−n′/2
j . (3.158)
The exponents of the denominators in Eq. (3.153) can be related to the w
coefficients in the equation of state p = wε of some effective fluids, with energy
density ε and pressure p. Each term scales with the volume as ∝ V −(w+1).
It is worth pointing out that Eq. (3.153) makes clearer the correspondence
with the framework of ekpyrotic models35, where one has the gravitational
field coupled to matter fields with w > 1. Such models have been advocated
as a possible alternative to inflation, see Ref. [279]. We observe that at early
35We are thankful to Martin Bojowald for this observation (private communication).
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times (i.e. small volumes) the occurrence of the bounce is determined by the
negative sign of εQ, which is also the term corresponding to the highest w.
However, while this is sufficient to prevent the classical singularity, it is not
enough to guarantee that the minimum number of e-folds is reached at the
end of the accelerated expansion, as shown in Section 3.5.3. In fact, the role
of interactions is crucial in that respect, as our analysis in Section 3.5.3 has
shown.
At this stage we would like to focus instead on the consequences of having
interactions in the GFT model for the evolution of the universe at late times.
As we have already seen in Section 3.5.2, a positive µ entails a recollapsing
universe. This should also be clear from Eq. (3.153). In particular, we notice
that the corresponding term in the equation is an increasing function of the
volume for n′ > 6. This is quite an unusual feature for a cosmological model,
where all energy components (with the exception of the cosmological constant)
are diluted by the expansion of the universe. For n′ = 6 one finds instead a
cosmological constant term. It is also possible to have the interactions reproduce
the classical curvature term ∝ K
V 2/3
by choosing n′ = 14
3
, which is however not
allowed if one restricts to integer powers in the interactions.
Our analysis shows that only λ < 0 leaves room for an era accelerated
expansion analogous to that of inflationary models. In order for this to be
possible, one must also have n′ > n ≥ 5. Moreover, if one rules out phantom
energy (i.e. w < −1), there is only one case which is allowed, namely n = 5, n′ =
6. Then during geometric inflation the universe can be described as dominated
by a fluid with equation of state w = −1
2
. After the end of geometric inflation,
the energy density also receives contribution from a negative cosmological
constant, which eventually leads to a recollapse. It is remarkable that this
particular case selects an interaction term which is in principle compatible with
the simplicial interactions which have been extensively considered in the GFT
approach. However, it must be pointed out that the realisation of the geometric
inflation picture imposes strong restrictions also on the type of interactions one
can consider, as well as on their relative strength.
3.6 Stepping beyond isotropy
The cosmologies that have been considered so far, with the exception of the
partial analysis in Ref. [343], are ‘isotropic’, thus governed by a single global
degree of freedom, corresponding to the total volume (or scale factor) of the
universe. Our aim in this section is to take a first step beyond the isotropic
case. We will study GFT perturbations involving anisotropic degrees of free-
dom around isotropic background configurations, focusing on the cosmological
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evolution around the bouncing region, and remaining within the mean field
approximation of the full quantum dynamics.
A precise notion of isotropy of the emergent universe must rely on the
definition of suitable observables that can quantify anisotropies. Nevertheless,
such anisotropies are going to be encoded in the states describing a condensate
of tetrahedra that deviate from perfect monochromaticity, by construction.
In fact, the minisuperspace of homogeneous continuum spatial geometries
can be identified with the (gauge-invariant) configuration space of a quantum
tetrahedron (for details, see Ref. [198] and the review [205]). A detailed study
in terms of physical observables will be needed to explore the precise relation
between microscopic anisotropies (non-monochromaticity), and macroscopic
ones, although the fact itself is not in question. In particular, if one is only
interested in the specific issue of whether anisotropies become dominant during
the effective cosmological evolution or remain subdominant compared to the
isotropic background, it is enough to study the dynamics of non-monochromatic
GFT perturbations and their relative amplitude compared to the background
condensate wavefunction. This is the issue we focus on.
Another difficulty we have to face (which affects the whole GFT cosmology
programme, like all attempts to extract physics from GFT or Spin Foam models)
is purely technical, and lies in the complication of the analytic expression of the
interaction kernel for physically interesting models, here the EPRL model. The
Lorentzian EPRL vertex amplitude, in fact, has an analytic expression which
can be expressed in integral form (where the integrals are over the Lorentz
group and encode the covariant properties of the model) [383], but has not
been put down explicitly as a function of its boundary data, which are usually
given in terms of SU(2) representations (to match the LQG form of quantum
states). This is a serious limitation for the computation of transition amplitudes
in the full theory, as well as for the solution of the classical dynamics of the
corresponding GFT model, which would be our concern here. This is true both
for the background dynamics and for that of the perturbations, so it is not
sidestepped by our focus on the latter.
In the absence of an explicit closed expression for the Lorentzian EPRL
vertex, there are two possible options. The first one is to adopt a more
phenomenological approach and model the GFT interactions by simple functions
that capture some of their essential features [141, 140, 344, 343]. This is the
path we followed in Section 3.5. The second option, which will be the focus
of this section, is to treat the problem perturbatively in the regime where
GFT interactions become subdominant compared to the kinetic term. This
is what happens close to the cosmological bounce, or for small values of the
GFT coupling constants. The power of the perturbative scheme lies in the fact
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that only some general properties (e.g. symmetries) of the interaction kernel
are used, which makes our analysis applicable to a fairly broad class of GFT
models. Still, further results on the explicit evaluation of the fundamental
dynamics will obviously be very important and will be needed to make the
analysis more quantitative.
In Section 3.6.1 we derive the dynamics of non-monochromatic perturbations
to first order, which is given by a system of four coupled linear differential
equations. The terms arising from the linearisation of the interaction have non-
constant coefficients depending on the background. Within this approximation,
only one of the four faces of the tetrahedra can be perturbed. The others must
match the spin of the background, due to a constraint given by the EPRL
vertex. This is done in full generality (for EPRL-like models with a broad
class of kinetic kernels). The dynamics can then be recast in a simpler and
more compact form in the particular case of a local kinetic kernel and when
considering a background with only spin j = 1
2
being excited. Considering this
specific case, in Section 3.6.2 we study the dynamics of non-monochromatic
components around the bounce, where interactions are negligible. Hence, both
the background and the perturbations satisfy linear equations of motion. In
this regime, there is no need to impose the condition that perturbations are
much smaller than the background. Thus, the perturbed geometry of the
emergent spacetime can in principle be quite different from the one given by
the background.
An important result we derive is the determination of a region of parameter
space such that perturbations are bounded at all times while the background
field grows unbounded. It is thus justified to neglect non-monochromaticity
after the bounce, when the non-linear regime is entered. However, around the
bounce the magnitude of the perturbations can be of the same order as the
background, leading to interesting consequences. To illustrate this point, we
compute geometric quantities such as the surface-area-to-volume ratio and the
effective volume per quantum, which characterise the non-trivial corrections to
the ‘mean geometry’ of the elementary monochromatic constituents around
the cosmological bounce. Our results do not depend on where we set the
initial conditions for the non-monochromatic perturbations, i.e. whether their
amplitude is maximal at the bounce or in the contracting/expanding phase.
3.6.1 Non-monochromatic perturbations
We can now derive the equations of motion for perturbations around an isotropic
background GFT field configuration φ0 satisfying Eq. (3.83).
φ = φ0 + δφ. (3.159)
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Let us start by writing down the more general equation of motion for the
background, by relaxing the isotropy assumption while retaining the other
hypotheses of Sections 3.3.2.
0 =
δS[φ]
δφabcd ι˜
=
δK[φ]
δφabcd ι˜
+
δV 5[φ]
δφabcd ι˜
(3.160)
Above, we wrote explicitly all of the spin labels jν = (a, b, c, d). The first term
is equal to
δK[φ]
δφabcd ι˜
= Kabcd ι˜φabcd ι˜ , (3.161)
while for the second term we have
δV5[φ]
δφabcd ι˜
=
1
5
∑[
φd567 ι2φ7c89 ι3φ96b10 ι4φ1085a ι5V ′5 (a,b,c,d,5,6,7,8,9,10;ι˜,ι2,ι3,ι4,ι5)+
φ123a ι1φd389 ι3φ9c210 ι4φ108b1 ι5V ′5 (1,2,3,a,b,c,d,8,9,10;ι1,ι˜,ι3,ι4,ι5)+
φ12b4 ι1φ456a ι2φd6210 ι4φ10c51 ι5V ′5 (1,2,b,4,5,6,a,c,d,10;ι1,ι2,ι˜,ι4,ι5)+
φ1c34 ι1φ45b7 ι2φ738a ι3φd851 ι5V ′5 (1,c,3,4,5,b,7,8,a,d;ι1,ι2,ι3,ι˜,ι5)+
φd234 ι1φ4c67 ι2φ73b9 ι3φ962a ι4V ′5 (d,2,3,4,c,6,7,b,9,a;ι1,ι2,ι3,ι4,ι˜)
]
.
(3.162)
By just relabelling the indices, we obtain
δV5[φ]
δφabcd ι˜
=
1
5
∑
φd567 ι2φ7c89 ι3φ96b10 ι4φ1085a ι5 [V ′5 (a,b,c,d,5,6,7,8,9,10;ι˜,ι2,ι3,ι4,ι5)+
V ′5 (10,8,5,a,b,c,d,6,7,9;ι5,ι˜,ι2,ι3,ι4) + V ′5 (9,6,b,10,8,5,a,c,d,7;ι4,ι5,ι˜,ι2,ι3)+
V ′5 (7,c,8,9,6,b,10,5,a,d;ι3,ι4,ι5,ι˜,ι2) + V ′5 (d,5,6,7,c,8,9,b,10,a;ι2,ι3,ι4,ι5,ι˜)] ,
(3.163)
which becomes, taking into account the discrete symmetries of the interaction
kernel, the simpler expression
δV5[φ]
δφabcd ι˜
=
∑
φd567 ι2φ7c89 ι3φ96b10 ι4φ1085a ι5V ′5 (a,b,c,d,5,6,7,8,9,10;ι˜,ι2,ι3,ι4,ι5) .
(3.164)
Moreover, given the structure of the interaction term in Eq. (3.164), the only
non-vanishing contributions to the first order dynamics of the perturbations
around a monochromatic background come from terms having at least three
identical spins among (a, b, c, d). Therefore, depending on which of the four
indices, labeled j′, is singled out to be different from the other three, labeled j,
3.6 Stepping beyond isotropy 128
we obtain four independent equations
Kjjjj′ ι˜δφjjjj′ ι˜ +
∑
ι
δφj
′jjj ι (φ0j ι⋆)3 V ′5 (j,j,j,j′,j,j,j,j,j,j;ι˜,ι,ι⋆,ι⋆,ι⋆) = 0. (3.165)
Kjjj′j ι˜δφjjj′j ι˜ +
∑
ι
δφjj
′jj ι (φ0j ι⋆)3 V ′5 (j,j,j′,j,j,j,j,j,j,j;ι˜,ι⋆,ι,ι⋆,ι⋆) = 0. (3.166)
Kjj′jj ι˜δφjj′jj ι˜ +
∑
ι
δφjjj
′j ι (φ0j ι⋆)3 V ′5 (j,j′,j,j,j,j,j,j,j,j;ι˜,ι⋆,ι⋆,ι,ι⋆) = 0. (3.167)
Kj′jjj ι˜δφj′jjj ι˜ +
∑
ι
δφjjjj
′ ι (φ0j ι⋆)3 V ′5 (j′,j,j,j,j,j,j,j,j,j;ι˜,ι⋆,ι⋆,ι⋆,ι) = 0. (3.168)
We define a new function
U(j, j′, ι, ι′;n) ≡ (φ0j ι⋆)3 V ′5
(
j,...,j′︸︷︷︸
n
,...,j,j,j,j,j,j,j;ι,...,ι′︸︷︷︸
5−n
,...,ι⋆
)
, (3.169)
with j′ in the n-th position (n = 1, 2, 3, 4) and ι′ appearing in position 5− n
after ι, which keeps the first place. For instance, one has for n = 1
U(j, j′, ι⋆, ι, ι′;n) = (φ0j ι⋆)3 V ′5 (j′,j,j,j,j,j,j,j,j,j;ι,ι⋆,ι⋆,ι⋆,ι′) . (3.170)
Thus, the equations of motion for the perturbations can be rewritten more
compactly as
Kj′jjj ιδφj′jjj ι +
∑
ι′
δφjjjj
′ ι′U(j, j′, ι⋆, ι, ι′; 1) = 0
Kjj′jj ιδφjj′jj ι +
∑
ι′
δφjjj
′j ι′U(j, j′, ι⋆, ι, ι′; 2) = 0
Kjjj′j ιδφjjj′j ι +
∑
ι′
δφjj
′jj ι′U(j, j′, ι⋆, ι, ι′; 3) = 0
Kjjjj′ ιδφjjjj′ ι +
∑
ι′
δφj
′jjj ι′U(j, j′, ι⋆, ι, ι′; 4) = 0 . (3.171)
With the particular kinetic kernel (3.63), one has that the kinetic operator
acting on the perturbation does not depend on the position of the perturbed
index j′, neither it depends on the intertwiner label ι. Hence, in that case we
can define
K′ = Kj′jjj ι = Kjj′jj ι = Kjjj′j ι = Kjjjj′ ι = −τ∂2ϕ+η (3j(j + 1) + j′(j′ + 1))+m2.
(3.172)
The above equations are generic. However, recoupling theory imposes
several restrictions on our perturbations, due to the conditions imposed on
the fields: a) j′ is an integer (half-integer) if the background spin j is an
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integer (half-integer); b) j′ cannot be arbitrarily large, since for j′ > 3j the
closure (right-invariance) condition would be violated; c) of course, the case
j′ = j is uninteresting since such perturbations can be reabsorbed into the
monochromatic background.
In the simplest example j = 1
2
there is only one permitted value for the
perturbed spin, namely j′ = 3
2
, and the perturbation is identified with the state
such that the total spin of a pair is J = 1. Any such state is trivially also a
volume eigenstate since the volume operator is identically vanishing in such
intertwiner space, as it is one-dimensional (see Appendix I, in particular the
comment after Eq. (I.7) ). For this reason, we will omit the indices ι, ι′ in the
following.
Let us introduce some further notation for these specific perturbations. We
define
ψ1 = δφ
3
2
1
2
1
2
1
2 , ψ2 = δφ
1
2
3
2
1
2
1
2 , ψ3 = δφ
1
2
1
2
3
2
1
2 , ψ4 = δφ
1
2
1
2
1
2
3
2 (3.173)
and similarly
K1 = K 32 12 12 12 , K2 = K 12 32 12 12 , K3 = K 12 12 32 12 , K4 = K 12 12 12 32 . (3.174)
Hence, it follows from Eq. (3.171) that the dynamics of the perturbations is
governed (to first order) by the following equations (omitting the perturba-
tion variables j′, ι, ι′ and the background spin j = 1
2
in the argument of U ,
Eq. (3.170)):
K1ψ1 + U(ι⋆; 1)ψ4 = 0
K4ψ4 + U(ι⋆; 4)ψ1 = 0
K2ψ2 + U(ι⋆; 2)ψ3 = 0
K3ψ3 + U(ι⋆; 3)ψ2 = 0 . (3.175)
The resulting equations for the perturbations are reasonably simple, thanks
mainly to the isotropy assumption on the background, which simplifies con-
siderably the contribution from the GFT interaction term U . However, even
the simplified functional form in which the Lorentzian EPRL vertex amplitude
appears in these equations remains unknown in exact analytic terms. The above
equations would have then to be studied numerically or in more phenomenolog-
ical approach, in which the exact function U is replaced by some simpler trial
function, or several ones in different ranges of the variable j, approximating it.
Luckily, for our present concerns, which relate to the behaviour of perturbations
close to the cosmological bounce, these difficulties can be sidestepped since
the interaction term is generically subdominant in that regime of the theory,
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mainly due to the smallness of the background condensate wavefunction (in
turn related to the smallness of the universe 3-volume). This will allow us to
perform a study of this dynamics in the following section.
Before we turn to such dynamics, let us notice that the equations (3.175)
make manifest an asymmetry of the interaction terms of the GFT model we
are considering, more specifically of the EPRL vertex amplitude, that is not
apparent at first sight. The equations in fact couple perturbations in the
first field argument with perturbations in the fourth, and perturbations in
the second with perturbations in the third, with no other combination being
present. This happens despite the isotropy assumption on the background
and the other symmetries of the model. One can trace this asymmetry back
to the combinatorial structure of the vertex amplitude itself: it corresponds
to a 4-simplex as projected down to the plane but it is not symmetric with
respect to the face pairings, if such faces are ordered in their planar projection:
it only couples first and fourth faces across common tetrahedra sharing them,
or second and third ones, i.e. exactly the type of asymmetry that is revealed
in our perturbations equations. It is tempting to relate this asymmetry to
an issue with orientability of the triangulations resulting from the Feynman
expansion of the model, since the same type of issue has been identified in
the Boulatov model for 3d gravity in Ref. [185]. It is unclear at this stage
whether this is a problem or just a feature of the model; it is also unclear, in
case one decides to remove such asymmetry, what is the best way to do so. The
strategy followed in the 3d case Ref. [185], i.e. to maintain the ordering of the
GFT field arguments but modify the combinatorics of the interaction vertex to
ensure orientability, does not seem available in this 4d case. An easy solution
would be to impose that the GFT fields themselves are invariant under (even)
permutations of their arguments, which also ensure orientability of the resulting
triangulations. We leave this point, not directly relevant for the analysis of the
next section, for further study.
3.6.2 Dynamics of the perturbations at the bounce
We now study the dynamics of the perturbations around a background ho-
mogeneous and isotropic solution of the fundamental QG dynamics, in the
mean field approximation. We focus on the bounce regime, since this is where
typical bouncing models of the early universe have difficulties in controlling the
dynamics of anisotropies. Luckily, as anticipated, this is also the regime where,
in the GFT condensate cosmology framework we can have the best analytic
control over the (quantum) dynamics of the theory, at least in the mean field
approximation. In fact, the bouncing regime takes place, in the hydrodynamic
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approximation we are working in, for low densities, thus, intuitively, for low
values of the modulus of the GFT mean field.
Considering the kernel of Eq. (3.63), assuming j = 1
2
for the background,
and neglecting the interaction term, the background equation reads as(−τ∂2ϕ + 3η +m2)φ 12 ι⋆ ≃ 0. (3.176)
On the other hand, to first order, perturbations satisfy the equation
K′ψ ≃ 0, (3.177)
where
K′ = −τ∂2ϕ + η (3j(j + 1) + j′(j′ + 1)) +m2 = −τ∂2ϕ + 6η +m2 , (3.178)
and we have indicated a generic perturbation by ψ, since there is no difference
among them, in this approximation.
When the interaction term is no longer subdominant (i.e. after the universe
exits the bouncing phase and after it has expanded enough), the dynamics of
the perturbations is given by the systems of equations (3.175), which remain
valid until ψ ≃ φ 12 ι⋆ . At that point, higher order corrections are needed. On
the other hand, it is important to stress that since the equations of motion
become linear at the bounce, at that point we are no longer subject to the
constraint that non-monochromatic components should be small. In other
words, ψ ≃ φ 12 ι⋆ is allowed in that regime and perturbations can be large. This
observation will be important in the following.
Using the analytic expression of the background solution, given in Ref. [141],
we have
|φ 12 ι⋆| = e
√
3η+m2
τ
(Φ−ϕ)
√
−2E0e2
√
3η+m2
τ
(ϕ−Φ)√Ω0 + e4
√
3η+m2
τ
(ϕ−Φ)Ω0 + Ω0
2
√
3η+m2
τ
4
√
Ω0
,
(3.179)
where
Ω0 = E
2
0 + 4Q
2
0
(
3η +m2
τ
)
(3.180)
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and E0, Q0 are conserved quantities36. E0 is referred to as the ‘GFT energy’
[331, 332] of the monochromatic background37, defined in Eq. (3.88). Reality
of the expression in Eqs. (3.179) implies
Ω0 ≥ 0. (3.181)
In order to have the same dynamics for the background as in Refs. [331, 332, 141],
we demand that
3η +m2
τ
> 0. (3.182)
In this case, the modulus of the backround |φ 12 ι⋆| has a unique global minimum
at ϕ = Φ, corresponding to the quantum bounce. We will consider two possible
cases in which condition (3.182) is still satisfied, but different conditions are
imposed on the parameters governing the dynamics of the perturbations. This
gives qualitatively the same evolution of the background but two radically
different pictures for the evolution of the perturbations.
⋄ Case i) The first possibility is that τ, m2 ≥ 0. In this case, also the
perturbations satisfy an analogous condition
6η +m2
τ
> 0. (3.183)
The analytic solution of the equation for the perturbations has the same
form as Eq. (3.179)
|ψ| = e
√
6η+m2
τ
(Φ1−ϕ)
√
−2E1e2
√
6η+m2
τ
(ϕ−Φ1)√Ω1 + e4
√
6η+m2
τ
(ϕ−Φ1)Ω1 + Ω1
2
√
6η+m2
τ
4
√
Ω1
.
(3.184)
We introduced the quantity Ω1, in analogy with Eq. (3.180)
Ω1 = E
2
1 + 4Q
2
1
(
6η +m2
τ
)
. (3.185)
E1 and Q1 are two conserved quantities. We will refer to E1 as to the
‘GFT energy’ of the perturbations. Reality of Eq. (3.184) requires that
Ω1 ≥ 0. |ψ| has a minimum at Φ1. From Eqs. (3.179), (3.184), we find in
36The conservation of Q0 is not exact, as it follows from an approximate U(1)-symmetry,
which holds as long as interactions are negligible.
37The ‘GFT energy’ is the total mechanical energy of an associated one-dimensional
mechanical problem which governs the evolution of the modulus of the GFT mean field. Its
relation to any macroscopic conserved quantity is not known at this stage.
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the limit of large ϕ
|ψ|
|φ 12 ι⋆| ∼ e
(√
6η+m2
τ
−
√
3η+m2
τ
)
ϕ
, (3.186)
which means that perturbations cannot be neglected in this limit, i.e.
away from the bounce occurring at ϕ = Φ (see Eq. (3.179) and discussion
below Eq. (3.182)). Therefore, when we are in this region of parameter
space, they should be properly taken into account. Depending on the
values of the parameters, they can become dominant already close to
the bounce. At the same time, the value of the ‘time’ ϕ at which this
approximation is usable cannot be too large, because then we expect the
GFT interactions to grow in importance, breaking the approximation on
the background and perturbation dynamics we have assumed to be valid
so far.
⋄ Case ii) A second possibility is represented by the case in which condition
(3.182) is still satisfied while inequality (3.183) is not. This can be
accomplished with τ < 0 and −6η < m2 < −3η. In this case, the
modulus of the perturbations oscillates around the minimum of a one-
dimensional mechanical potential.
Writing |ψ| = ρ, its dynamics is given by (see Refs. [331, 332, 141, 140])
∂2ϕρ = −∂ρU, (3.187)
where
U(ρ) =
Q21
2ρ2
−
(
6η +m2
τ
)
ρ2
2
. (3.188)
What happens in this case is that, away from the bounce, the perturbations
are always dominated by the background.
In order to see this in a more quantitative way, we can make the simplifying
assumption that the minimum of U and the amplitude of the oscillations
of ρ are such that the interactions between quanta are always negligible
for the perturbations. This can be realised by making an appropriate
choice for the values of the parameters of the model.
In this case, Eq. (3.187) describes the evolution of the perturbations at
all times. Their qualitative behaviour around the bounce is illustrated in
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Fig. 3.8. Non-monochromatic perturbations are relevant at the bounce
but drop off quickly away from it.38
The behaviour of the perturbations is oscillatory, since |ψ| is trapped in
the potential well U of Eq. (3.188). As a consequence of this, the number
of non-monochromatic quanta N1 = |ψ|2 has an upper bound. Conversely,
the number of quanta in the background grows unbounded.
We conclude that, in this window of parameter space, perturbations
can be relevant at the bounce but are negligible for large numbers of
quanta in the background. For a suitable strength of the interactions,
non-monochromatic perturbations can become completely irrelevant for
the dynamics before interactions kick in.
3.6.3 Measures of deviations from monochromatic GFT
condensates
It is interesting to explore further the deviations from perfect monochromatic-
ity, by computing some quantities which can characterise the dynamics of the
perturbed condensate and distinguish it from the purely monochromatic case.
We do so in the following. The quantities we compute do not have a clear
cosmological meaning, and do not correspond to specific gauge-invariant observ-
ables characterising anisotropies in relativistic cosmology. They are however
well-defined formal observables for GFT condensates.
The first one we consider is a surface-area-to-volume ratio. A first quantised
area operator in GFT can be defined for a tetrahedron as in Ref. [199]: Aˆ =
κ
∑4
i=1
√−∆i (with κ = 8πGNβ), where the sum runs over all the faces of the
tetrahedron, in analogy with the LQG area operator (cf. Eq. (3.23)).
We have for its expectation value on a single monochromatic (equilateral)
quantum:
A0 = 2κ
√
3 (3.189)
and for a perturbed non-monochromatic quantum:
A1 =
κ
2
√
3
(
3 +
√
5
)
. (3.190)
This operator can then be turned into a second quantised counterpart of
the same (see e.g. Ref. [398, 358]), to be applied to ensembles of tetrahedra,
as in Eq. (3.23). One can then easily compute the expectation value of this
38This is reminiscent of the results obtained in the context of a different model in Ref. [343],
also suggesting that such non-monochromatic modes are only relevant in the regime of small
volumes.
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operator, as well as the expectation value of the total volume operator, in
both an unperturbed and in a perturbed condensate state (of the simplest type
considered in this work). The resulting quantity is heuristically the sum of the
areas of the four faces of each tetrahedron times the number of tetrahedra with
the same areas.
The area-to-volume ratio for the example considered can then be expressed
as
A
V
=
A0N0 + A1N1
V0N0
=
A0
V0
(
1 +
A1
A0
N1
N0
)
. (3.191)
A0 is the surface area of an unperturbed quantum and A1 that of a perturbed
one. N0 and N1 are the corresponding number of quanta, which can be
computed using Eq. (3.58)
N0 = |φ 12 ι⋆|2, (3.192)
N1 = |ψ|2. (3.193)
V0 is the volume of a quantum of space in the background. We recall that
the perturbed quanta considered in this example have vanishing volume (see
Appendix I). This has significant consequences which we illustrate in the
following. Hence, Eq. (3.191) leads to
A
V
=
A0
V0
(
1 +
3 +
√
5
4
N1
N0
)
. (3.194)
Since N1
N0
≥ 0, we have
A
V
≥ A0
V0
. (3.195)
This inequality means that, for a given volume, quanta have on average more
surface than they would in a purely monochromatic (isotropic) background.
The evolution of A
V
in case ii) is shown in Fig. 3.8. If the perturbations have
minimum ‘GFT energy’ (introduced in Eq. (3.185) as E1), i.e. they sit at the
minimum of U , A
V
drops off monotonically as we move away from the bounce,
due to the growth of the background. One could say that anisotropies, to the
extent in which they are captured by the non-monochromatic perturbations, are
diluted away by the expansion of the isotropic background. The background
value A0
V0
is a lower bound, which is asymptotically attained in the infinite
volume limit (obviously, before too large volumes can be attained, one expects
GFT interactions to kick in, breaking the approximation we have employed
here). On the other hand, if the ‘GFT energy’ of the perturbations is above the
minimum of the potential U , the perturbations will start to oscillate around
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such minimum. Therefore, A
V
will oscillate as it drops off. The asymptotic
properties are unchanged.
Another interesting quantity to compute is the effective volume per quantum,
defined as
V
N
=
N0 V0
N0 +N1
=
V0
1 + N1
N0
, (3.196)
where again all quantities entering the above formula are expectation values of
2nd quantised GFT observables in the (perturbed) GFT condensate state. It
satisfies the bounds
0 ≤ V
N
≤ V0. (3.197)
Its profile for the example given above is shown in Fig. 3.9. The ratio V
N
represents the average volume of a quantum of space. Its value is generally
lower than V0, i.e. the volume of an equilateral quantum tetrahedron with
minimal areas. In fact, zero volume quanta39 can change the total number of
quanta N , leaving V unchanged. Explicit calculations show that, in the limit
of large N , the ratio V
N
approaches the value V0 (see Fig. 3.9). In Fig. 3.10
we show the plot relative to the case where perturbations do not reach their
maximum amplitude at the bounce, resulting in a deformation of the profile of
A
V
. This corresponds to setting initial conditions for the microscopic anisotropies
(non-monochromaticity) before the bounce.
To summarise, in the region of parameter space corresponding to case
ii) above, our results confirm that, from a bouncing phase, where the quan-
tum geometry can be rather degenerate and anisotropies (encoded in non-
monochromatic perturbations of the simplest GFT condensate state) quite
large, a cosmological background emerges whose dynamics can be cast into the
form of an effective Friedmann equation for a homogeneous, isotropic universe.
3.6.4 Conclusion
In this chapter we considered the Group Field Theory (GFT) approach to
Quantum Gravity and its emergent Cosmology, obtained from the dynamics of a
condensate of isotropic quanta. Such quanta are interpreted as the fundamental
building blocks of geometry. After reviewing the fundamentals of GFT and
how the condensate dynamics is obtained in the mean field approximation,
we considered some cosmological applications of GFT models, focussing in
particular on the results obtained by the author in Refs. [141, 140, 139]
The first model we considered (Section 3.4) is a non-interacting one, first
obtained in Ref. [332] in the mean field approximation of the GFT dynamics.
39See Appendix I.
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Fig. 3.8 Plot of the surface-area-to-volume ratio as a function of relational
time ϕ in the case τ < 0, −6η < m2 < −3η. The vertical axis is in units of
A0
V0
. The orange curve (τ = −1,m2 = −42, Q0 = 1, Q1 = 1, E0 = −70, E1 =
3) is obtained by considering perturbations sitting at the minimum of the
potential U . Although the initial conditions can be chosen so that the surface-
area-to-volume ratio A
V
is significantly different from its value for a single
tetrahedron at the bounce, it decays exponentially moving away from it. The
blue curve (µ = −24, Q0 = 3, Q1 = 1.5, E0 = 2, E1 = 14) represents instead
the case in which the energy of the perturbations is above the minimum of
the potential, but the amplitude of the oscillations is small enough so as to
justify the harmonic approximation. Initial conditions are chosen such that
perturbations start oscillating with maximum amplitude at the bounce. The
ratio A
V
undergoes damped oscillations as we move away from the bounce. The
value A0
V0
corresponds to that of a single tetrahedron and is always a lower bound,
which is asymptotically attained at infinite relational time ϕ. Although the
values of the parameters for the two curves were chosen by hand, the qualitative
behaviour represented by the blue curve is generic. When the kinetic energy of
the perturbations is negligible compared to the potential energy, one obtains
the behaviour represented by the orange curve.
.
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Fig. 3.9 Evolution of the effective volume V
N
of a quantum over relational time
for τ < 0, −6η < m2 < −3η. The vertical axis is in units of V0. The parameters
chosen for the two curves correspond to those of Fig. 3.8. V
N
relaxes to the
volume V0 of a quantum in the backgound away from the bounce. However, at
the bounce it can be significantly different from such value.
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Fig. 3.10 Plots of A
V
for the case of a non-maximal amplitude of the non-
monochromatic perturbations at the bounce. The curves correspond to the
same values considered in Fig. 3.8. An initial ‘velocity’ ∂ϕ|ψ| is given to the
perturbations at the bounce ϕ = Φ, with the value 0.6 for the blue curve and
0.4 for the orange curve. The non-symmetric initial conditions result in a
deformation of the profile of A
V
.
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We discussed properties of the solution of the model and showed that there are
significant departures from the dynamics of a classical FLRW spacetime. The
emergent classical background satisfies an evolution equation of the Friedmann
type with quantum corrections appearing in the r.h.s as effective fluids with
distinct equations of state. Such correction terms vanish in the limit of infinite
volume, where the standard Friedmann dynamics is recovered.
The main results obtained in this model are two. First, confirming the result
of Ref. [332], we have shown that there is a bounce which resolves the classical
singularity, taking place regardless of the particular values of the conserved
charges Q and E. It should be pointed out that the origin of this bounce is quite
different from the one given by Loop Quantum Cosmology (see Appendix D).
The second result is the occurence of an era of accelerated expansion without
the need for introducing ad hoc potentials and initial conditions for a scalar
field. However, in this model the number of e-folds achieved during the era
of accelerated expansion is not large enough compared to its typical value in
inflationary models.
We have seen that the interesting features of the model arise from quantum
geometry corrections which are captured by a description in terms of effective
fluids defined on the emergent classical background. A similar phenomenon
was already observed in LQC (see e.g. Ref. [374]). We also showed that there
is another way of formulating the dynamics, which makes no reference to such
effective fluids, but instead differs from the standard Friedmann equation in
that the gravitational constant is replaced by a dynamical quantity. In fact,
another interesting result is that, even though Newton’s constant GN is related
to, and actually constrains, the parameters of the microscopic GFT theory,
the dynamics of the expansion of the universe is actually determined by the
effective gravitational constant Geff . We should stress that such quantity was
introduced in first place for the only purpose of studying the properties of the
solutions of the model.
The second model we considered (Section 3.5) is based on an effective action
for the GFT condensate which includes two interaction terms, and is motivated
by phenomenological considerations. A general prediction of the model is the
occurrence of a recollapse when the higher order interaction term becomes
codominant. Results that have been previously obtained in the free theory
survive in the interacting case, in particular the occurrence of a bounce and
an early epoch of accelerated expansion. The former result, together with the
recollapse induced by interactions, leads to cyclic cosmologies with no big-bang
or big-crunch singularities. These are obtained under fairly general assumptions
on the effective potential, namely its boundedness from below.
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A detailed analysis showed that in the interacting model one can attain
an arbitrary number of e-folds as the universe accelerates after the bounce.
Furthermore, having an inflationary-like expansion imposes a restriction on the
class of viable models. In fact, this is possible only for some ranges of values
of the parameters, specifically λ < 0 and 5 ≤ n < n′ and when one has the
hierarchy µ≪ |λ|. Reasonable phenomenological arguments lead to select only
the case n = 5, n′ = 6 as physical. The two powers can be related, respectively,
to simplicial interactions, commonly considered in the GFT framework, and to
a negative cosmological constant.
While such results are encouraging as a first step towards a quantum
geometric description of the inflationary era, a few remarks are in order. In
fact, it must be pointed out that it comes at the price of a fine tuning in the
coupling constant of the higher order interaction term. From this point of
view, it shares one of the major difficulties of ordinary inflationary models.
Furthermore, an inflationary-like era that lasts for a sufficient number of e-folds
does not seem to be a generic property of GFT models, but in fact requires
interactions of a suitable form.
In Section 3.6, considering the GFT formulation of the Lorentzian EPRL
model, we derived the equations of motion for non-monochromatic perturbations
of the mean field. The dynamics is given by a system of coupled differential
equations, relating the perturbations on the four faces of a tetrahedron. As
an application, we considered the particularly interesting case of an isotropic
background, with all its faces labelled by the fundamental representation of
SU(2). We introduced quantities such as surface-area-to-volume ratio and the
effective volume of a quantum in order to study the evolution of such deviations
from perfect microscopic isotropy in a quantitative way. Studying the dynamics
of perturbations around the bounce, we determined a region in the parameters
space of the model such that perturbations exhibit an oscillatory behaviour in
a neighbourhood of the bounce, but are rapidly dominated by the background
away from the bounce.
Future work must be devoted to identify suitable observables that can
relate non-monochromaticity of GFT quanta to anisotropies of the emergent
spacetime. Progress is also needed to incorporate other degrees of freedom in
the effective description of spacetime dynamics obtained from GFT.
Part II
Effective Theories of Gravity
Chapter 4
Varying Fundamental Constants
and G as a Stochastic Process
In this chapter we discuss the physical meaning and the implications of having
variable fundamental ‘constants’, with particular attention to the gravitational
constant. In a work by the author [135], the gravitational constant is modelled as
a stochastic process; this is suggested to provide a phenomenological description
of quantum gravity effects taking place at the Planck scale. Our main interest is
in the consequences of such an assumption for cosmological evolution. We will
cast the discussion of our model within the broader framework of theories with
varying constants, recalling the meaning and classification of physical constants,
the historical roots of such models and modern theoretical developments.
In section 4.1 we briefly review the first proposal based on varying funda-
mental constants of Physics, namely Dirac’s large number hypothesis ; we discuss
those ideas underlying it which are also common to modern theories with vary-
ing constants. The definition and the role of the fundamental physical constants
is reviewed in Section 4.2. The link between varying constants and violation of
the equivalence principle is discussed in Section 4.4.1. In Section 4.3 we examine
the relation between fundamental constants and systems of physical units. We
give a brief overview of theories with varying c, ℏ and G in Section 4.4. In
Section 4.5 we assume a phenomenological perspective and modify the Einstein
equations by allowing for a dynamical gravitational constant. We show that a
correction term to the stress-energy tensor of matter must be included in order
to satisfy the Bianchi identities. Finally, in Section 4.6 we analyze a particular
phenomenological model with varying G, originally proposed by the author in
Ref. [135]. In this model, the late time accelerated expansion of the universe is
linked to stochastic fluctuations of the gravitational ‘constant’.
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4.1 Dirac’s large number hypothesis
In a 1937 paper [159], Dirac observed a numerical coincidence between some
dimensionless quantities that can be constructed using the age of the Universe
and the magnitude of basic dimensionful quantities in Cosmology and atomic
physics1 (see also Refs. [156, 158]). The age of the Universe T ≃ 13.7× 109 yrs
can be expressed in atomic units by comparing it with the Compton frequency
of the electron
T
(
ℏ
mec2
)−1
≃ 3.4× 1038 . (4.1)
Comparing the ratio of the electric to the gravitational force between an electron
and a proton one finds the small number
Fg
Fe
= GN
mpme
e2
∼ 4.4× 10−40 . (4.2)
In fact, up to small integer powers of mp/me and α, this number is equal to
the ratio of the electron mass to the Planck mass, squared(
me
MPl
)2
= m2e
(
ℏc
G
)−1
≃ 1.8× 10−45 . (4.3)
Dirac argued that the extreme closeness of the number in Eq. (4.1) with the
inverse of the ratio (4.2) must be more than a mere coincidence and could be
due to a deeper connection between cosmology and the laws of microscopic
physics. Dirac suggested that all such very large or very small numbers must
be connected by simple mathematical relations, in which the coefficients are of
order unity2. We will refer to this statement as to the Dirac hypothesis. Thus,
since the age of the Universe T is changing in an evolutionary Universe, the
large number ∼ 1040 in Eq. (4.1) must also change with time. Hence, if we
assume the Dirac hypothesis, all numbers of the order (1040)n, where n is an
integer, are changing with time. From this, we draw the conclusion that the
‘gravitational constant’, which appears in Eq. (4.2), must also change with time.
It would scale with the inverse of the age of the Universe G ∝ T−1, which
would explain the smallness of the gravitational force compared to the other
fundamental interactions. Therefore, the Dirac hypothesis naturally leads to
physical laws that are changing over cosmological scales.
1It must be stressed that the coincidence observed is only a rough one, since numerical
factors involving numbers such as, e.g., the fine structure constant α = e2/ℏc ∼ 1/137 or the
ratio of the the proton and the electron mass mp/me ∼ 1.8 × 103 are considered of order
unity [154] (also cf. [159]).
2With the same caveat as in footnote 1.
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Dirac’s assumption seems to find support in simple statistical arguments
[158]. In fact, if we regard the age of the Universe T as a random variable which
a priori can take any positive value, an accidental correspondence between (4.1)
and (4.2) would be highly improbable. However, not all values of T are allowed,
as assumed in this simplistic way of reasoning. In fact, only certain values
of T are compatible with the existence of observers, as remarked by Dicke in
Ref. [154]. Neglecting this crucial fact introduces an observation selection effect,
sometimes also called anthropic bias, which invalidates the argument3.
It is fairly straightforward to make an order of magnitude estimate of the
range of values of T that is compatible with the existence of observers [154]. The
starting point of Dicke’s argument is that the existence of observers (as living
beings, not just abstract entities) requires the existence of a planet orbiting a
luminous star. An upper bound for T is thus obtained as the maximum age of
a star producing energy through nuclear processes. It is found to satisfy the
following relation4
Tmax
(
ℏ
mec2
)−1
∼ ℏc
m2eG
. (4.4)
A lower bound Tmin is determined instead from requirements of stellar stability
and is found to be of the same order of magnitude as Tmax. Thus, according
to Dicke, the Dirac hypothesis is not justified. Rather than a hint of a new
fundamental physical principle, the numerical coincidences observed by Dirac
should be interpreted as conditions for the existence of living observers. In
particular, they do not hold for any value of T in an evolving Universe, but
only during the epoch where the laws of physics are compatible with life. As a
consequence, it is not possible to conclude from this argument that G changes
over time.
Although the Dirac hypothesis has been severely criticised by Dicke, pointing
at the incorrectness of the underlying assumptions, it represented nonetheless
an important turning point in theoretical physics and opened a window of
new possibilities. In fact, regardless of the original statement of the Dirac
hypothesis and the status of the ‘large numbers’, there are two essential specu-
lative elements that we can extract from Dirac’s proposal. Firstly, fundamental
constants could not be actual constants, but their actual value can be different
in different spacetime regions. This includes, but is not limited to, the ‘gravita-
tional constant’ and can be extended beyond the cosmological case, considered
by Dirac, to allow for more general configurations of the gravitational field.
3See Ref. [85]. Different interpretations of the anthropic principle and its applications to
Cosmology are examined in Ref. [48]. Note that not all of them are necessarily connected to
observation selection effects [85].
4Again, dropping small integer powers of mp/me and α.
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Secondly, the values of the fundamental ‘constants’ would be determined by
some connection between micro-physics and macro-physics. These two elements
are very general and can be realised in different ways, as we will discuss further
in the next sections.
4.2 What is a fundamental constant?
According to Weinberg, a fundamental constant is defined as a physical quantity
which appears in a given theory, and whose value cannot be determined within
that theory [412]. This definition is quite broad and clearly makes the number
of fundamental constants theory-dependent. As such, the definition of what
physical constants should be regarded as fundamental depends on the current
status of our knowledge. As our understanding of physics advances, some
constants that were previously regarded as fundamental would be expressed
in terms of other constants. This must be possible at least in principle for a
constant that is not fundamental, although the actual computation can be so
complicated to be beyond the present ability to perform such calculations. Ex-
amples in this sense would be given by the viscosity of a fluid in hydrodynamics
or the mass of the pion in low energy strong interaction physics [412]. The
value of a fundamental constant instead can only be measured by experiments.
One can be more specific than above and introduce different classes of
constants in order of increasing generality. Following Lévy-Leblond [281] (see
also Ref. [400]), we will distinguish among three classes of fundamental constants:
class A is the class of the constants characteristic of a specific system, class B is
the class of constants characteristic of certain sets of physical phenomena, class
C is the class of universal constants. The status of a fundamental constant
can change over time, with the development of physical theories. This is
indeed the case of the speed of light in vacuo c, which was initially considered
as a constant specific of light propagation (class A). With the unification of
electricity and magnetism, it was then recognised as a constant characteristic of
all electromagnetic phenomena (class B). It was only later, with the formulation
of the theory of special relativity that its status as a universal constant of
Physics (class C) was recognised (see Ref. [400]). The independent parameters
in the Standard Model of particle phsyics are class B constants. The only three
constants that qualify as class C are G, ℏ and c [281]. In the following, we will
use the fundamental constant only to refer to such universal constants.
According to Levy-Le Blond [281], fundamental constants are concept syn-
thesisers, i.e. they are introduced to express the relation between quantities
that would otherwise be thought of as incommensurable. Indeed, the speed of
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light5 c leads to the introduction of a unified description of space and time in
terms of a single geometric entity. Similarly, the Planck constant ℏ is introduced
in order to establish a link between the wave and corpuscular properties of a
particle, through the Einstein-DeBroglie relations6 E = ℏω, p = ℏk. Finally,
the gravitational constant G relates the mechanical properties of matter to the
geometric properties of spacetime, via the Einstein equations.
The three fundamental constants also play an important epistemological role
(see Okun’s contribution in Ref. [164]). In fact, they are related to the regimes
where peculiar physical phenomena emerge in a physical theory. For instance,
relativistic effects become relevant when velocities approach c. Similarly, the
quantum nature of a physical system becomes manifest when the action is not
much larger than ℏ. Moreover, the fundamental constants show the relation
between different limits of physical theories and reveal their regime of validity.
The last point can be illustrated by means of the so-called Bronsteincube of
physical theories, introduced by Okun in Ref. [318]. The cube is depicted in
Fig. 4.1 and can be used for classification purposes.
As a final remark, we would like to mention that the three fundamental
constants seem to play a slightly different role. In fact, it can be argued7 that
the role of ℏ and c is ‘kinematical’, since they express the relation between
kinematical variables such as position and momentum, or space and time,
respectively. Note that G plays a ‘dynamical’ role in GR, since it only appears
in the Einstein equations. However, it is not clear how fundamental would be
such a distinction between ‘kinematical’ and ‘dynamical’ fundamental constants.
In fact, for a given theory of gravity, such distinction may be an artefact which
depends on the particular formulation adopted. To be specific, we observe that
in the canonical formulation of GR with Ashtekar variables, G explicitly enters
kinematics (either through the Poisson brackets [398] or in the definition of the
connection one-form [256]) also in the case of pure gravity.
4.3 Fundamental constants and physical units
system
Given their universality, fundamental constants can be used to define a dis-
tinguished set of dimensionful constant quantities, such that all dimensionful
physical quantities can be expressed in terms of them. In other words, they
5More specifically, its properties of universality and its finiteness, and the fact that it
represents a limit speed for all signals.
6E denotes the energy of the particle and p its three-momentum, whereas ω and k are
the frequency and the wave-vector of the corresponding wave.
7See Deser’s remark reported at the end of Duff’s contribution to Ref. [164].
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Fig. 4.1 The Bronstein cube of physical theories [318]. Fundamental constants
G, ℏ, 1/c are used to label the axis of a three-dimensional Cartesian frame.
The edges of the cube correspond to particular limiting procedures, in which
at least one of the fundamental constants is formally sent to zero. However,
it must be noted that the meaning of the cube must not be taken too liter-
ally, since it only serves classification (and perhaps heuristic) purposes. For
instance, the G→ 0 limit of General Relativity does not yield Special Relativ-
ity, since it is well-known that non-trivial vacuum solutions exist. Moreover,
the correspondence of the top front right corner with a theory of everything
(TOE) is still matter of debate. The top back right corner would represent
the non-relativistic limit of such theory, assuming it exists. (Image taken from
backreaction.blogspot.co.uk)
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provide a basic system of units [164]. In fact, the number of fundamental
constants coincides with the number of basic physical dimensions8: space, time
and matter (i.e. mass). This is the standard point of view, expressed e.g.
by Okun in Ref. [164]. Such physical dimensions, which we quantify by the
introduction of suitable units, are a priori irreducible given our experience
with low energy physical phenomena. It is nevertheless possible that more
fundamental physical theories, yet to be fully understood or discovered, may
allow for a reduction of the number of physical dimensions9. This was argued
by Veneziano in the context of superstring theory [403, 164]. However, since
any such UV complete theory should, by definition, be able to recover low
energy physics in some limit, we will assume the standard point of view on
physical dimensions without loss of generality.
Fundamental units can be used to build a system of physical units. These
are the so-called natural (or Planckian) units. Such unit system is the most
fundamental one since, rather than relying on the physical laws of a specific
system10, it is defined using the most general laws of Physics. Indeed its uni-
versality follows from the universality of quantum mechanics, special relativity
and of the gravitational interaction. Planck units of length, time and mass are
defined in terms of ℏ, c, G as follows:
ℓPl =
ℏ
mPlc
, tPl =
ℏ
mPlc2
, mPl =
√
ℏc
G
. (4.5)
Planck units can be conveniently used to define the different physical regimes
of a given theory. In fact, when the value of a given dimensionful physical
quantity becomes O(1) in Planck units, characteristic phenomena of that regime
are expected to take place. This is best illustrated with some examples, that
should be well-known to the reader. When the speed of a particle v becomes of
order unity in Planck units, i.e. v
c
∼ 1, relativistic effects become dominant.
Similarly, when the action of a physical system (or its angular momentum) is
of order ℏ, the correct physical description of the system is given by quantum
mechanics. For these two examples peculiar physical effects appear in such
regimes which, on the contrary, become irrelevant in the non-relativistic limit
8It must be stressed that the coincidence with the number of spatial dimensions is only
accidental. We would have the same number of fundamental constants in any dimensions,
regardless of the number and nature of fundamental interactions, as stressed by Okun in
Ref. [164].
9Some authors argued for the complete elimination of the concept of dimensionful quantities
from physical theories, see e.g. Duff’s contribution in Ref. [164]. We do not share this point
of view.
10An example of such a unit system is offered by Stoney’s units, based on the physical
constants characterising the electron [164]. Units of length, time and mass are defined,
respectively as follows ℓS = e
√
G
c2 , tS =
e
√
G
c3 , mS =
e√
G
.
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or in the classical limit, respectively. We would like to remark that in a theory
of quantum geometry and for pure gravity only c and ℓPl would feature as
fundamental constants (i.e. G and ℏ appear only in a particular combination
in all of the equations of the theory), as observed by Zel’dovich in Ref. [427].
A similar observation was made by Veneziano in the context of superstring
theory. In Refs. [403, 164] he argued that the number of fundamental constants
needed is reduced from three to only two: the speed of light c and the string
length λs. They can be used to define fundamental units of time and length in
a unified theory of all interactions. In fact, considering the Nambu-Goto action
S/ℏ = τ/ℏ
∫
d (Area) ≡ λ−2s
∫
d (Area), ℏ combines with the string tension τ
to give a new fundamental constant with dimensions of an area λ2s . According
to Veneziano, the Planck constant ℏ has not disappeared from the theory, but
it has been promoted to a universal UV cut-off which resolves at the same time
the divergences of QFT and the singularities of GR. From this point of view,
both the number and the nature of the fundamental constants required in the
fundamental theory could be different from those needed in the low energy
effective descriptions. This would have important physical consequences. In
fact, if this was the case, the unit of mass would not be arbitrary (as it must
be for all basic units) but would rather be dependent on the choices made
for time and length units. Hence, all mass scales (including the masses of
elementary particles, those of bound states and the Planck mass mPl) should be
computable in superstring theory and have an expression in terms of the above
string units. Although there are some indications that this could be achieved
in Quantum String Theory (QST), there are no definite results at present and
the problem is far from being settled. Incidentally, we observe that if mPl could
be computed in terms of λs and c, this would also determine the value of the
Planck constant.
In some sense, if the claim made by Veneziano turned out to be correct, the
situation in superstring theory would be analogous to that of pure quantum
gravity, discussed above. In fact, the framework of superstring theory offers
a unified description of matter and geometry. Hence, mechanical quantities
such as momenta and masses would have an expression in terms of purely
geometric quantities. The reader is referred to Ref. [164] for a similar discussion
by Veneziano in the context of M-theory, leading to similar conclusions.
4.4 Varying fundamental constants
The possibility that fundamental constants may evolve over cosmic history
was originally motivated from Dirac’s large numbers hypothesis, which led
him to the conclusion that the gravitational ‘constant’ may be a function
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of time. However, as we discussed in Section 4.1, this is a possibility that
could be realised independently of Dirac’s proposal. In fact, we observed
that the conclusions of Dirac’s idea are more general than the arguments he
used to prove them. The basic idea of a gravitational ‘constant’ evolving
over cosmological timescales can be generalised to allow for the variation of
other constants of physics, more in general over both time and space, and not
necessarily on cosmological scales. Different cases have been considered in the
literature, and attention has been paid both to the case of the variability of
fundamental constants and that of physical constants of a lesser status (class
A or class B according to Lévy-Leblond’s classification). Some examples with
the appropriate references to the literature will be given later in this section.
The variation of a fundamental constant sounds like an oximoron. In fact,
the constancy of universal quantities such as c, G, ℏ is a cornerstone of modern
physics, which justifies their use as basic dimensional quantities defining a
natural system of physical units, the Planck units. It is therefore crucial to put
their constancy on a basis that is as solid as possible, by means of experimental
tests. Such experiments are actually investigating the validity of the currently
accepted theoretical frameworks of GR and QFT. The measurement of any
such variations would have a huge impact in our understanding of the physical
world. In fact, spacetime variation of the fundamental constants would imply
the existence of new degrees of freedom, providing an insight in the laws of
Nature lying beyond the present level of our knowledge.
Before discussing in more detail how the variation of fundamental constants
could be realised in a physical theory, we would like to discuss what is meant by
the variation of a dimensionful physical quantity. The following considerations
may be elementary, but we find it nonetheless appropriate to include them
for the sake a clarity, also in light of an ongoing debate on this topic (see
Ref. [164]). Although it is certainly true that only dimensionless quantities
can be actually measured in physical experiments, as it has been pointed out
in particular by Duff in Ref. [164], we agree with the point of view expressed
by Okun in Ref. [164] that physical dimensions are nonetheless useful (if not
necessary) to fully characterise physical quantities. In fact, the measurement of
any physical quantity is nothing but a comparison between two physical systems
with the same physical dimensions [400]. Therefore, every measurement is by
definition a relative measurement, which will give as a result a pure number. A
given dimensionful quantity q can be expressed in terms of some homogeneous
physical quantity (i.e. a quantity of the same kind) as (see Ref. [164])
q = (q/uq)uq . (4.6)
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Here uq represents the physical units of the quantity q and the ratio q/uq (which
is dimensionless) is the value of q in those units. Clearly, units are arbitrary
and can be changed at will
q = (q/uq1)uq1 =
q
uq1
uq1
uq2
uq2 . (4.7)
The ratio uq1/uq2 is a conversion factor between the two units.
It is clear that it does not make sense to talk about the variation of some
physical quantity if we do not specify what is kept fixed. For example, any
measurement of a variation in the ratio q/uq Eq. (4.6) could either be interpreted
as a change in q or as a change in uq. The two situations would be physically
indistinguishable. If a convention is adopted such that, e.g., uq is chosen as
a reference, the measurement of a variation of q/uq can be interpreted as a
variation of q. Hence, when a statement about the variation of a dimensionful
constant is made, it is implicitly assumed that a consistent choice of such
references is made, i.e. a system of units is fixed. The possibility of talking
about the spacetime variation of dimensionful quantities is thus equivalent to
the possibility of choosing (as a matter of convention) a system of units to
be used as a reference. Without such references Physics would be impossible.
A good unit system must be such that the laws of Physics are as simple as
possible (cf. Ref. [289]).
As discussed above, c, G, ℏ can be used to define a system of natural units.
This is based on our current theoretical understanding, which attributes to
these quantities the status of fundamental constants. Obviously, in Planck
units, these quantities are unitary by definition; hence, their variation, if any,
could not be measured. In fact, the variation of the different fundamental
constants is measurable and well posed from an operational point of view,
provided that suitable physical references can be determined. This has to be
discussed on a case by case basis for the three fundamental constants, since
their status is different both from a theoretical and an experimental point
of view. The current bounds on the variation of the fundamental constants
are given in Ref. [400]. We discuss in the following the variation of the three
fundamental constants, with reference to the experimental tests and to the
theoretical models that could allow for such variations. Particular attention
will be given to the case of a variable gravitational constant, in view of the
applications considered later in this chapter.
4.4.1 Varying constants and the equivalence principle
Before moving on to the discussion of the special role played by fundamental
constants (i.e. class C constants according to Lévy-Leblond, see above) and
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of the theories entailing their variation, we would like to discuss some general
consequences of the variation of any constants entering the physical laws. In
fact, it was first pointed out by Dicke [155] that any variation of the constants of
Physics would imply a violation of the universality of free fall, i.e. of the weak
equivalence principle (WEP). This is not limited to what we called fundamental
constants ; it is, in fact, more general and applies to class A and class B constants
as well. For this reason, their constancy represents a crucial test of GR. The link
to WEP is due to the fact that the mass of any composite body can (at least in
principle) be expressed as a function of the masses of the elementary particles
constituting it, and of the binding energies of the fundamental interactions
holding them together [400]. We will denote it by m(αi), where αi are the
‘constants’ it depends on (such as the fine structure constant, the Yukawa
couplings to the Higgs, the Planck constant, the gravitational constant, etc.).
The precise functional form will be different for different bodies, and will depend
in particular on the chemical structure of the body under consideration.
The action of a massive test particle reads as11
Sm = −c
∫
dt m(αi)
√
gµν(x)uµuν . (4.8)
Variation of the action gives [400]
uν∇νuµ = −
∑
i
∂ logm
∂αi
∂αi
∂xν
(gνµ + uνuµ) . (4.9)
Hence, if the constants of Physics are varying, i.e. the αi are spacetime
dependent, freely falling bodies will not move along geodesics as in GR. They
will instead experience an anomalous acceleration, given by the r.h.s. of Eq. (4.9).
This would in general lead to a violation of the WEP. Notice that, in case only
the gravitational constant is varying, one has
uν∇νuµ = −
(
G
∂ logm
∂G
)
G−1
∂G
∂xν
(gνµ + uνuµ) . (4.10)
The mass of the body includes the contribution of gravitational self-energy. The
quantity G∂ logm
∂G
is the compactness factor of the massive body12; it depends
on the gravitational theory one considers, on the equation of state of the body’s
11In case also the speed of light is a spacetime function, the c in Eq. (4.8) must be
understood as a fiducial value, introduced merely as a conversion factor. This must be
clearly distinguished from the physical speed of light. See Section 4.4.2 for a discussion of
the different aspects of the speed of light concept.
12More generally, the compactness factor is written as Gm
δm
δG . In fact, m would also depend
on the other parameters of the gravitational theory, such as post-Newtonian parameters γ,
β, etc. [316]. In principle, all such parameters can evolve in time.
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matter, and on the quantity of matter [316]. The effects of the anomalous
cosmological acceleration of massive bodies due to the time variation of G
were studied in Ref. [316], where it was also shown that they alter the relation
between the rate of change of the orbital period of a binary system (e.g. a
binary pulsar) and that of G.
4.4.2 Varying speed of light
The constancy of the speed of light plays a distinguished role in modern Physics.
The formulation of Special Relativity and then of General Relativity elevated
this property of light propagation to the status of a fundamental physical
principle. Its experimental foundations are on a solid basis, and so much so
that it is usually regarded just as a conversion factor between units of time
and units of space13. In fact, the constancy of the speed of light in vacuo c is
assumed in order to define the units of length in the international system of
units SI.
When talking about the speed of light one should clearly distinguish between
the different roles that it plays in Physics. A systematic discussion of the several
facets of the speed of light c is given in Ref. [169], where the different speeds of
light are examined based on the context in which they appear along with the
relations between them. The speed of light features in fact as the propagation
speed of electromagnetic waves in Maxwell’s theory cEM, in the spacetime
metric cST, as the speed of propagation of gravitational waves cGW, combined
with the gravitational constant to give the coupling between geometry and
matter in the Einstein equations cE. In GR one has cGW = cST = cE. If the
electromagnetic field is minimally coupled to gravity one also finds cEM = cST.
However, the different ‘speeds of light’ can be numerically different a priori,
since they refer to different physical quantities. In fact, the relations between
them are modified in theories of gravity other than GR and for non-minimally
coupled electromagnetic field.
A broad class of theories has been considered in the literature under the
name of varying speed of light theories (VSL). The consistent implementation
of VSL in a physical theory is discussed in Ref. [289]. The discussion of
VSL requires the specification of a particular proposal for the dynamics, also
determining which speed of light c is being varied (see above) [169, 291]. The
analysis must be carried out on a case by case basis. However, it is true in
general that the c that varies in VSL proposals is never a coordinate speed
13Nevertheless, its role as a fundamental constant is not diminished by that since, as
stressed in the previous section, when velocities become of order c new phenomena take
place.
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of light [291], which we denoted by cST above. Hence, its variation cannot
be undone by a coordinate transformation and its consequences are physical.
Those have been studied in different frameworks. In particular, we mention
the realisations of VSL in the following theoretical frameworks: broken Lorentz
symmetry (see e.g. for ‘soft breaking’ Refs. [306, 288], and for ‘hard breaking’
Refs. [4, 46]), bimetric theories (where there is a metric for matter and one for
gravity and the speed of gravity waves is different from that of other massless
fields) [117–119, 163], deformed special relativity14.
VSL has several important applications to Cosmology. In fact, it has been
proposed as an alternative solution to the classic cosmological puzzles (reviewed
in Section 1.6) [4, 46, 306]. The generation of a spectrum of nearly scale-invariant
spectrum of primordial fluctuations was studied in Refs. [306, 289, 4, 46, 290].
Other realisations of VSL as an alternative to the inflationary paradigm have
been considered in [183, 128] under the name of c-flation.
4.4.3 Varying the Planck constant
A variable Planck constant has not been considered in the literature as often
as theories with varying G or c. The (reduced) Planck constant ℏ represents
the natural unit of action and angular momentum and it is also related to
the fundamental area element in phase space. In Ref. [47] it was noted that
variations in the fine-structure constant α could also be interpreted as variations
in ℏ, as well as in c or the electron charge e.
The commutator of canonically conjugated variables is proportional to ℏ,
which leads to the Heisenberg uncertainty relations. Deformations of quantum
phase space have been proposed, leading to a generalised uncertainty principle
(GUP) compatible with the existence of a minimal length in Quantum Gravity
(see e.g. Refs. [253, 287]). Considering the algebra of position and momentum
operators, one has15
[xi, pj] = iℏ
(
δij + f
i
j(x, p)
)
. (4.11)
The idea is in the same spirit of non-commutative geometry [123]. The original
motivation for GUP from a quantum gravity proposal was given in the context of
String Theory [12, 268]. General considerations based on a thought experiment
14Also known as doubly special relativity (DSR), characterised by a non-linear realisation
of the Lorentz group and leading to a frequency-dependent speed of photon propagation
[16, 271].
15The structure of the other commutators, which are needed in order to close the algebra,
depends on additional physical assumptions. We refer the reader to the literature, e.g.
Refs. [253, 287]). Locally, the other commutators (i.e. [xi, xj ] and [pi, pj ]) can always be
made trivial by means of a Darboux map, see Ref. [294].
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for the measurement of the area of a black hole horizon in Quantum Gravity
are in agreement with GUP [286].
We notice that the commutation relations (4.11) can also be rewritten
introducing a phase-space dependent ℏ. Trivially, if f ij is assumed isotropic, i.e.
f ij ∝ δij, one has
[xi, pj] = iℏ(x, p)δij . (4.12)
It is worth appreciating the analogy with the varying G theory discussed in
Chapter 5 (see Ref. [135]). In fact, in both cases, modifications of the geometric
(or algebraic) structures (phase-space versus Riemannian geometry) manifest
themselves through the variation of some fundamental constants. In Ref. [294] it
was suggested that the corrections to ℏ are dominated by high frequency modes
and can be described as classical noise. The authors then considered a simple
model in which ℏ depends only on time and is characterised by white noise
stochastic fluctuations around its observed value. A similar phenomenological
model was put forward in Ref. [135] in the case of the gravitational constant.
4.4.4 Varying the gravitational constant
The gravitational constant made its first historical appearance in Newton’s law,
which describes the gravitational interaction of two bodies of masses m1 and
m2 at a distance r from each other
F = G
m1m2
r2
rˆ . (4.13)
The value of G does not depend on the internal constitution or the state of
motion of the two bodies, implying the universality of free fall which lies at the
basis of the formulation of the weak equivalence principle. Hence, already in
classical mechanics it has the status of a universal constant of Nature. In GR
the gravitational constant appears in the Einstein equations as the coupling
between matter and the geometry of spacetime. Also in this case, its constancy
and its universality enforce the weak equivalence principle. Newtonian gravity
is obtained as the low-curvature, low-speed limit of GR.
Although sufficient to implement the weak equivalence principle in a gen-
erally covariant theory of the gravitational field, the constancy of G is not
necessary. This was realised by Brans and Dicke [92], who introduced a new
scalar degree of freedom ϕ (also called dilaton) playing the role of a dynamical
gravitational constant. In their theory, test particles in free fall move along
geodesics of the Levi-Civita connection, exactly as in GR. However, unlike GR
the strength of the gravitational interaction is determined from the motion
of all matter fields in the Universe. This is seen as a realisation of Mach’s
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principle. The action of Brans-Dicke theory16 is
SBD =
1
16πG
∫
d4x
(
ϕR− ω∂
µϕ∂µϕ
ϕ
− V (ϕ)
)
+ Sm[gµν , ψ] . (4.14)
The matter sector depends on the matter fields (denoted here by ψ) and the
metric gµν , although it does not depend on the Brans-Dicke scalar ϕ. This is
in order to ensure that the equivalence principle is respected17.
Brans-Dicke theory is generally considered as experimentally not viable,
since a large value of the Brans-Dicke parameter ω ≫ 1 is required in order to
pass solar system tests, which is viewed as unnatural (see e.g. Refs. [68, 380]).
Brans-Dicke theory is also related to some modified gravity theories f(R) for
specific values of the Brans-Dicke parameter ω. The relation (i.e. the precise
value of ω) depends on whether the metric or the Palatini formulation of such
theories is considered [380, 379]. The dilaton ϕ also arises from Kaluza-Klein
theory and String Theory, where it is seen as originating from compactification
of the extra dimensions. Several generalisations of Brans-Dicke theory have
been proposed, commonly known as scalar-tensor theories. Particularly relevant
among those are Horndeski theories [240, 210], which describe the most general
class of theories whose equations of motion are second order18, thus avoiding
the Ostrogradski instability which is typical of higher derivatives theories. The
literature on scalar-tensor gravity theories is prolific and reviewing it would be
beyond our purposes.
From an experimental point of view, G is among the fundamental constants
the one with the less stringent bounds on its variability [400]. Its value according
to CODATA19 is G = 6.67428(67)×10−11 m3 kg−1 s−2 and the relative standard
uncertainty is 0.01% (ibid.). The best constraints come from solar system
observations, and specifically from lunar laser ranging (LLR) experiments.
Such experiments involve the comparison of a gravitational timescale (e.g. the
orbital period) and an atomic timescale; it is thus assumed that the atomic
constants do not vary over the time of the experiment [400]. It must be pointed
16This is the Brans-Dicke action in the so-called Jordan frame, i.e. with matter fields
minimally coupled to the metric. By means of a conformal transformation it is possible to
recast the action in the Einstein frame, in which the gravitational sector is the same as in
GR but the coupling of matter fields to gravity is non-minimal. Despite the mathematical
equivalence, which allows one to choose the frame that is most convenient for the applications
one has in mind, it is still debated whether the two frames are also physically equivalent and,
if they are not, which is the physical one. For different perspectives on this issue the reader
is referred to e.g. Refs. [21, 174, 345, 108, 107]
17The equivalence principle clearly does not hold in the Einstein frame.
18Horndeski theories can indeed be shown to be equivalent to the Generalised Galileons
theory [146].
19CODATA is the Commitee on Data for Science and Technology, see www.codata.org.
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out that the determination of such constraints is typically model-dependent.
The constraint on the present time variation of the gravitational constant using
LLR and assuming Brans-Dicke theory yields [415]
G˙
G
∣∣∣∣∣
0
= (4± 9)× 10−13 yr−1 . (4.15)
Model independent bounds have been obtained from binary pulsars timing
[249, 130, 131] (also compare with the model-dependent analysis of Ref. [316]),
although they are (at best) one order of magnitude less accurate than those
coming from LLR (see Ref. [400]). Theory-dependent bounds from pulsar timing
observations and based on scalar-tensor gravity were obtained in Ref. [188].
For other astrophysical constraints on the variability of G we refer the reader
to Rev. [400] an references therein. Although less accurate than LLR, the
other bounds are important as independent tests of the constancy of G. It is
more difficult to obtain bounds on G˙/G from cosmological data. This is due
to the fact that cosmological observations depend on the whole history of G
as a function of time [400]. From the point of view of cosmology, observable
signatures of a variable G can be found in Big Bang Nucleosynthesis (BBN)
data or in the CMB. In particular, since G enters the Friedmann equation, its
variation would modify the age of the Universe as well as the relation between
time and redshift. The implications of these effects for CMB observations are
discussed in Ref. [400].
At this stage we would like to make some general comments on the formu-
lation of theories accounting for a variable G, which may lead to the effects
discussed above. It is well-known that in a classical theory the action principle
represents one of the most convenient ways to formulate a physical theory in
which all fields are dynamical, as pointed out in Ref. [169]. In particular, for
the case at hand, scalar-tensor theories can be formulated by writing down a
suitable action functional which generalises the Einstein-Hilbert action. This is
a much more effective way of model building rather than modifying the Einstein
equations in order to accommodate for a variable G. In fact, it guarantees
that the scalar field satisfies dynamical laws which are compatible with the
gravitational field equations, which would be hard (albeit not impossible) to
achieve otherwise. This is the path followed in the construction of scalar-tensor
theories such as e.g. Brans-Dicke and Horndeski theories (see above). However,
there are also some drawbacks. In fact, this procedure requires a knowledge
of the exact nature of the extra degrees of freedom in the modified gravity
theory to be constructed, plus additional assumptions which depend on the
model. For this reason, starting from an action principle may not represent the
most economical choice. Moreover, some model-independent features that are
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typical of theories with a variable gravitational constant20 may not be captured
in their full generality when a particular action is specified. To this end, it may
be more convenient to work with the Einstein equations and only impose some
basic physical and mathematical requirements, such as e.g. consistency with
Riemannian geometry, in order to study the phenomenological consequences of
the variability of fundamental constants in gravitational physics. The problem
of determining the correct action functional giving rise to such dynamics, which
is clearly crucial for the consistency of the effective description, is thus only
postponed to a later stage. In the next section we will adopt a phenomenological
point of view and formulate a simple model entailing a varying gravitational
constant.
4.5 Phenomenological approach to a dynamical
G
We start from the observation that naively turning G into a dynamical quantity
in Einstein’s equations would be inconsistent with the Bianchi identities [135].
In fact, assuming that the stress-energy tensor of matter is covariantly conserved
∇µTµν = 0, the contracted Bianchi identities ∇µGµν = 0 are satisfied if and
only if G = const . Thus, if we want to consider a dynamical G, we can do so
by introducing a correction term to the r.h.s. of Einstein equations, which we
can interpret as an effective stress-energy tensor τµν . In Ref. [135] we proposed
the following extension of Einstein’s equations
Gµν =
8πG
c4
(Tµν + τµν) . (4.16)
Hence, we have from the Bianchi identities(
∇µG
c4
)
(Tµν + τµν) +
G
c4
∇µτµν = 0 . (4.17)
We do not specify the detailed form of τµν at this stage, only demanding that
it satisfies Eq. (4.17). Notice that, by only looking at Eq. (4.17), there is no
way to differentiate between the case of a variable c and that of a variable
G, or whether both are varying. In the following, we will set c = 1 and
only consider G as varying. Although it must be stressed that unless further
physical input is given, it is the ratio G/c4 that is actually varying in spacetime.
Modified continuity equations entailing source terms depending on derivatives
of fundamental constants, like in Eq. (4.17), have appeared previously in the
20The same considerations also apply to VSL, see Ref. [289].
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literature, see Refs. [4, 191]. In particular, in Ref. [4] the Bianchi identities
applied to a VSL model were shown to lead to a modified continuity equation
(in a cosmological context) with source terms proportional to c˙/c and G˙/G.
In that paper it was pointed out that, despite its generality, the model is not
equivalent to Brans-Dicke theory when G˙ ̸= 0. In fact, Brans-Dicke theory
respects the equivalence principle; hence, it does not lead to any modifications in
the continuity equation. Similar arguments apply for the extra source of stress-
energy τµν in the model considered here, see Eq. (4.17). In fact, physical bodies
are still freely falling since we assumed ∇µTµν = 0. In Ref. [191] the variation
of the gravitational constant has been related to the cosmological constant and
to the non-conservation of matter. The modified continuity equation (4.17)
was obtained also in Ref. [183] in the case in which τµν represents a dark
energy term. In the case ∇µTµν = 0 is also dropped, one would have a more
general continuity equation, implying violation of the local conservation laws of
energy and momentum (see Ref. [183]), similarly to the situation encountered
in Ref. [4].
Given our considerations above, we rewrite Eq. (4.17) as
∇µτµν = −∇µ logG (Tµν + τµν) . (4.18)
This equation expresses the non-conservation of energy and momentum in τµν .
Notice that the stress-energy non-conserving term depends on the spacetime
variation of G and on the stress-energy of physical matter fields Tµν . In a
cosmological context, both Tµν and τµν can be considered as perfect fluids. In
particular, we would have
τµν = (ρ˜+ p˜)uµuν + p˜gµν . (4.19)
Notice that we have three unknowns ρ˜, p˜, G and only one equation to relate
them. An additional equation is given in the form of an equation of state
relating ρ˜ and p˜. In the following we will make the assumption
ρ˜ = −p˜ = λ , (4.20)
which corresponds to a dark energy term. The reader must be aware that
Eq. (4.20) is not the most general ansatz. However, it is the most economical
one which is also phenomenologically viable. In fact, we know from observations
that dark energy must have an equation of state compatible with w = −1 at late
times21. We would like to mention that, from a purely theoretical standpoint,
21See Section 1.5.
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modifications of GR in which the gravitational and the cosmological constants
are regarded as canonically conjugate variables have been recently considered
in Ref. [377].
Assuming Eq. (4.20) the number of unknowns is reduced to two and we
have an equation relating the dynamics of dark energy to that of the dynamical
gravitational ‘constant’.
∇µλ = (∇ν logG)Tµν − (∇µ logG)λ . (4.21)
Assuming homogeneity and isotropy we have
λ˙ = −d logG
dt
(λ+ ρ) . (4.22)
The physical fluid satisfies instead the continuity equation
ρ˙+ 3H(ρ+ p) = 0 . (4.23)
The solution to Eq. (4.22) reads as
λ(t) =
G(ti)
G(t)
(
λ(ti)−
∫ t
ti
dt′
G˙(t′)
G(ti)
ρ(t′)
)
, (4.24)
where ti is an initial time where initial conditions are fixed. The precise
functional form of λ(t) can be obtained once the initial condition λ(ti) is
assigned and G(t) is specified. The time dependence of the energy density ρ(t)
is obtained by solving the continuity equation (4.23) for a fluid with a given
equation of motion ρ = wp. We would like to stress at this point that, while
the conclusions reached so far are fairly general, the functional form of G(t) is
model dependent and has to be assigned at the outset. In section 4.6 we will
consider a particular phenomenological model, in which G(t) is modelled as a
stochastic process.
4.6 The gravitational constant as a stochastic
process
We consider a phenomenological model in which the dynamical gravitational
‘constant’ is modelled as a stochastic process22. More specifically, we regard it
as a dynamical variable whose mean value is given by Newton’s constant, here
22See Appendix K for a review of stochastic processes and stochastic ordinary differential
equations (ODEs).
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denoted by G = GN, and subject to white noise fluctuations about its mean
value
G(t) = G(1 + σξ(t)) . (4.25)
σ is a free parameter of the model and represents the noise strength. With
our hypothesis, we expect to be able to account (at least qualitatively) for the
effects of quantum fluctuations of the gravitational field and of new degrees of
freedom that may emerge from a theory of Quantum Gravity23,24 , in a way
which is sufficiently general and model independent25 . The fluctuations and the
typical timescale of the stochastic process must be suitably small, e.g. O(tPl),
to ensure that there is no contradiction with observations. We will show in
this section that in this simplified model the observed accelerated expansion of
the universe is related to the assumed stochastic behaviour of the gravitational
‘constant’.
In the following we will assume that the function ξ(t) in Eq. (4.25) has a
white noise distribution. Hence, it satisfies the properties
⟨ξ(t)⟩ = 0 , (4.26)
⟨ξ(t)ξ(t′)⟩ = δ(t− t′) , (4.27)
where ⟨ ⟩ denotes the average over a statistical ensemble. Loosely speaking
white noise is the derivative of a Wiener process Wt, which provides the
mathematically rigorous description of a random walk. Thus, we have26
dWt = ξ(t)dt . (4.28)
23This is the case for example in String Theory, where the gravitational multiplet described
by the low-energy spacetime effective action contains two new fields beside the graviton.
These are the dilaton and the Kalb-Ramond antisymmetric tensor field. The Kalb-Ramond
field may have important consequences for cosmology; in particular, it could play a role in
leptogenesis, see e.g. Ref. [136].
24It was argued in Ref. [141], based on the Group Field Theory approach, that the
gravitational constant could be a a dynamical quantity whose behaviour is determined by
the underlying microscopic dynamics of the fundamental degrees of freedom of Quantum
Gravity.
25This heuristic assumption could be justified on the basis of general properties of quantum
systems related to their stochastic limit, see Ref. [1]. In the limit, fast degrees of freedom
can be approximated by stochastic noise.
26For reasons of mathematical rigour it is preferable to use a differential notation when
studying stochastic ODEs, as in Eq. (4.28). In fact, one must be aware that stochastic
processes such as the Wiener process (Brownian motion) are (a.s.) continuous but nowhere
differentiable functions. The differential notation must be understood as an ‘informal’ way
of writing SDEs, which are more rigorously formulated in the form of integral equations,
entailing a choice of differential calculus (e.g. Îto or Stratonovich). For details see Appendix
K.
4.6 The gravitational constant as a stochastic process 162
We introduce a time discretisation in order to define the Wiener process
Wt. For the sake of simplicity we consider a partition of the time interval27
ti ≡ t0 < t1 < · · · < tk < · · · < tN ≡ t with uniform time step h. A Wiener
process Wt must satisfy the following properties:
i. Wti = 0 with probability 1;
ii. The increments Wtk+1 −Wtk are statistically independent Gaussian vari-
ables with mean 0 and variance tk+1 − tk = h.
In Appendix K we give more details on stochastic differential calculus and
stochastic integration, which generalise the rules of ordinary calculus to stochas-
tic processes.
We can now study the cosmological consequences of the hypothesis (4.25).
Using the results of the previous section, we can write down the Friedmann
equation as
H2(t) =
8π
3
G(t) (ρ(t) + λ(t)) =
8π
3
(
G(t)ρ(t) +G(ti)λ(ti)−
∫
dt′ G˙(t′)ρ(t′)
)
=
8π
3
(
G(ti) (ρ(ti) + λ(ti)) +
∫ t
ti
dt′ G(t′)ρ˙(t′)
)
(4.29)
Considering ti in the matter- or radiation-dominated era, λ(ti)≪ ρ(ti) and we
can safely neglect the second term in the r.h.s. of the above equation. Notice
that in this case, Eq. (4.29) does not make any explicit reference to λ, but all
dark energy contributions are instead included in the time evolution of G via
an integral operator.
By differentiating Eq. (4.29) with respect to time and using the continuity
equation (4.23), we find Eq. (1.80) with Newton’s constant replaced by the
dynamical G(t)
H˙(t) = −4πG(t)(ρ(t) + p(t)) = −4πG(t)(1 + w)ρ(t) . (4.30)
The set given by the two equations (4.30) and (4.23) gives the coupled dynamics
of H(t) and ρ(t). Their initial conditions are not independent, but are related
by the Friedmann equation (4.29), which implies
H2(ti) =
8π
3
G(ti)ρ(ti) . (4.31)
27This is only for convenience of our presentation of the model, and to introduce the
notation that will be used later in this section. A more general definition of the Wiener
process is given in Appendix K.
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Fig. 4.2 Plot of the numerical solution of the model, formulated as a system
of two SDEs (4.32), with initial conditions satisfying the constraint (4.31).
The solution represented here corresponds to a particular choice of parameters
σ = 0.1, ρ0 = 10 and time step h = 10−4, in units such that GN = 1.
The horizontal asymptote of H(t) for t → ∞ corresponds to a late era of
accelerated expansion, when the universe is dominated by a ‘cosmological
constant’. Stochastic noise has an effect which is relevant at early times,
whereas it is negligible at late times since it is suppressed by the small value
of the energy density, as one can also see from the second equation in (4.32).
The qualitative behaviour of the solutions is a general feature, which does not
depend on the particular choice of parameters.
Equations (4.30) and (4.23) can be given a precise mathematical sense also
in the case of a stochastic G(t). To this end, we rewrite them in differential
notation and use Eqs. (4.25), (4.28). We have
dH = −4πG(1 + w)ρ(dt+ σdWt) , (4.32)
dρ = −3H(1 + w)ρdt . (4.33)
Thus, H(t) and ρ(t) are stochastic processes, which we interpret as Îto processes
(see Ref. [317]). Their dynamics is given by the above system of coupled
differential equations, with dWt playing the role of a stochastic driving term.
In Ref. [135], we studied numerically the solution of the system of stochastic
ODEs (4.32) in the case of pressureless dust (w = 0). This was done by using
the stochastic Euler integration scheme (also called Euler-Maruyama scheme)
[236, 266], which is sufficient for our purposes. We explored the range of
parameters 0 ≤ σ ≤ 1, 10−6 ≤ h ≤ 10−2, in units such that G = 1, for different
choices of the initial condition ρ(ti). The initial condition for the Hubble rate
H(ti) is computed using Eq. (4.31). We note the dependence of H(ti) on ξ(ti).
The qualitative behaviour of the solutions is the same for different values of
the parameters σ, h and is represented in Fig. 4.2 for a given path Wt, where
the plot of the energy density ρ(t) and the Hubble rate H(t) is shown.
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As t → ∞, ρ decays as in standard cosmology, while H attains a non-
vanishing positive limit. Thus, the universe enters a de Sitter phase at late
times. The value of the asymptotic limit does not vary much with the random
sequence, and is not particularly sensitive to the parameters. Since we are
dealing with a simplified model, this semi-qualitative analysis is sufficient. Our
results show the occurrence of an exponential expansion at late times without
the need to introduce a cosmological constant by hand or to originate it from
the matter sector, e.g. as vacuum energy. Note that this is a general feature
of the model that does not depend on the particular values chosen for ρ0 or
the noise strength σ. Furthermore, when σ = 0 one recovers the standard
cosmology in the matter-dominated era, namely ρ ∝ 1/t2 and H ∝ 1/t. It is
important to note that similar results can be obtained for fluids characterised
by a different equation of state parameter w. For instance, in the case w = 1/3
an initial radiation dominated era gives way to a de Sitter era at late times, as
in the case w = 0 studied above.
The effective cosmological constant in the r.h.s. of Eq. (4.29), neglecting
λ(ti), is given by the formula
Λeff(t) = σ
(
ξ(ti)ρ(ti) +
∫ t
ti
ρ˙ dWt
)
, (4.34)
where the second term is a stochastic integral28. Considering a universe with
more than one matter component, the effective cosmological constant receives
contribution from each of them, with the dominant contribution still coming
from the initial value of the white noise ξ(ti) multiplied by the total energy
density as in (4.34). In other words, the effective cosmological constant depends
on the initial value of the total energy density, but not on the species populating
the universe.
The first term in Eq. (4.34) dominates over the second one with probability
close to 1, as shown in the following. Hence, when the first step of the random
walk is positive, the universe is exponentially expanding at late times, whereas
for a negative initial step H takes large negative values29. We are therefore led
to assume the initial condition
ξ(ti) > 0 , (4.35)
28See Appendix K for its mathematical definition.
29A negative cosmological constant corresponds to an anti-de Sitter (AdS) universe. This
is incompatible with observations, that show a positive value of the cosmological constant.
Although unphysical in cosmology, it is nevertheless worth mentioning that AdS spacetime
has interesting applications in holography (AdS/CFT correspondence).
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which is necessary to guarantee the stability of the universe and is compatible
with the observed accelerated expansion.
Even assuming the initial condition (4.35), there is a possibility that the
universe may enter an instability at late times, corresponding to Λeff(t) < 0.
Therefore, we compute the probability to observe a negative value of the
effective cosmological constant given the initial condition on the noise (4.35).
This actually forces the first step of the random walk to follow a half-normal
distribution, whereas all the other steps of the random walk are normally
distributed, as it is customary. Using the statistical properties of the increments
of the Wiener process Wt one finds〈
Λeff(t)
σ
〉
=
〈
Wti
h
〉
ρ(ti) =
√
2
πh
ρ(ti) (4.36)〈
Λ2eff(t)
σ2
〉
=
〈(
Wti
h
)2〉
ρ2(ti) +
∑
k
(ρ′(tk))2h+ 2ρ(ti)ρ′(ti)
≈
〈(
Wti
h
)2〉
ρ2(ti) =
ρ2(ti)
h
(4.37)
Therefore the value Λeff = 0 is x standard deviations away from its mean value,
with
x =
√
2π
π − 2 . (4.38)
Hence, the probability of observing a non-positive value of Λeff (leading to a
collapsing universe) is ≲ 0.0095, regardless of the initial condition on ρ, the
noise strength σ and the time step. In a more complete treatment which may
take also spatial variations of G into account, these unstable cases will not be
an issue, since the instabilities will be just covered by expanding patches in the
universe.
The simplifications introduced in the model and the sensitivity of the
effective cosmological constant Λeff to the initial conditions (i.e. the value of
the total energy density at the Planck time tPl) prevent us from using the model
to extract quantitative predictions for the observed value of the cosmological
constant and its probability. It is our hope that this preliminary work could
open up new avenues to tackle the cosmological constant problem.
If the picture obtained from our model could be consistently obtained
from a fundamental theory of quantum gravity, it would show that quantum
gravitational phenomena are already being observed in our Universe today,
i.e. when looking at the acceleration of its expansion rate. Moreover, it
would provide indirect evidence for the variation over time of the gravitational
constant. More work has to be done in order to gain a better understanding of
the role played by the initial conditions on the energy content of the universe,
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since the cosmological constant obtained from our toy model seems to have a
strong dependence on them.
The way in which time-reparametrization invariance can be implemented in
this scenario will be studied in a future work. The generalization of our toy-
model to a fully relativistic theory of gravity entailing a stochastic gravitational
constant will also be the subject of further research.
Chapter 5
Weyl Geometry and
Scalar-Tensor-Vector Gravity
In this chapter we discuss an extension of the Standard Model and General
Relativity proposed by the author in Ref. [137], which is built upon the principle
of local conformal invariance. The model represents a generalisation of a
previous work by Bars, Steinhardt and Turok [50]. This is naturally realised
by adopting as a geometric framework a particular class of non-Riemannian
geometries, first studied by Weyl. The gravitational sector is enriched by a
scalar and a vector field. The latter has a geometric origin and represents the
novel feature of our approach. We argue that physical scales could emerge
from a theory with no dimensionful parameters, as a result of the spontaneous
breakdown of conformal and electroweak symmetries. We study the dynamics
of matter fields in this modified gravity theory and show that test particles
follow geodesics of the Levi-Civita connection, thus resolving an old criticism
raised by Einstein against Weyl’s original proposal.
This chapter is organised as follows. In Section 5.2 we recall the fundamen-
tals of Weyl geometry and introduce the notation. In Section 5.3 we formulate
our effective field theory and discuss how the Higgs and the scalar fields couple
to gravity. In Section 5.4 we discuss the EW symmetry breaking and show how
the dimensionful couplings which govern low energy physics are determined
from the parameters of the model and from the scale of ‘broken’ conformal
symmetry. In Section 5.5 we address the important issue of coupling the
other SM fields in a conformal invariant way. In Section 5.6 we consider the
approximate description of matter as a fluid, following from the underlying
field theory of Section 5.5, and use it to derive the equations of motion of test
bodies. In Section 5.7 we examine the relation between our proposal and earlier
ones in the literature. Finally, in the Conclusions, we review our results and
point at directions for future work.
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5.1 Conformal Symmetry in Physics
The classical action of the Standard Model (SM) of particle physics is close
to being conformally invariant. The only dimensionful coupling constants it
features are given by the Higgs mass and its vacuum expectation value (vev), the
latter setting the scale of electroweak (EW) symmetry breaking at v ∼ 246 GeV.
Such a value is remarkably small compared to the Planck mass MP ∼ 1019 GeV,
which is set by the strength of the gravitational coupling. The huge gap between
the two scales defines the hierarchy problem. A fourth dimensionful parameter,
the cosmological constant, is responsible for the observed late acceleration of
the Universe. The cosmological constant scale is 10−123 smaller than the Planck
scale, leading to a second hierarchy problem in the SM coupled to gravity.
In this work, we embed the SM and General Relativity (GR) in a larger
theory which exhibits local scale invariance classically. All couplings are
therefore dimensionless. A mass scale arises through gauge fixing the conformal
symmetry, from which all dimensionful couplings can be derived. Thus, all
couplings which characterise fundamental physics at low energy scales are
shown to have a common origin, in the same spirit as in Ref. [50]. The role
of EW symmetry breaking is crucial in this respect and is realised by means
of a potential having the same form as the Higgs-dilaton potential, which was
considered in Refs. [50, 371].
A natural framework in which scale invariance can be realised as a local
symmetry is given by a generalisation of Riemannian geometry, known as
Weyl geometry. A Weyl manifold is defined as an equivalence class of confor-
mally equivalent Riemannian manifolds, equipped with a notion of parallel
transport which preserves the metric only up to local rescalings [103]. Such
non-Riemannian structures were first introduced by Weyl in pursuit of a uni-
fication of gravity and electromagnetism [413]. They were later reconsidered
in an early paper by Smolin [375] in an attempt to reformulate gravity as a
renormalizable quantum field theory. In this chapter, as in Ref. [375], Weyl
geometry and conformal invariance are used to motivate the occurrence of new
degrees of freedom in the gravitational sector and as guiding principles to build
the action functional. Weyl geometry was later rediscovered independently by
Cheng [116], who used it to formulate a model with no Higgs particle.
Conformal invariance imposes strong constraints on the terms that can
appear in the action and enriches the gravitational sector with a scalar and a
vector field. The theory thus obtained is a generalisation of Brans-Dicke theory
and of conformally invariant gravity theories, such as the one considered in
Ref. [50]. When the Weyl vector is pure gauge, the theory is equivalent to
Brans-Dicke, of which it provides a geometric interpretation. This particular
case has appeared in the literature under the name of Weyl Integrable Space-
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Time (WIST) [353, 11, 365]. However, in those works an additional assumption
motivated by Ref. [167] is made about the free fall of test bodies, which marks
a difference with Brans-Dicke. For applications of WIST to cosmology and
to the study of spacetime singularities, see e.g. Refs. [285, 192]. Generalised
scale invariant gravity theories were also obtained in Ref. [333], by gauging
the global conformal symmetry of (a subset of) the Horndeski action with the
introduction of the Weyl vector.
Our framework is distinct from conformal gravity [296, 292, 295], where
the affine connection is the Levi-Civita one also in the gravity sector. In that
case, conformal symmetry is implemented by taking the square of the Weyl
tensor as the Lagrangian. The Weyl tensor squared also appears in the bosonic
spectral action in the context of noncommutative geometry [278, 364] and in
the computation of the (formal) functional integral for quantum gravity [387].
In this chapter we construct an effective field theory with local conformal
invariance and show how the SM of particle physics and GR are recovered from
it, by means of a two-stage spontaneous symmetry breaking. Our proposal
is based on a generalisation of Riemannian geometry, namely Weyl geometry,
which leads to the introduction of new degrees of freedom, namely a scalar field
ϕ and the Weyl vector Bµ. There has been a recent surge of interest in the role
of conformal symmetry in gravitational physics, see e.g. Refs. [50, 387, 206, 207],
suggesting that it may play a role in Quantum Gravity. It is therefore possible
that the gravitational theory emerging in the classical limit would also display
such a symmetry. In this sense, our work is motivated by similar considerations
to the ones usually put forward for the introduction of modified gravity theories,
see e.g. Refs. [380, 381, 106]. In addition, we adopt local conformal invariance as
a guiding principle in selecting the action functional and the geometric structure
of spacetime. The enriched gravitational sector is to be interpreted as purely
classical. SM fields are quantised as usual on the classical curved background
defined by gµν and ϕ, Bµ. This can be considered as a generalisation of what
is usually done in conventional quantum field theory on curved spacetimes.
We would like to mention that the same geometric setting and symmetry
breaking process were considered in an unpublished work by Nishino and Ra-
jpoot [313], although their motivations were different. In Ref. [313] the authors
point out issues with renormalisability and unitarity in their model. Other
aspects of the quantum theory are discussed in Refs. [314, 315]. Furthermore,
the authors of Ref. [313] claim that local conformal invariance “inevitably leads
to the introduction of General Relativity". We disagree with their statement.
Local conformal invariance of the SM sector only leads to the introduction of
the Weyl vector, which is also not enough to determine the affine connection
of a Weyl spacetime. Moreover, in our approach there are no issues with
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renormalisability and unitarity since our model is a classical effective field
theory.
Lastly, we would like to remark that modified gravity theories are sometimes
advocated as an alternative solution to resolve tension between observational
data and the predictions of General Relativity, which is customarily done
by introducing dark matter. In the case of MOND [303] and in MOG [307],
this is achieved by modifying the law of gravitational attraction. In other
words, test particles no longer follow geodesics. The model proposed in this
chapter sits midway between dark matter models and modified gravity. In fact,
in our approach the law of gravitational attraction is not modified, but the
gravitational sector is extended and includes a dark matter candidate. The
main difference with mainstream dark matter models is that in our model dark
matter is not postulated ad hoc but has a geometric origin.
5.2 Weyl geometry
In this section we introduce the mathematical framework that will be used to
formulate the model. We stress that the concepts and the geometrical objects of
Weyl geometry do not have an immediate physical interpretation; they will only
serve as tools for the construction of a modified theory of gravity compatible
with local conformal invariance. This is an important point, since attempting
a direct physical interpretation of the mathematical objects introduced in this
section can be misleading and leads to incorrect conclusions. The physical
interpretation of the model will come only later, when studying the dynamics.
We follow Ref. [375] to introduce the basic concepts and notation1. A Weyl
manifold is a conformal manifold2 equipped with a torsionless connection, the
Weyl connection, that preserves the conformal structure3,4. We thus consider a
torsion-free affine connection which satisfies the condition
∇Wλ gµν = Bλ gµν . (5.1)
1We remark that our conventions for the Riemann tensor are different from those of
Smolin in Ref. [375].
2A conformal manifold is an equivalence class of Riemannian manifolds, related by
conformal transformations.
3The conformal structure of a spacetime is a smoothly varying family of light-cones in the
tangent space at each point [409]. As such, it determines the causal structure of spacetime.
All representatives in the equivalence class of a Weyl manifold have the same conformal
structure.
4For a mathematical presentation of Weyl manifolds see Ref. [181]. We refer the reader
to Ref. [166] for an elegant discussion of Weyl structures following a constructive axiomatic
approach.
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Equation (5.1) defines the Weyl connection ∇Wλ , which is a particular case of a
connection with non-metricity (see e.g. Ref. [382]). The Levi-Civita connection
will instead be denoted by ∇LCλ . The connection coefficients are given by
Γσµν =
{
σ
µ ν
}
− 1
2
(
δσµ Bν + δ
σ
ν Bµ − gµν Bσ
)
. (5.2)
Notice that the l.h.s. of Eq. (5.2) is conformally invariant, even though both
terms in the r.h.s. are not, when considered separately. The derivation of
Eq. (5.2) is entirely analogous to that of the Christoffel symbols from the
metricity conditions satisfied by the Levi-Civita connection. In this case, one
should consider cyclic permutations of non-metricity condition (5.1) and expand
the connection coefficients as Christoffel symbols plus a rank-three tensor field.
The result follows from simple algebraic manipulations.
Under a local conformal transformation, also called Weyl rescaling, the
metric obeys the following transformation rule
gµν → g˜µν = Ω2gµν . (5.3)
Using Eq. (5.3) and the conformal invariance of the Weyl connection, one finds
that the Weyl one-form Bµ transforms as an Abelian gauge field
Bµ → B˜µ = Bµ + 2Ω−1∇Wµ Ω , (5.4)
so that the condition given by Eq. (5.1) is preserved. The connection coefficients
in Eq. (5.2) are by definition conformally invariant.
In a local chart, the Riemann curvature tensor of the Weyl connection has
components
R σµνρ = −∂µΓσνρ + ∂νΓσµρ − ΓσµκΓκνρ + ΓσνκΓκµρ . (5.5)
The Riemann tensor satisfies the following properties, as in the standard (metric)
case:
a) R σµνρ = −R σνµρ ;
b) R σ[µνρ] = 0, which follows from the symmetry of the connection coeffi-
cients, i.e. the vanishing of the torsion ;
c) ∇[λR σµν]ρ = 0 .
Antisymmetry over the last two indices, which holds in the metric case, is
replaced by
Rµνρσ = −Rµνσρ +Hµν gρσ , (5.6)
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where Hµν is the field strength of Bµ, defined as in electromagnetism
Hµν = ∇Wµ Bν −∇Wν Bµ = ∂µBν − ∂νBµ . (5.7)
The Riemann curvature of the Weyl connection, defined by Eq. (5.1), has the
following expression5
R σµνρ =R
0 σ
µνρ + δ
σ
[ν∇LCµ] Bρ + δσρ∇LC[µ Bν] − gρ[ν∇LCµ] Bσ
− 1
2
(
B[µ gν]ρB
σ + δσ[µBν]Bρ + gρ[µ δ
σ
ν]BλB
λ
)
.
(5.8)
In the last equation, R0 σµνρ is the Riemann tensor of the Levi-Civita connection.
It can be computed from Eq. (5.5), using the Christoffel symbols as the
connection coefficients
R0 σµνρ = −∂µ
{
σ
ν ρ
}
+ ∂ν
{
σ
µ ρ
}
−
{
σ
µ κ
}{
κ
ν ρ
}
+
{ σ
ν κ
}{ κ
µ ρ
}
. (5.9)
Defining the Ricci tensor by contracting the second and the fourth indices of
the Riemann curvature in Eq. (5.8)
Rµν = R
σ
µσν , (5.10)
one has
Rµν = R
0
µν +∇LCµ Bν +
1
2
Hµν +
1
2
gµν∇LCσ Bσ +
1
2
(BµBν − gµνBσBσ) . (5.11)
Note that, as a consequence of Eq. (5.6), the Ricci tensor is not symmetric. In
fact, one has
R[µν] = Hµν . (5.12)
The Riemann and the Ricci tensors are by definition conformally invariant.
The Ricci scalar is then defined as
R = gµνRµν . (5.13)
Under a conformal transformation the Ricci scalar reads
R→ R˜ = Ω−2R . (5.14)
5Square brackets denote antisymmetrisation, as in T[µν] = 12 (Tµν − Tνµ).
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Substituting Eq. (5.11) into Eq. (5.13), the Ricci scalar is
R = R0 + 3∇LCµ Bµ −
3
2
BµB
µ , (5.15)
where R0 is the Ricci scalar computed from the ordinary Riemann curvature,
Eq. (5.9).
We would like to give a geometric interpretation of the Weyl connection
introduced above, following Ref. [353]. To this end, let us consider a vector
field V µ and two vector fields Xµ, Y µ that are parallel transported (with the
Weyl connection) along the integral curves of V µ
V µ∇WµXν = V µ∇Wµ Y ν = 0 . (5.16)
Using Eqs. (5.16) and (5.1) one finds that the scalar product XµY µ satisfies
the following equation
V µ∇Wµ (XνY ν) = V µBµ (XνY ν) . (5.17)
Considering an integral curve γ of Vµ and two points x0, x1 ∈ γ, one has from
the solution of Eq. (5.17)
(XµY
µ) (x1) = (XµY
µ) (x0) exp
(∫ 1
0
dλ (V µBµ) (γ(λ))
)
. (5.18)
This equation states the path dependence of the scalar product of any two
vectors that are parallel transported along γ. The parameter λ is such that
dxµ
dλ = V
µ and γ(0) = x0, γ(1) = x1. We can define f(x) = (XµY µ) (x) and
introduce differential forms notation to rewrite Eq. (5.18) more compactly as
f(x1) = f(x0) exp
∫
γ
B . (5.19)
Considering a closed curve γ, i.e. such that γ(0) = γ(1) = x0, we have
f(λ = 1) = f(λ = 0) exp
∮
γ
B = f(λ = 0) exp
∫
Σ
H . (5.20)
In the last step of the chain of equalities (5.20) we used Stokes’ theorem and
H = dB to transform the integral over the closed curve γ into a surface integral
over the two-dimensional submanifold Σ, such that ∂Σ = γ. Eq. (5.20) gives
the analogue of the Aharonov-Bohm effect in Weyl geometry, where the Weyl
one-form B plays an analogous role to the gauge connection in Yang-Mills
theories. We conclude that, in general, scalar products of parallel-transported
vectors are path-dependent in Weyl geometry. Only in the case H = 0, i.e.
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when the Weyl one-form is pure gauge B = dω, is path-independence recovered.
This is the case considered in Ref. [353]. Note that when this happens the
Weyl spacetime is related to a Riemannian spacetime (i.e. one with a metric-
compatible connection) by a conformal transformation.
Similar observations were made by Einstein in his criticism of Weyl’s original
proposal. In fact, if we interpret the Weyl connection as a physical connection,
i.e. the one that prescribes how physical objects are parallel transported from
one spacetime event to another, Eq. (5.20) implies the so-called ‘second clock
effect’. This amounts to the fact that clock rates are influenced by their history
(unless H = 0, see above). Einstein also pointed out that such an effect would
be against the principle of identity of particles of the same type. In fact, since
a particle with rest mass m has a natural clock rate mc2ℏ−1, the mass itself
would be path-dependent in Weyl’s proposal [340]. However, we remark that
the Weyl connection is not necessarily the physical one, as it will be clarified
in the following sections of this chapter. In fact, the physical connection is the
one determined from the action principle and can a priori be different from
the Weyl connection. The latter will only be used as a tool to write down an
action functional that has local conformal invariance built in.
5.3 A geometric scalar-vector-tensor theory
5.3.1 The simplest model
Our aim is to build an action functional for gravity which is conformally
invariant. We will follow Smolin for its derivation [375]. From Eq. (5.14) we
see that the simplest action displaying such property is
Sg =
∫ √−g ξϕϕ2R , (5.21)
where ξϕ is a coupling constant and ϕ is a real scalar field transforming under
local rescalings, Eq. (5.3), according to its canonical dimensions
ϕ→ ϕ˜ = Ω−1ϕ . (5.22)
We impose the further requirements that the equations of motion shall contain
no derivatives higher than second order and no inverse powers of the scalar
field ϕ shall appear in the action. Equation (5.21) is therefore singled out
as the unique action satisfying the above conditions, in the case of a single
non-minimally coupled real scalar field. The scalar field contributes another
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term to the action
Ss =
∫ √−g [−ω
2
gµν
(
∂µϕ+
1
2
Bµϕ
)(
∂νϕ+
1
2
Bνϕ
)]
, (5.23)
where a minimal coupling to the Weyl one-form Bµ has been considered in order
to make the action consistent with the principle of local conformal invariance,
and ω is the Brans-Dicke parameter. Lastly, Bµ is made dynamical by adding
a kinetic term to the action
Sv =
∫ √−g [− 1
4f 2
HµνH
µν
]
, (5.24)
in complete analogy with electrodynamics. The field strength Hµν of Bµ is
defined as in Eq. (5.7). The action (5.24) is the Yang-Mills action for an Abelian
gauge field. It represents the most natural choice which is compatible with
local scale invariance, since the Yang-Mills action is conformally invariant in
four dimensions. The parameter f is a universal coupling costant. The action
Sg + Ss + Sv defines the extended gravitational sector of the theory.
The scalar field ϕ introduced above can be interpreted as a dilaton. In
fact, its expectation value gives the strength of the gravitational coupling.
However, since we are considering local conformal symmetry, the dilaton ϕ
can be eliminated by an appropriate gauge fixing, as we will show in the next
section. Gauge fixing also yields a massive vector Bµ in the spectrum, thus
preserving the total number of degrees of freedom. We should point out that
there are other gauge choices in which ϕ is instead dynamical, such as those
considered in Ref. [49].
5.3.2 Coupling the Higgs field to gravity
The theory given in the previous section can be immediately extended to include
the Standard Model Higgs field. In fact, we will show that it is possible to
embed the SM in a theory with local conformal invariance. As a result, all
dimensionful parameters such as the gravitational constant, the Higgs vev, as
well as the Higgs mass, and the cosmological constant, will all have a common
origin. The tensor sector is given by
Sg =
∫ √−g (ξϕ ϕ2 + 2ξH H†H)R , (5.25)
where ξϕ, ξH are dimensionless couplings. The Higgs kinetic term, including a
minimal coupling to the Weyl one-form, is given by
SH =
∫ √−g [−gµν (∂µH† + 1
2
BµH
†
)(
∂νH +
1
2
BνH
)]
. (5.26)
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When introducing Yang-Mills connections corresponding to the SM gauge group,
partial and covariant derivatives are replaced by gauge covariant derivatives.
We can then introduce a Higgs-dilaton potential as in Ref. [371],
V (ϕ,H) =
λ
4
(
H†H − κ2ϕ2)2 + λ′ϕ4 , (5.27)
where λ, λ′, κ are dimensionless parameters.
Fixing the gauge in such a way that ϕ takes a constant value ϕ0 everywhere
in spacetime, the Higgs-dilaton potential takes the form of the usual Mexican
hat potential, including a cosmological constant term, namely
V (ϕ,H) =
λ
4
(
H†H − κ2ϕ20
)2
+ λ′ϕ40 . (5.28)
We can write the Higgs doublet in the unitary gauge
H =
1√
2
(
0
h
)
. (5.29)
It is then readily seen that EW symmetry breaking fixes the values of the
gravitational coupling G, the Higgs vev v, as well as the Higgs mass µ, and the
cosmological constant Λ, in terms of the scale of conformal symmetry breaking
ϕ0, as (cf. Ref. [50])
Λ
8πG
= λ′ϕ40 ,
v2
2
= κ2ϕ20 ,
1
16πG
= ξϕ ϕ
2
0+ξH v
2 , µ2 = −λκ2ϕ20 . (5.30)
The conformally invariant theory of gravity given here can be seen as a
generalisation of other theories with local conformal invariance proposed in the
literature. Considering Eq. (5.15), we can rewrite the total action given by the
sum of the Sg, Ss, SH and Sv contributions from Eqs. (5.25), (5.23), (5.26) and
(5.24), respectively, and including the potential Eq. (5.27) as
S =
∫ √−g [ (ξϕ ϕ2 + 2ξH H†H)R0 − ω
2
∂µϕ∂µϕ− 1
2
(ω + 12ξϕ)ϕB
µ∂µϕ
− 1
8
(ω + 12ξϕ)ϕ
2BµB
µ − ∂µH†∂µH − 1
2
(1 + 12ξH)B
µ(H†∂µH + ∂µH†H)
− 1
4
(1 + 12ξH)H
†H BµBµ − 1
4f 2
HµνH
µν − λ
4
(
H†H − κ2ϕ2)2 − λ′ϕ4] ,
(5.31)
up to a surface term.
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5.4 EW symmetry breaking and the scalar-tensor-
vector gravity
As a consequence of the spontaneous breakdown of conformal and EW sym-
metries, the vector Bµ acquires a mass. This can be seen by looking at
Eqs. (5.23), (5.25), (5.26) and taking into account Eq. (5.15). In fact, excluding
interactions with other matter fields and with the Higgs boson, the action of
Bµ reads
Sv =
∫ √−g [− 1
4f 2
HµνH
µν − 1
2
m2B BµB
µ
]
, (5.32)
with
m2B = 3
(
ξϕ ϕ
2
0 + ξH v
2
)
+
ω
4
ϕ20 +
v2
4
=
3
16πG
+
v2
4
( ω
2κ2
+ 1
)
. (5.33)
It is possible to rewrite the action of the vector field in canonical form, by
expanding the first term in Eq. (5.32) and rescaling the field as Bµ → f Bµ.
We have
Sv =
∫ √−g [− 1
2
(
(DµBν)(DµBν)− (DνBµ)(DµBν)
)
− 1
2
f 2m2B BµB
µ
]
.
(5.34)
Hence, the physical mass squared of the vector is given by
m2v = f
2m2B . (5.35)
Equation (5.34) is the Proca action in a curved spacetime. Sources jµ for
the field Bµ come from the other sectors of the theory; they are covariantly
conserved, Dµjµ = 0, as a consequence of the minimal coupling prescription.
From the equations of motion one gets the subsidiary condition DµBµ = 0 (since
m2v ̸= 0), which restricts the number of degrees of freedom of the vector field to
three, namely two transverse modes and a longitudinal mode. Hence, counting
degrees of freedom before and after the breaking of conformal invariance gives
the same result. In analogy with the Higgs mechanism, we can say that the
vector field Bµ acquires a mass and a longitudinal polarisation mode as a result
of conformal symmetry breaking. The dilaton ϕ can be completely decoupled
from the theory by choosing a suitable gauge, as it happens for the Goldstone
boson in the unitary gauge (see however the remark at the end of Section 5.3.1).
In fact, a stronger result holds: the kinetic term of ϕ is identically vanishing,
which makes the field non-dynamical. Only its constant value ϕ0 appears in all
equations written in this gauge.
Before closing this section, we want to specify the connection between our
model and the ones in the literature about conformal invariance in gravity and
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cosmology. Choosing the particular values of the parameters ξH =
ξϕ
ω
= − 1
12
,
the Higgs and the dilaton fields are completely decoupled from the vector field,
which yields the action
S =
∫ √−g [− ( ω
12
ϕ2 +
1
6
H†H
)
R0 − ω
2
∂µϕ∂µϕ− ∂µH†∂µH − V (ϕ,H)
]
,
(5.36)
with V (ϕ,H) the Higgs-dilaton potential given from Eq. (5.27). Equation (5.36)
is the action of two scalar fields with conformal coupling to curvature; it is the
model considered in Ref. [50], for ω = −1. Writing the Higgs field in the unitary
gauge, the action Eq. (5.36) can also be seen as equivalent to the conformally
invariant two-field model of Ref. [247] with SO(1,1) symmetry.
5.5 Coupling to SM fields
So far, we have focused our attention on the gravitational sector of the theory,
given by the fields gµν , Bµ and ϕ, and considered their couplings to the Higgs
doublet. In this section we will focus on their couplings to SM fields and study
whether the framework of Weyl geometry introduces any modifications to such
sectors. We will discuss separately the cases of gauge bosons and spin-1/2
fermions (leptons and quarks).
Let us consider a gauge field Aaµ, where a is an internal index labelling
components in the Lie algebra of the gauge group. Its kinetic term is given by
the square of its field strength6, defined using the affine connection ∇Wµ
F aµν = ∇Wµ Aaν −∇Wν Aaµ + gfabcAbµAcν . (5.37)
It is well known that for all symmetric (i.e. torsion-free) connections ∇Wµ the
above can be rewritten as
F aµν = ∇LCµ Aaν −∇LCν Aaµ + gfabcAbµAcν = ∂µAaν − ∂νAaµ + gfabcAbµAcν . (5.38)
In particular, this is true in the case when ∇Wµ is the Weyl connection. Hence,
there is no direct coupling between the Weyl vector and gauge bosons. The
kinetic term of the gauge boson Aaµ is given by the standard Yang-Mills action
SYM = −1
4
∫ √−g F aµνF aµν , (5.39)
6g is the gauge coupling constant, fabc are the structure constants of the gauge group. In
the Abelian case the second term in Eq. (5.37) vanishes.
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which is conformally invariant in four dimensions. The scalar field ϕ is real in
our model, therefore it does not couple to ordinary gauge fields through the
minimal coupling prescription. Although it is certainly possible to generalise the
model to allow for non minimal couplings, they can potentially spoil conformal
invariance or renormalizability of the SM (or both).
The description of the dynamics of fermions on curved spacetime requires
the introduction of a tetrad and of a spin connection. The action of a massless
Dirac spinor is given by (see e.g. [336])
SDirac =
∫ √−g iψγceµc (∂µ + 18[γa, γb] e νa (∇LCµ eb ν)
)
ψ . (5.40)
Observe that Eq. (5.40) uses the Levi-Civita connection ∇LCµ . The reason for
this choice will be clear from the following. Latin indices are used for the
Lorentzian frame defined pointwise by the tetrad eaµ
eaµea ν = gµν , e
a
µe
b µ = ηab . (5.41)
ηab is the Minkowski metric diag(-1,1,1,1). The gamma matrices in Eq. (5.40)
are the flat ones {γa, γb} = 2ηab. Under a conformal transformation, each field
in Eq. (5.40) transforms according to its conformal weight
ψ → ψ˜ = Ω−3/2ψ, ψ → ψ˜ = Ω−3/2ψ, eaµ → e˜aµ = Ω eaµ . (5.42)
It is possible to check by explicit computation that, under such a transformation,
all terms involving derivatives of the function Ω cancel in Eq. (5.40). The
reader is referred to Appendix L for details. Hence, the action of a Dirac
fermion defined using the Levi-Civita connection is conformally invariant. The
same conclusion can also be reached by looking at the square of the Dirac
operator defined by Eq. (5.40). In this way, one finds a generalisation of the
Klein-Gordon equation with a non-minimal coupling to curvature, which turns
out to be conformally invariant [336, 269]. In Ref. [116] the action of a Dirac
particle was defined by considering a generalisation of Eq. (5.40) which makes
both terms in the bracket separately conformally invariant, when acting on ψ.
Namely, the Weyl connection is considered instead of the Levi-Civita connection
and the coupling to the Weyl vector is included, with the appropriate coupling
constant given by the conformal weight of the spinor∫ √−g iψγceµc (∂µ + 34Bµ + 18[γa, γb] e νa (∇Wµ eb ν)
)
ψ . (5.43)
However, it turns out that this action is equal to the one in Eq. (5.40), since
the terms involving the Weyl vector cancel exactly.
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We conclude this section by stressing that the requirement of local conformal
invariance does not introduce new direct couplings of the elementary matter
fields (with the only exception of the Higgs) with the new fields ϕ and Bµ.
Their interactions with leptons, quarks and gauge bosons can only be mediated
by the gravitational field gµν or the Higgs field. This has important implications
for the dynamics of matter in a gravitational field.
5.6 Motion of fluids and test particles
In the previous section we showed that the dynamics of free vector and spinor
fields is determined solely by the Levi-Civita connection. The only field in the
gravitational sector with whom they can interact directly is the metric tensor
gµν . A description of matter which is particularly convenient for applications
to macroscopic physics (e.g. astrophysics, cosmology) in certain regimes, is in
terms of perfect fluids. Following Ref. [95], the matter action for a perfect and
isentropic fluid is given by (see Section 1.4)
Smatter = −
∫ √−g [ρ( |J |√−g
)
+ Jµ(∂µχ+ βA∂µα
A)
]
. (5.44)
The Lagrange multiplier χ enforces particle number conservation. Additional
constraints can be imposed. In fact, interpreting αA (A = 1, 2, 3) as Lagrangian
coordinates for the fluid, the Lagrange multipliers βA impose the condition that
the fluid flows along lines of constant αA. The stress-energy tensor obtained
from the action Eq. (5.44) has the standard form
Tµν = − 2√−g
δSmatter
δgµν
= (ρ+ p)UµUν + p gµν , (5.45)
The dynamics of the fluid is obtained by looking at the stationary points
of the action (5.44). In particular, diffeomorphism invariance implies that the
stress-energy tensor is covariantly conserved
∇LCµTµν = 0. (5.46)
Notice that the local conservation law Eq. (5.46) is formulated in terms of the
Levi-Civita connection. We remark that, as it is well-known, Eq. (5.46) holds
for all types of matter (including elementary matter fields, which we considered
in the previous section) as long as interactions with other matter species are
negligible. The Higgs field represents an exception, since it has direct couplings
to the Weyl vector.
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Different regimes have to be considered for the dynamics of matter, de-
pending on the energy scale. Above the scale of EW symmetry breaking
(and regardless of the fact that conformal symmetry is broken or unbroken),
all particles are massless and can be described as a perfect radiation fluid
ρrad(n) ∝ n4/3. At lower scales and after the spontaneous breakdown of EW
symmetry, photons and neutrinos remain massless, while baryonic matter7 is
characterised by ρbar(n) ∝ n. As far as the dynamics of matter fields alone8 is
concerned, there is no difference with the corresponding equations obtained
in GR. Interactions with Bµ and ϕ can only be mediated by the gravitational
field gµν or the Higgs field H. As it is well known, the dynamics of a small
test body can be obtained from the conservation law Eq. (5.46) [195]. This is
readily seen for dust (p = 0), in which case the worldline of each dust particle
is a geodesic of the Levi-Civita connection, i.e. the four-velocity satisfies the
equation
Uµ∇LCµ Uν = 0 . (5.47)
Geodesic motion of test bodies is a consequence of the coupled dynamics of
the gravitational field and matter [195], not an independent physical principle.
Hence, the connection that is used to define the parallel transport of physical
objects is not an independent prescription fixed at the outset, but it is instead
a consequence of the dynamics. Although this is a well-known result in General
Relativity (see Ref. [195]), to the best of the authors’ knowledge it has not been
stressed previously in a non-Riemannian framework. In our case, the dynamics
follows from an action principle which we built using local conformal invariance
as an additional guiding principle. The Weyl connection is used as a tool to
implement this principle in a natural way in the gravitational sector. It turns
out that local conformal invariance in the sector of gauge bosons and spin-1/2
fermions does not require using a non-metric connection. The standard minimal
coupling to the gravitational field is enough to ensure that conformal invariance
holds as a local symmetry.
We would like to stress at this point that, although our approach is based on
Weyl geometry as a framework for a dynamical theory of gravity, it differs from
Weyl’s original formulation in certain important respects. The main objection
against Weyl geometry as a framework for gravitational physics is based on
a criticism moved by Einstein against Weyl’s original proposal. Einstein’s
argument is the following. If a vector is parallel transported along a closed
path, with parallel transport defined by the Weyl connection ∇Wµ instead of the
7As in the ordinary usage of the word by cosmologists, i.e. including leptons and actual
baryons.
8Again, with the exception of the Higgs field.
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Levi-Civita connection ∇LCµ , the norm of the vector changes as a result. This
would have obvious physical consequences. In fact, considering any two paths
in spacetime having the same starting and end points, rods lengths and clocks
rates would depend on their histories9. This is known as the second clock effect.
Any theory leading to such effects is clearly non-physical10.
It is worth stressing that this is an argument against the use of the Weyl
connection as the one defining parallel transport of physical objects, such as
rods and clocks. This is clearly not the case in our model. In fact, the dynamics
of all elementary matter fields (with the important exception of the Higgs) only
involves the Levi-Civita connection ∇LCµ . Hence, it does not entail any direct
coupling to the new fields in the gravitational sector. Classical test particles
move along geodesics defined by ∇LCµ , as in GR.
5.7 Conclusion
We considered an extension of GR and SM with local conformal invariance. The
purpose is to provide a new framework for the study of conformal symmetry and
its relation to fundamental physics at high energy scales. This is achieved by
considering a generalisation of Riemannian geometry, first introduced by Weyl
and later proposed by Smolin [375]. The affine connection is no longer given
by the Levi Civita connection, as only the conformal structure of the metric is
preserved by parallel transport. This leads to the introduction of a gauge vector
Bµ in the gravitational sector: the Weyl vector. A scalar field ϕ is also needed
in order to build a conformally invariant action functional. The framework is
that of a classical effective field theory of gravity. The interpretation of our
model is similar to that of quantum field theory in curved spacetime. SM fields
are quantised as usual, with gµν , Bµ and ϕ representing classical background
fields11.
Our model is a generalisation of previous works in the scientific literature
on conformal symmetry in gravity theories [50, 247], which can be recovered as
a particular case of our model. The main difference in our approach is due to
9The same argument would also apply for parallel transport given by other non-metric
connections ∇Wλ gµν = Qλµν with non-vanishing Weyl vector, defined as the trace of the
non-metricity Bµ = 14Q
λ
µλ .
10The Aharonov-Bohm effect is an analogue of this effect which is instead physical. In
that case though, the gauging is not done in physical space, as in Weyl’s original proposal,
but in the internal space given by the phase of the wave-function.
11This is clearly the case for the metric gµν and the Weyl vector Bµ since they define the
classical geometric structure of spacetime, see Eq. (5.1). In fact, either they are both classical
or both quantum. The status of the field ϕ is a more subtle issue and both cases are possible
a priori. Only a careful analysis of the implications of the two possibilities can determine
which one is correct.
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the introduction of a new geometric degree of freedom, represented by the Weyl
vector field entering the definition of the Weyl connection. Suitable choices of
some parameters of the theory lead to the decoupling of the Weyl vector from
the Higgs and the scalar fields. Although, in the general case its dynamics
cannot be neglected. After gauge fixing the conformal symmetry (which can be
interpreted as a spontaneous symmetry breaking) and EW symmetry breaking,
the Weyl vector acquires a mass and the scalar is completely decoupled from
the theory. The relevance of the scalar for low energy physics lies in the fact
that, through gauge fixing, it leads to the introduction of a physical scale in a
theory which is scale-free at the outset. All dimensionful parameters of the SM
and gravity can be expressed in terms of it and of the dimensionless parameters
of the theory.
5.8 Discussion
We would like to stress that the present model does not necessarily offer a
resolution of the naturalness (or hierarchy) problem. In fact, such problem
is now translated in the fine-tuning of its dimensionless parameters. Namely,
the hierarchy of the Planck versus EW scale leads to v2
M2Pl
=
ξϕ
2κ2
+ ξH ∼
10−34. Nevertheless, classical conformal invariance of the extended SM sector is
important as a guideline for model building, since it restricts the class of allowed
couplings to those having dimensionless coupling constants [234]. Furthermore,
the possibility of addressing the hierarchy problem in conformally invariant
extensions of SM has been considered in e.g. Ref. [301] and in earlier works
Refs. [98, 97]. In the models considered in those works, the EW and the Planck
scales are determined by non-trivial minima of the one-loop effective potential
in the Higgs-dilaton sector12. It will be the subject of future work to study
whether a similar mechanism could be implemented consistently within our
framework. In fact, whereas it is clear that the Weyl vector cannot be quantised
without also quantising the metric, one may speculate that the scalar field
ϕ should be treated on the same footing of matter fields and be regarded as
quantum. Hence, similar analysis as in the works cited above should be carried
out to check the viability of such working hypothesis. In the affirmative case,
it would be possible to address the important point concerning the exact value
of the scale ϕ0, which we regarded as a free parameter in this work13.
12The mechanism is a generalisation of the one originally proposed by Coleman and
Weinberg in Ref. [122].
13Similarly, the scale of ‘conformal symmetry breaking’ (gauge fixing) ϕ0 is a free parameter
in all models with classical conformal invariance see e.g. Refs. [50, 247].
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Einstein’s criticism to Weyl’s original proposal is addressed in our model,
which is not affected by the second clock effect. In fact, the affine connection
that defines parallel transport of physical obejcts, such as e.g. clocks and
rods, is the Levi-Civita connection. Test particles move along Levi-Civita
geodesics as in GR. We remark that this is not prescribed at the outset. It
is instead a consequence of the dynamics, which has been formulated using
conformal invariance as a guiding principle. The Weyl connection does play a
role in determining the gravitational sector of the theory, although it does not
determine the motion of test particels14. Furthermore, the introduction of the
Bµ field is necessary in order to build a conformally invariant action functional
for scalar fields in four dimensions, but has no (direct) effects on radiation and
baryonic matter.
SM fields do not couple to the new fields in the gravitational sector, with the
exception of the Higgs. Their interactions with ϕ and Bµ can only be mediated
by gravity or the Higgs field. In future work we will explore the physical
consequences of our model for cosmology and astrophysics. In particular, it
would be interesting to study whether ϕ and Bµ could represent valid dark
matter candidates. This was first hinted in Ref. [116] for the Weyl vector. If this
was the case, the interpretation would be substantially different from standard
dark matter. In fact, the Weyl vector should not be regarded, strictly speaking,
as matter but as a property of the spacetime geometry. Important viability
checks for the model require the determination of constraints on the couplings
of ϕ and Bµ to the Higgs that may come from collider physics. The Weyl
vector Bµ is a classical background field; hence, it can only contribute external
lines to the diagrams describing known processes. This would be true also for
the scalar ϕ, if this is to be regarded as classical. If, on the other hand, ϕ is
treated as a quantum field, there will be a new scalar entering loop diagrams.
In this case, it is crucial to determine which values of the coupling constants
(such as e.g. ξϕ, ξH) in the bare action are such that renormalizability of SM
is not spoiled (see e.g. the analysis in Ref. [125]). Addressing this question
may also help to shed some light on the ‘naturalness’ of the particular choice of
parameters15 ξH =
ξϕ
ω
= − 1
12
within the broader framework of Weyl geometry.
14It is remarkable that essentially the same observation was made by Weyl in a reply to
Einstein’s comment to his original paper. We quote from the English translation contained in
Ref. [320]: “It is to be observed that the mathematical ideal of vector-transfer (Author’s Note:
i.e., parallel transport), on which the construction of the geometry is based, has nothing to
do with the real situation regarding the movement of a clock, which is determined by the
equations of motion”.
15Commonly known as conformal couplings, since in the standard framework of Riemannian
geometry these are the unique values that make the kinetic terms of ϕ and H conformally
invariant.
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The phenomenology of the model should be studied in detail both in the case
where ϕ is quantised and when it represents instead a classical background.
Detailed studies of the consequences for gravitational experiments are also
in order and will be the subject of future work. In particular, we plan to
explore in a future work the possible observable consequences of the enriched
gravity sector and its implications for astrophysics and cosmology. It is also
worth studying the possible relations between our model and modified gravity
theories such as the one considered in Ref. [307].
Part III
Conclusion
Chapter 6
Concluding Remarks and Outlook
In this thesis we studied the consequences of quantum gravitational effects in
cosmology. The problem was tackled using two alternative plans of attack,
which are complementary to each other. More specifically, in the first part of
this work (Chapters 2 and 3) we considered non-perturbative and background
independent approaches to Quantum Gravity (or Quantum Cosmology). Their
implications for the dynamics of the cosmological sector in the quantum theory
were then studied in detail. Depending on the approach, particular attention
was paid to the effective dynamics of the emergent spacetime, or to semiclassical
dynamics. In the second part (chapters 4 and 5), we considered classical effective
theories of gravity. In this case, an attempt was made to relate the departures
from general relativity introduced by these theories to the phenomenology of
gravitational physics on large scales, generally ascribed to a dark sector.
In the first chapter we reviewed the formulation of the standard cosmological
model, which is based on classical General Relativity and assumes FLRW
spacetime as a background. We focused our attention on the dynamics of the
background, which is most relevant for comparison with our results presented
in the next chapters. Our exposition is intentionally non-standard, and the
emphasis is on the physical concepts and mathematical tools needed for our
applications.
In the second chapter we studied an extension of the standard minisuper-
space quantum cosmology in the geometrodynamics formulation, also known
as Wheeler-DeWitt approach. The Wheeler-DeWitt equation is generalised
by the inclusion of extra terms (interactions) which preserve the linearity of
the theory. We considered a closed universe with a massless scalar field, for
which wave packet solutions with suitable semiclassical properties exist and
are known in the literature. We developed fully general perturbative methods,
that can be applied to study the perturbations of such wave packets caused by
the new terms.
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Using the massless scalar as internal time, we divide the interaction terms
in two broad classes: those that depend on the internal time, and those that
are independent from it. In both cases, we determined the Green function of
the Wheeler-DeWitt operator, subject to suitable boundary conditions. In the
‘time’-independent case the Green function is obtained from a fundamental
solution of the one-dimensional Helmoltz equation with an exponential potential.
The solution can be computed exactly and depends on a real parameter, which
is linked to the choice of boundary conditions at the singularity. In the
‘time’-dependent case, the Green function of the Wheeler-DeWitt operator
was computed non-perturbatively by means of a conformal transformation in
two-dimensional minisuperspace, and using an appropriate generalisation of the
method of image charges in electrostatics. The boundary conditions satisfied
by the propagator at the big-bang and big-crunch singularities can be seen as a
generalisation of the Feynman causal boundary conditions in ordinary quantum
field theory.
As an application, we considered the case of a white noise interaction, which
we argued can be used to give an effective description of the influence of the
microscopic degrees of freedom on the background. The perturbed wave packet
retains the properties of semiclassicality of the unperturbed state. Moreover,
the cosmological arrow of time is unaffected and can be identified (at the
background level) with the direction of increasing scale factor, as previously
suggested in the literature for the unperturbed solutions.
It will be interesting to study in detail in a future work the connection
between different boundary conditions imposed on the solutions of the Wheeler-
DeWitt equation and integration contours in the path-integral formulation
of Lorentzian quantum cosmology. We remark that the techniques we used
are fully general and do not rely on specific choices of the extra interaction
terms, which makes them suitable for applications in different contexts. It is
worth observing that the Green functions obtained in this work can find an
application also in areas of physics that are unrelated to quantum cosmology,
and where the dynamics is governed by the Klein-Gordon equation with an
exponential potential. Possible examples may come from atomic and condensed
matter physics.
In the third chapter we considered the Group Field Theory approach to
Quantum Gravity and its emergent cosmology. In this scenario the dynamics
of the expansion of the universe is governed by an effective Friedmann equation
including quantum gravitational corrections. Such effective cosmological dy-
namics is obtained by considering a particular class of states, namely coherent
189
states, in the Fock space of the theory. Equivalently, the dynamics can be
derived by means of a mean field approximation of the microscopic theory.
It was shown in the literature that in this scenario the classical initial
singularity is avoided and the solutions of the effective Friedmann equation are
characterised by a bounce taking place at a small volume. By considering a mean
field with only one monochromatic component, we showed that such behaviour
of the solutions is generic and does not depend on the initial conditions, nor on
the inclusion of interaction terms. In particular, in the non-interacting case we
found exact analytic solutions of the model and identified an era of accelerated
expansion which accompanies the bounce.
The number of e-folds during the era of accelerated expansion turns out
to be much smaller compared to inflationary models. This shortcome of the
non-interacting model is overcome by the inclusion, in the effective dynamics
of Group Field Theory, of suitable interactions, which in our work are phe-
nomenologically motivated. Thus, we showed that by an appropriate choice of
the interactions it is possible to achieve an arbitrarily large number of e-folds,
without having to introduce an inflaton field. In particular, the strength of
the interactions can be adjusted so as to match typical values obtained in
inflationary models.
In Group Field Theory, interactions are especially important due to their
geometric interpretation in the microscopic theory. Thus, our results seem to
be hinting at a deeper connection between phenomenological aspects of the
emergent cosmology and fundamental ones of the underlying Quantum Gravity
model. We showed that interactions also lead to a recollapse of the universe after
it reaches a maximum volume, which happens under fairly general conditions
imposed on the potential. This result, together with the bounce taking place
at small volumes, implies a cyclic evolution of the emergent universe.
Considering the Group Field Theory formulation of the EPRL model for
Quantum Gravity, we studied the dynamics of non-monochromatic perturba-
tions of the mean field. Such perturbations represent microscopic anisotropies
of the fundamental building blocks of quantum geometry. We identified a region
of parameter space such that non-monochromatic perturbations decay rapidly
away from the bounce. Furthermore, we showed that for suitable values of the
initial conditions and of the interaction strength, perturbations can become
negligible before the interactions kick in.
Future work should aim at making the model more realistic, in order to
extract quantitative predictions and establish a link with cosmological observa-
tions. More precisely, more general types of matter need to be introduced, going
beyond the simplest case of a minimally coupled massless scalar field. More
work is also needed to understand the precise role and the physical meaning of
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graph connectivity, i.e. correlations between different nodes, from the point of
view of macroscopic physics. In fact, in the mean field approximation that we
considered such information is lost, and the geometry of the emergent spacetime
is essentially determined by that of a single tetrahedron.
The anisotropies considered in our work are microscopic ones (non-monochromaticity).
In principle, we expect them to be related to macroscopic anisotropies, although
no clear correspondence between the two has been established so far. To this
end, a suitable set of observables must be identified in the quantum theory,
that can quantify the anisotropies of a given geometry. This would enable us
to put the correspondence between microscopic and macroscopic anisotropies
on more solid ground. At the same time, we will be able to understand in more
precise terms the geometric properties of the emergent spacetime for generic
group field theory condensate states.
In the fourth chapter we modified the Einstein equations of classical General
Relativity by allowing for a dynamical gravitational constant. Consistency with
the Bianchi identities is achieved by introducing an extra source of stress-energy,
which we interpreted as dark energy. We considered a model in which the
gravitational constant is subject to stochastic fluctuations. The dynamics of
a FLRW universe in this model was studied in detail. The energy density of
the universe at late times is dominated by an effective cosmological constant,
which is defined by a stochastic integral. Our results show that the probability
of having a positive value for the cosmological constant in this model is very
close to one.
In a future work, we plan to extend such a toy model and to go beyond the
strictly homogenous and isotropic case considered here. In order to do so, more
input is needed to specify the stochastic dynamics of the effective gravitational
‘constant’. Importantly, a generalisation of our model will necessarily entail
a generalisation of fluctuation-dissipation theorems to the gravitational case.
In fact, dissipation was not considered in our model as a first approximation.
However, it can potentially play an important role in determining the evolution
of macroscopic physical variables and may have an impact on the behaviour of
gravity on large scales.
In the fifth chapter we reconsidered Weyl geometry as a framework for
an extension of General Relativity that is compatible with the principle of
local conformal invariance. Conformal symmetry is spontaneously broken
in a way that is compatible with electroweak symmetry breaking via the
Higgs mechanism. All the dimensionful parameters in the Standard Model
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and gravitational physics are determined by the scale of conformal symmetry
breaking and dimensionless couplings in the model.
The new geometric framework leads to the introduction of new fields in
the gravitational sector of the theory, namely a scalar field (dilaton) and the
Weyl vector. Standard Model fields have no direct couplings to the Weyl
vector, whose interactions with matter can only be mediated by the Higgs
and gravitational fields. Test particles in free-fall move along geodesics of
the Levi-Civita connection as in General Relativity. Deviations from General
Relativity in the gravitational field equations are introduced by the non-minimal
coupling of the scalars (Higgs and dilaton) and by the Weyl vector. After the
spontaneous breakdown of the conformal and electroweak symmetries, the Weyl
vector becomes massive. We argued that it can be interpreted as dark matter.
The most intriguing aspect of the model is the fact that it provides (at
least) one dark matter candidate, namely the Weyl vector. There is a similarity
with so-called Higgs portal model which deserves further investigation. In
future work we expect to put constraints on the parameters of the model which
may arise from particle physics experiments and astrophysical observations. If
such a scenario is viable, dark matter would have quite a different origin from
what is currently believed. In fact, it would represent a geometric property of
spacetime and an observable signature of the departure from the Riemannian
case.
For all approaches considered in this thesis, our aim has been to work out the
consequences of the underlying quantum nature of spacetime for macroscopic
physics. In particular, we focused on the implications for cosmology. In fact,
this is the arena in which quantum gravitational effects have a possibility of
being observed for the first time, due to the rapid development of the field
of precision cosmology. There is a possibility that a better understanding of
Quantum Gravity may shed light on the main open questions in the standard
ΛCDM cosmological model. It may, for instance, offer an explanation on
the origin of dark matter and dark energy, and provide a justification of the
inflationary paradigm from a more fundamental point of view.
The development of Quantum Gravity is primarily motivated by the need
to address some long-standing problems in theoretical physics, such as the
incompatibility of quantum mechanics and general relativity, and the resolution
of spacetime singularities. A fundamental theory of Quantum Gravity has yet
to be established, although there are many competing candidates. Progress in
this field ultimately rests on the possibility of recovering General Relativity
(and the Standard Model) in some limit, and predicting new phenomena beyond
the regime of validity of such theories. Therefore, it is vital to make contact
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with macroscopic physics, particularly in those regimes where new phenomena
are expected to take place, or when the classical description breaks down. The
work presented in this thesis represents a first step in this direction, although
more progress is needed to extract quantitative predictions from the models we
considered.
Research in Quantum Gravity is multi-faceted and, as such, it does not
proceed only in one direction. However, there is a hope that the combined
efforts made in different directions may converge at some point, and will thus
be beneficial for the field as a whole. Insights and even partial results obtained
in one approach can motivate further progress in another one. Ultimately,
progress in our understanding of the laws of physics at a fundamental level is
driven by the need to explain experimental data. Thus, present day cosmology
offers a unique opportunity to put Quantum Gravity theories to test and probe
the properties of the fabric of spacetime at the smallest length scales.
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Part IV
Appendices
Appendix A
Energy Conditions
In this appendix we review briefly the formulation of some energy conditions
in relation to their significance in Cosmology. The energy conditions represent
different mathematical realisations of our physical intuition concerning positivity
of the energy of matter fields, as measured by local observers. They play an
important role in General Relativity, since suitable energy conditions must be
assumed in order to prove singularity theorems.
The strong energy condition (SEC) states that(
Tµν − 1
2
Tgµν
)
W µW ν ≥ 0 , (A.1)
for any time-like four-vector W µ. By continuity, this inequality must hold
also for all null four-vectors. The particular form of SEC is motivated by a
convergence condition imposed on timelike congruences of geodesics (which
satisfy the Raychaudhuri equation), assuming that the Einstein equations hold
(see Ref. [230]). SEC is one of the underlying assumptions of the singularity
theorems formulated by Hawking and Penrose. As such, it has an important
role in General Relativity. Other formulations of the singularity theorems only
require a weaker inequality, namely the null energy condition, which we will
discuss later.
We want to find a more convenient way to re-express this condition in the
case of a perfect fluid with stress-energy tensor given in Eq. (1.50)
Tµν = (ρ+ p)UµUν + p gµν . (A.2)
Uµ is the four-velocity of the fluid and satisfies UµUµ = −1. A generic time-like
four-vector W µ can be expressed as follows
W µ = αUµ + βV µ , (A.3)
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where α, β are two real parameters and V µ is a normalised spatial four-vector,
thus satisfying VµV µ = 1. By construction we have
UµVµ = 0, |α| > |β| . (A.4)
Given the isotropy of the fluid, see Eq. (A.2), V µ is an eigenstate of the
stress-energy tensor with eigenvalues given by the fluid pressure
TµνV
ν = p Vµ . (A.5)
Explicit evaluation of the l.h.s. of the inequality (A.1) yields
1
2
(ρ+ 3p)α2 +
1
2
(ρ− p)β2 ≥ 0 , (A.6)
which is true if and only if
ρ+ 3p ≥ 0 , (ρ− p) ≥ 0 . (A.7)
Hence, the last two inequalities are equivalent to SEC. They give strong bounds
on the pressure. For a fluid satisfying the equation of state
p = w ρ , (A.8)
one gets the following range for the equation of state parameter w
− 1
3
≤ w ≤ 1 . (A.9)
This is satisfied for instance by dust and radiation but is clearly violated in
other cases, such as e.g. vacuum energy (w = −1), ekpyrotic terms (w ≫ 1)
and scalar fields (e.g. quintessence or the inflaton).
The inequality (A.6) holds inside the light-cone, where |α| > |β|. By
continuity, it also holds on the boundary of the light-cone, i.e. for null four-
vectors. Hence, (A.6) is true as long as the non-sharp inequality |α| ≥ |β| is
satisfied. This can be used to find the upper bound of the l.h.s. of the inequality
(A.6). In fact, we have on the light-cone (i.e. for α = β)
(ρ+ p)α2 ≥ 0 , (A.10)
which implies
ρ+ p ≥ 0 . (A.11)
The last inequality can also be obtained by trivial algebraic manipulations of
the two inequalities (A.7). Moreover, we note that (A.11) and the second of
222
(A.7) together imply positivity of the energy density
ρ ≥ 0 . (A.12)
The importance of SEC for Cosmology can be seen by looking at the second
Friedmann equation, Eq. (1.21)
a¨
a
= −4πG
3
(ρ+ 3p) . (A.13)
From the second inequality (A.7) we see that the acceleration in the expansion
of the Universe is always negative as long as SEC is satisfied. This is indeed
the case for ordinary types of matter, including dust and radiation. However,
SEC does not hold in general, i.e. for any type of matter. In fact, it is
fairly easy to violate it by considering a matter field with self-interactions or
non-minimal coupling to gravity, see e.g. [230, 406]. Violations of SEC are
crucial in Cosmology, since they provide a natural way to accommodate for
accelerated expansion within the framework of classical General Relativity, as
in inflationary models.
At this point, we would like to discuss how SEC can be violated using a
scalar field. The energy density and pressure of a scalar field ϕ are given by
Eqs. (1.16) and (1.18), respectively
ρϕ =
(
1
2
ϕ˙2 + V (ϕ)
)
, (A.14)
pϕ =
(
1
2
ϕ˙2 − V (ϕ)
)
. (A.15)
Even if the potential is positive, which ensures ρϕ ≥ 0, it is possible to
accommodate for a negative pressure which is large enough so as to violate the
first inequality in (A.7). A sufficient condition for SEC violation is
V (ϕ) > ϕ˙2 . (A.16)
This is indeed the case in slow-roll inflation, where the potential of the scalar
field is assumed to be dominant over its kinetic energy.
A weaker condition than SEC is given by the null energy condition (NEC),
which states that the inequality (A.1) only holds on the light-cone. Hence, we
have
TµνK
µKν ≥ 0 , (A.17)
for any null four-vector Kµ. In the case of a perfect fluid, this is equivalent to
the following inequality
ρ+ p ≥ 0 . (A.18)
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NEC is one of the hypothesis in Penrose’s singularity theorem [339] and also
plays a role in Cosmology. More specifically, this is the relevant condition
which needs to be violated in GR for cosmological singularity resolution, see
Ref. [363]. This is best seen by looking at the evolution equation for the Hubble
rate H = a˙
a
, which can be obtained combining the two Friedmann equations
H˙ = −4πG(ρ+ p) + K
a2
. (A.19)
If NEC is violated, the Hubble rate can increase1. This is accompanied by an
increase in the energy density, according to the continuity equation
dρ
dt
= −(ρ+ p)H . (A.20)
1The Hubble rate is decreasing in the open (K=-1) and flat (K=0) case, for matter
satisfying NEC. The case of a closed Universe (K=1) is more delicate and deserves separate
discussion, see Ref. [363].
Appendix B
Dirac’s formalism for constrained
Hamiltonian systems
Many interesting physical systems which admit a Lagrangian description are
characterised by the existence of functional relations between the canonical vari-
ables, called constraints. In fact, this is typical of all fundamental interactions,
including gravity. In these cases the Legendre transformation is not invertible,
since the Hessian of the Lagrangian with respect to the velocities is degenerate.
Therefore, it is not possible to construct a Hamiltonian function following the
usual procedure. It is nevertheless possible to provide a canonical formulation
of the dynamics by appropriately taking into account the constraints. This
can be done by following Dirac’s algorithm, which we will briefly outline in
this appendix following Refs. [157, 235] closely1. For a more complete treat-
ment we refer the reader to the many excellent reviews on the subject, e.g.
Refs. [235, 384, 420, 222]. For simplicity, we will illustrate the procedure in
the case of a system with a finite number of degrees of freedom, although it
is possible to generalise it to the case of an infinite (continuous) number of
degrees of freedom (fields). This is actually the case which is relevant for most
applications in theoretical physics. We will consider some physically relevant
examples that show how the procedure works in the case of generally covariant
systems.
1The reader is referred to those references for technical details which we will omit for
brevity.
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Canonical formulation of a system with constraints
Let us consider a physical theory with Lagrangian L(qi, pi) and canonical
momenta2
pi =
∂L
∂q˙i
. (B.1)
We assume that there is a set of functionally independent constraints3
ϕm(q, p) = 0 , m = 1, . . . ,M. (B.2)
These are called primary constraints. The canonical Hamiltonian is defined as
Hc = piq˙
i − L. (B.3)
Its variation depends only on the variation of the position and that of the
momenta, and is independent from the variation of the velocities. This implies
that Hc = Hc(qi, pi) does not depend on the velocities. However, this is not
enough for a constrained system. In fact, the canonical Hamiltonian does not
take into account the fact that some of the momenta can be expressed in terms
of the remaining ones by means of the primary constraints4 (B.2). We are thus
led to introduce a new Hamiltonian, which includes a linear combination of the
primary constraints
H∗ = Hc + umϕm . (B.4)
The coefficients um are to be treated as Lagrange multipliers and are arbitrary
functions of time (as well as of q and p). The inclusion of the primary con-
straints in the Hamiltonian makes the Legendre transformation invertible. The
Hamiltonian equations of motion obtained from Eq. (B.4) read as
q˙i =
∂Hc
∂pi
+ um
∂ϕm
∂pi
, (B.5)
p˙i = −∂Hc
∂qi
− um∂ϕm
∂qi
. (B.6)
2We remark that the ‘time’ used in the definition of the velocity and that also appears in
the action functional S =
∫
dt L is not necessarily a coordinate time. Even though this is
a possible choice even in a relativistic theory, it is by no means the only one. In fact, we
will consider in this appendix several examples in which the time parameter is devoid of any
physical meaning.
3These are subject to some regularity conditions, see Ref. [235].
4As it turns out, the canonical Hamiltonian is identically vanishing for systems that are
reparametrisation invariant. See the examples below in this appendix.
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The time derivative of a function f defined on phase-space is given by its
Poisson bracket with the Hamiltonian H∗ in Eq. (B.4)
{f,H∗} = {f,Hc}+ um{f, ϕm} . (B.7)
We remark that constraints must be imposed only after Poisson brackets are
computed. In particular, this applies to the derivation of the equations of
motion (B.5). In this sense, the constraint equations are understood with the
sign of weak equality
ϕm(q, p) ≈ 0 . (B.8)
The constraints define a hypersurface in phase space, known as the constraint
hypersurface. Such hypersurface must be stable under time evolution. This leads
us to impose the requirement that the time derivative of primary constraints
must (weakly) vanish
0 ≈ ϕ˙m = {ϕm, Hc}+ un{ϕm, ϕn} . (B.9)
Such consistency conditions can either lead to relations that are independent
of the u’s (i.e. a new constraint), or impose a restriction on the u’s (see
Refs. [235, 157] for details). The new constraints generated in this way are
called secondary constraints and will in turn lead to new consistency conditions.
The procedure outlined above must be iterated until new secondary constraints
or restrictions on the u’s can no longer be generated. The set of secondary
constraints will be denoted by
ϕk ≈ 0 , k = 1, . . . , K . (B.10)
Although they arise in different ways from a Lagrangian point of view, the
distinction between primary and secondary constraints is not relevant for our
purposes and they will be treated on the same footing in the final form of the
theory. Hence we will denote them collectively using a uniform notation
ϕj ≈ 0 , j = 1, . . . ,M +K ≡ J . (B.11)
Assuming that Eq. (B.11) specifies a complete set of constraints, i.e. it
does not lead to any further secondary constraints, the consistency conditions
between them lead to restrictions on the Lagrange multipliers un. We have the
inhomogeneous linear system
{ϕm, Hc}+ un{ϕm, ϕn} ≈ 0 , (B.12)
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where the un must be regarded as the unknowns. Provided the system is
compatible (otherwise the dynamics would be inconsistent), the solution is
given by
um = Um + Vm , (B.13)
where Um is a particular solution of the inhomogeneous system and Vm represents
the general solution to the associated homogeneous system
Vn{ϕm, ϕn} ≈ 0 . (B.14)
This is expressed as a linear combination of linearly independent solutions
Vm = vaVam, with a = 1, . . . , A = J−r, where r is the rank of the homogeneous
system5. Thus, we have
um ≈ Um + vaVam . (B.15)
We can now substitute the solution (B.15) into the Hamiltonian (B.4). This
will give us the total Hamiltonian, which includes the primary constraints and
the consistency conditions
HT = H
′ + vaϕa . (B.16)
The two terms in Eq. (B.16) respectively include the contributions to um coming
from the consistency conditions and those that instead remain arbitrary
H ′ = Hc + Umϕm , (B.17)
ϕa = Vamϕm (B.18)
The equations of motion obtained from the total Hamiltonian (B.16) are by
construction equivalent to those obtained from the variational principle in the
Lagrangian formulation.
There is another classification of constraints, that is physically more impor-
tant than the one in primary and secondary constraints. We define a function
R (not necessarily a constraint) to be first class if it has (at least weakly)
vanishing Poisson brackets with all of the other constraints
{R, ϕj} ≈ 0 , j = 1, . . . , J . (B.19)
5This does not vary moving along the constraint hypersurface if we assume that the rank
of {ϕm, ϕn} is a constant there.
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The Poisson bracket of two first class constraints is also first class. Hence, it is
strongly equal to a linear combination of first class constraints
{ϕi, ϕj} = fkijϕk . (B.20)
Equation (B.20) shows that first class constraints close an algebra. Notice that
the coefficients fkij are a priori functions of q and p. If the condition (B.19) is
not satisfied, i.e. there is at least one constraint such that Eq. (B.19) is not
satisfied, the constraint is called second class.
It is possible to show that H ′ is first class. The primary constraints ϕa are
also first class. It is worth pointing out that the splitting of HT (B.16) into
H ′ and a linear combination of primary constraints with arbitrary coefficients
vaϕa is also arbitrary. In fact, the quantities Um can be any solution of the
inhomogeneous system (B.12), i.e. they are defined up to a solution of the
associated homogeneous system.
The importance of first class constraints lies in the fact that first class
primary constraints can be identified with generators of gauge transformations,
i.e. they do not change the physical state. In order to show this, let us consider
a dynamical variable F . Considering the evolution generated by the total
Hamiltonian from t to t+ dt and a variation δva of the coefficients, one has
δF = δva{F, ϕa} . (B.21)
Since the coefficients va are entirely arbitrary, states related by such trans-
formation correspond to the same physical state. Dirac conjectured that all
first class constraints (i.e. including secondary ones) are generators of gauge
transformations6. In the quantisation of constrained systems all first class
constraints are treated on the same footing, i.e. Dirac’s conjecture is assumed
to hold.
It is possible to define the extended Hamiltonian, that also accounts for the
gauge degrees of freedom corresponding to the secondary first class constraints
HE = H
′ + uaγa , (B.22)
with the index a running over a complete set of first class constraints, here
denoted by γa. It is worth observing that, strictly speaking, only the total
Hamiltonian HT follows directly from the Lagrangian. In fact, the extended
Hamiltonian HE introduces more arbitrary functions of time. The introduction
6It is actually possible to construct counterexamples to such conjecture, see Ref. [235].
However, the conjecture holds for all physically relevant systems that have been studied so
far.
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of HE is nevertheless natural from the canonical point of view, since it allows
to treat all of the gauge degrees of freedom on the same footing. The dynamics
generated by the three Hamiltonian function H ′, HT and HE are of course
equivalent, i.e. they are the same up to gauge transformations.
Second class constraints deserve a separate discussion and require the
introduction of a new mathematical object, known as the Dirac bracket. Since
the systems we will be dealing with only have first class constraints, we will not
discuss this topic and refer the interested reader to the references given above.
Examples
In this section we wish to give two basic examples, drawn from Ref. [256],
illustrating the canonical formulation of familiar systems obtained using the
Dirac algorithm. Both examples share one of the most important features of
the dynamical theory of the gravitational field, as given by GR, which is that
of being reparametrisation invariant. An important consequence of this is that
the Hamiltonian theory turns out to be fully constrained.
The simplest example of a constrained system is the relativistic particle,
with action
S = −m
∫
dt
√−x˙µx˙µ . (B.23)
The integration is over the world-line of the particle. The parameter t is entirely
arbitrary and shall not be confused with a coordinate time. In fact, the action
(B.25) is invariant under time reparametrisations t → f(t). The canonical
momenta are
pµ = m
x˙µ√−x˙µx˙µ . (B.24)
The Lagrangian is a homogenous function of the velocities of degree one, which
implies that the canonical Hamiltonian Hc = pµx˙µ − L is identically vanishing.
Following the above discussion, this must be understood in the sense of a weak
equality in phase-space
Hc = pµp
µ +m2 ≈ 0 . (B.25)
Thus, the total Hamiltonian is
HT = NHc . (B.26)
Equation (B.26) shows that HT is a primary first class constraint. Since HT is
the generator of time evolution, we conclude that evolution in the parameter t
is actually a gauge transformation, i.e. it does not change the physical state.
Since H ′ = 0, the system is said to be fully constrained. This is typical of
reparametrisation invariant systems.
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Another example is offered by the bosonic string, i.e. a one-dimensional
object moving in a higher-dimensional (flat) spacetime. Its dynamics is given
by the Nambu-Goto action
S = − 1
2πα′
∫
d2σ
√
|detGαβ| . (B.27)
Here α′ is the Regge slope and Gαβ the induced metric on the world-sheet7,
parametrised by σα
Gαβ = ηµν
∂Xµ
∂σα
∂Xν
∂σβ
. (B.28)
The Nambu-Goto action is invariant under world-sheet reparametrisations
σα → fα(σβ). The Hamiltonian density is given by
H = NH⊥ +N1H1 . (B.29)
The two functions N , N1 are Lagrange multipliers and one has the following
first class constraints8
H⊥ = 1
2
(
P 2 +
(∂σ1X)
2
4π2(α′)2
)
≈ 0 , (B.30)
H1 = Pµ∂σ1Xµ ≈ 0 . (B.31)
We can construct the smeared generators of deformations
H⊥[N ] =
∫
dσ1 NH⊥ , (B.32)
H1[N
1] =
∫
dσ1 N1H1 . (B.33)
They generate σ0 and σ1 reparametrisations, respectively. They close the
following algebra of world-sheet deformations (cf. Refs. [297, 312, 212, 393])
{H⊥[N ], H⊥[N˜ ]} = H1[N∂σ1N˜ − N˜∂σ1N ] , (B.34)
{H⊥[N ], H1[N1]} = H⊥[N∂σ1N1 −N1∂σ1N ] , (B.35)
{H1[N1], H1[N˜1]} = H1[N1∂σ1N˜1 − N˜1∂σ1N1] . (B.36)
This is a realisation of the Lie algebra of the diffeomorphism group in 1+1
dimensions.
7The world-sheet is the two-dimensional submanifold spanned by the string in its motion.
8σ1 denotes the space-like coordinate on the world-sheet.
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Quantisation
We will discuss the Dirac quantisation scheme for a system with first class
constraints and assume that there are no second class constraints9. For the
more general case, the reader is referred to Refs. [157, 235].
One starts off with a kinematical Hilbert space Hkin. The first class con-
straints are then imposed as restrictions on the physically allowed wave functions
[256]. That is, considering a set of classical (first class) constraints ϕa(q, p) ≈ 0
and a quantisation map, we require
ϕˆaψ = 0 . (B.37)
The set of solutions of the constraint equations (B.37) defines the physical
Hilbert space Hphys. Notice that consistency of the quantisation scheme de-
mands that all of the first class constraints (i.e. both primary and secondary)
must be treated on the same footing [235].
Applying the Dirac quantisation procedure to the free particle (see above),
and using the standard quantisation rule pµ → −i∂µ (setting ℏ = 1) we obtain
0 = HˆTψ = (−∂µ∂µ +m2)ψ , (B.38)
which is the Klein-Gordon equation. The quantisation of the bosonic string is
more delicate due to the presence of anomalies [393].
9Second class constraints play nonetheless an important role in some physical situtations.
In fact, they naturally arise when a gauge fixing is introduced [235]. Second class constraints
also occur in the case of the superstring with spacetime supersymmetry [213] and in the case
of gravitational theories including torsion [172].
Appendix C
Canonical formalism for classical
GR: the ADM action
In this Appendix we briefly review the ADM formulation of GR, following
Ref. [256]. The ADM formalism made its first appearance in the seminal
paper [20]1. In order to construct a canonical formulation for a dynamical
theory of the gravitational field, such as GR, we need to introduce a foliation of
spacetime. Thus, we assume that the spacetime (M, g) is globally hyperbolic2;
therefore, it has topology M ≃ R × Σ, where Σ is a Cauchy surface. The
foliation corresponds to the existence of a global time function t, with associated
vector field tµ satisfying tµ∇µt = 1. The induced metric on the space-like sheets
Σt of the foliation is
hµν = gµν + nµnν , (C.1)
where nµ is a hypersurface orthogonal vector, normalised to nµnµ = −1.
We introduce the following decomposition of tµ into its normal and tangential
components to Σt
tµ = Nnµ +Nµ . (C.2)
N is called the lapse function, whereas Nµ is the shift vector and it is tangent
to Σt. Hence, the metric reads as
ds2 = −(N2 −NiN i)dt2 + 2Nidtdxi + hijdxidxj . (C.3)
By means of such 3+1 decomposition and performing a Dirac analysis of the
constraints, one finds that the Einstein-Hilbert action of GR leads to the
Hamiltonian
H =
∫
d3x H =
∫
d3x
(
NH⊥ +N iHi
)
. (C.4)
1Ref. [20] is an unretouched republication.
2For the definition of global hyperbolicity of a spacetime see e.g. Ref. [230].
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The constraints have the following expressions
H⊥ = 16πG Gijhkpijphk −
√
h
16πG
(
(3)R− 2Λ) ≈ 0 , (C.5)
Hi = −2Djpji ≈ 0 . (C.6)
H⊥ and Hi are known as the Hamiltonian (or scalar) and diffeomorphism
constraints, respectively. (3)R is the curvature of the three-dimensional spatial
sheet and Di denotes the connection that is compatible with hij . We also have
the DeWitt supermetric
Gijhk =
1
2
√
h
(hihhjk + hikhjh − hijhhk) . (C.7)
This is a metric on a six-dimensional space, known as superspace. The DeWitt
supermetric Gijhk has signature (−+++++), which makes the geometry of
superspace hyperbolic. Note that the signature of Gijhk is not related to that of
the spacetime metric. In fact, it has the same expression in the Lorentzian and
in the Euclidean case, given by Eq. (C.7). However, the signature of spacetime
makes its appearance in the Hamiltonian constraint (C.5) through the sign in
front of the second term (‘potential term’).
The canonical momenta have the following expression in terms of the
extrinsic curvature of Σt
pij =
1
16πG
GijhkKhk =
√
h
16πG
(
Kij −Khij) . (C.8)
The action can be written in canonical form as
S =
1
16πG
∫
dtd3x
(
pijh˙ij −NH⊥ +N iHi
)
. (C.9)
Eq. (C.9) gives the canonical ADM action.
In complete analogy with the free relativistic particle and with the bosonic
string, considered in Appendix B, GR is also a fully constrained system, i.e.
its Hamiltonian is a linear combination of first class constraints3 . This is the
counterpart in the canonical formalism of diffeomorphism invariance of the
Einstein-Hilbert action. In fact, the constraints close an algebra known as the
3We remark that, in constrast to the full theory, in linearised General Relativity the
Hamiltonian is no longer a linear combination of constraints [18, 237, 138]. In fact, the
system also has a ‘true’ (i.e. non-vanishing) Hamiltonian term, which is obtained from
the ADM Hamiltonian after solving the constraints. The existence of a true Hamiltonian
originates from the loss of background independence, which is due to the expansion of the
metric around a fixed background (e.g. Minkowski spacetime). The relation between the
canonical formulation of the full theory and that of the linearised one is clarified in Ref. [19].
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hypersurface deformation algebra. Let us consider the smeared version of the
algebra generators
H[N ] =
∫
Σ
d3x NH⊥ , (C.10)
H[N i] =
∫
Σ
d3x N iHi . (C.11)
The Poisson brackets of the generators are
{H[N ], H[M ]} = H[Ki] , Ki = −hij(NM,i −N,iM) , (C.12)
{H[N i], H[N ]} = H[M ] , M = N iN,i = LNN , (C.13)
{H[N i], H[M i]} = H[Ki] , K = [N,M] = LNM . (C.14)
The two-dimensional case is equivalent to the algebra of first constraints of
the bosonic string [256, 393]. We observe that, with the exception of this case,
the above algebra is not a Lie algebra. In fact, the Poisson brackets involve
structure functions rather than structure constants as it can be seen from
Eq. (C.12), where the inverse metric hij explictly appears in the definition of
Ki. Such algebraic structures have been studied by Bergmann and Komar
[66, 267, 65] (see also Ref. [398] and references therein), and the group they
generate is known as the Bergmann-Komar group BK(M). This is to be
contrasted with the fact that the spacetime diffeomorphism group Diff(M) is a
Lie algebra. In fact, the transformations generated by the algebra (C.12)–(C.14)
generate infinitesimal diffeomorphism only when the equations of motion hold,
i.e. on-shell [398]. It is worth pointing out that the difference between the two
groups is a physical one and, since it manifests itself off-shell, is important
for the quantum theory. Actually, Diff(M) can be regarded as a kinematical
symmetry, since it is shared by any generally covariant theory. On the other
hand, the structure of BK(M) depends on the particular physical theory one
considers, i.e. it is a dynamical symmetry group [398]. Ref. [256] gives a clear
geometric interpretation of the algebra of BK(M) as generating infinitesimal
deformations of a hypersurface embedded in spacetime. From this point of view,
it is clear that such deformations form a larger class of transformations than
Diff(M). The way in which GR can be recovered from the BK(M) by means of
the ‘principle of path-independence’ for embedded hypersurfaces represents the
so-called ‘seventh route to geometrodynamics’, for which we refer the reader to
Refs. [256, 239].
Appendix D
Loop Quantum Cosmology
Loop Quantum Cosmology (LQC) is a symmetry reduced version of Loop
Quantum Gravity (LQG), which is an alternative canonical approach based
on different variables from the ones used in geometrodynamics1 that allow to
reformulate GR using a language similar to that of Yang-Mills theories. We
give below a very brief overview of the LQG programme, before turning our
attention to LQC.
D.1 LQG in a nutshell
The basic variables in the phase space of LQG are a non-Abelian gauge con-
nection Aαi and a densitized ‘electric field’ Eiα which satisfy the algebra ({ , }
denotes the Poisson bracket)
{Aαi , Ejβ} = 8πGβδαβ δ(x,y) , {Aαi , Aβj } = {Eiα, Ejβ} = 0 , (D.1)
where β is known as the Barbero-Immirzi parameter2. The generators carry
internal indices (here denoted by Greek letters) labelling components in an
internal su(2) algebra. In fact, a local SU(2) symmetry is introduced in the
formalism, corresponding to the invariance under local rotations of the tetrad.
As a consequence of this extra symmetry, a new constraint arises in the canonical
formulation of the theory à la Dirac. This is known as the Gauss constraint
1It would be beyond our purposes to provide the reader with an exhaustive review of
the formulation of LQG and its recent developments. The interested reader is referred to
Ref. [161] for an introduction and to Ref. [398] for a comprehensive and very detailed review
of the subject.
2The new variables for QG where introduced by Ashtekar in Ref. [23]. Originally the value
of the Barbero-Immirzi parameter was chosen as β = ±i so that the Ashtekar connection Aαi
coincides with the pull-back on spatial slices of a spacetime spin-connection. However, when
β is complex, reality conditions must be imposed, which are difficult to implement at the
quantum level [398]. This is the reason for preferring a real-valued β in the formulation of
the quantum theory.
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Gα ≈ 0, which is also familiar from ordinary Yang-Mills theories. Together
with the Hamiltonian and diffeomorphism constraints, it spans the algebra of
first class constraints of the theory. A regular Poisson algebra can be obtained
from (D.1) by smearing the generators, i.e. by integrating them over paths and
surfaces embedded in three-space, respectively. The algebra thus obtained is
known as the holonomy-flux algebra.
The Dirac quantisation procedure can then be applied. The kinematical
Hilbert space of the theory is the space of cylindrical functions. A cylindrical
function(al) ψ(Γ,f)[A] is defined by introducing the pair (Γ, f), where Γ is a
graph with L links and f : SU(2)L → C [161]. The space of cylindrical functions
on a fixed graph Γ is equipped with the inner product
⟨ψ(Γ,f)[A], ψ(Γ,f ′)[A]⟩ =
∫ ∏
e
dhe f(he1 , . . . , heL)f
′(he1 , . . . , heL) , (D.2)
which turns it into a Hilbert space HΓ. Here the variables hei denote holonomies
of the connection over the corresponding i-th link and
∏
e dhe is the Haar
measure on SU(2)L. The kinematical Hilbert space is then defined as the direct
sum of such Hilbert spaces, over all possible graphs Γ
Hkin =
⊕
Γ
HΓ . (D.3)
The inner product defined above has a natural extension to HΓ. The Gauss
constraint Gˆα = 0 is then imposed on Hkin. As a result, cylindrical functions
satisfying the Gauss constraint must be gauge-invariant (with respect to the
internal SU(2)) at each node. Such states are called spin-networks. The
subsequent imposition of the diffeomorphism constraint Hˆa = 0 makes the
spin-networks independent from the embedding in a continuum space. The
dynamics of spin-networks obtained by imposing the Hamiltonian constraint is
a much more delicate issue and will not be discussed here. We refer the reader
to Ref. [398] for details.
D.2 A bird’s eye view on (homogeneous) LQC
The formulation, and in particular the quantisation procedure of LQC are
inspired from that of LQG. However, LQC is not, strictly speaking, derived
from the full theory. In fact, the relation between the two is currently under
investigation3. As in the full theory, also in LQC the basic phase-space variables
3Interesting results come from the approach known as Quantum Reduced Loop Gravity
(QRLG). In this approach, the cosmological sector is recovered from the full theory by
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are represented by an SU(2) gauge connection Aαi and its conjugate momentum,
i.e. the densitized triad Eiα. In such symmetry reduced setting, one starts by
solving the Gauss and the diffeomorphism constraints. A natural question to ask
is then how unique is the solution. In order to give an answer to this question,
let us start by considering the group of spatial isometries S corresponding to
a given homogeneous foliation of spacetime. It is convenient to introduce the
following definition: a pair (Aαi , Eiα) is said to be symmetric if and only if all
isometries s ∈ S act on it as gauge transformations [24], i.e. there exists a
group element g ∈ SU(2) such that4
(s∗A, s∗E) = (g−1Ag + g−1dg, g−1Eg) . (D.4)
On the gauge orbit of each symmetric pair satisfying the Gauss and diffeomor-
phism constraints, there is one and only one representative with the following
form [24]
A = c˜ oωατα , E = p˜
√
oq oeατ
α . (D.5)
In Eq. (D.5) we introduced the notation oei, oωi to denote the fiducial triad and
co-triad, respectively. They correspond to a fiducial metric oqab. The τi’s are
the generators of the su(2) algebra
[τα, τα] = ϵαβγτ
γ , τα = − i
2
σα, (D.6)
σα being the Pauli matrices. In the parametrisation given by Eq. (D.5), all the
information about the gravitational field configuration is encoded in the two
parameters c˜ and p˜. The symplectic form on the reduced phase space is given
by
Ω =
3V0
8πβG
dc˜ ∧ dp˜ . (D.7)
V0 denotes the volume of a fiducial cell5 V adapted to the fiducial metric oqab.
The volume of the fiducial cell can be rescaled at will, implying a corresponding
rescaling of the variables c˜ and p˜. Physics is not altered by such rescalings6.
For this reason, it is convenient to introduce physical variables c and p that
implementing gauge fixing conditions that restrict the metric and the triad to a diagonal form
[5, 9, 6, 8]. The kinematical Hilbert space of LQG is thus truncated to spin networks based on
a cubic lattice. The framework can accommodate anisotropic as well as well as inhomogeneous
field configurations. It also provides an explanation for the different regularisation schemes
adopted in LQC, such as the µ0 scheme and the (improved) µ¯ scheme (see below), which are
obtained in the QRLG framework by summing over graphs [7].
4With a standard notation, s∗ denotes the pull-back of S.
5In the case of a spatially compact Universe such restriction is superfluous. V0 can then
be taken as the comoving volume of the Universe, computed using the fiducial metric.
6This situation is entirely analogous to the one encountered in the standard formulation
of classical FLRW models and their geometrodynamics formulation. In fact, the freedom of
D.2 A bird’s eye view on (homogeneous) LQC 238
are unaffected by rescalings of the fiducial metric
c = V
1/3
0 c˜ , p = V
2/3
0 p˜ . (D.8)
Thus, the sympletic form has the following expression in terms of the new
variables.
Ω =
3
8πβG
dc ∧ dp . (D.9)
The Hamiltonian constraint of the pure gravity theory is H = N
∫
d3x Cgrav,
with
Cgrav = − 1
β2
ϵαβγ
FαijE
iβEjγ√
det |E| . (D.10)
The Hilbert space of the quantum theory is L2(RBohr, dµ), with RBohr being
the Bohr compactification of the real line and dµ its Haar measure [24]. Notice
that this space is not separable. In fact, it is the Cauchy completion of the space
of almost periodic functions of c with respect to the following inner product
[24]
⟨eiµ1c2 |eiµ2c2 ⟩ = δµ1,µ2 . (D.11)
The construction of the Hilbert space parallels the one of the full theory. In fact,
almost periodic functions naturally arise when computing holonomies, which
is done by smearing the connection over the edges of the fiducial cell. The
Hilbert space representation of LQC is strikingly different from the one used in
ordinary QM. In fact, it encodes the existence of an underlying discreteness
of spacetime (polymer quantisation). In this representation, cˆ is not a well-
defined operator, whereas its exponentiated version (the holonomy) êiµc/2 is.
Its conjugate momentum p is represented in the quantum theory as
pˆ = −i8πβℓ
2
Pl
3
d
dc
. (D.12)
Introducing the Dirac bra-ket notation, we can express the basis states of
L2(RBohr, dµ) as
⟨c|µ⟩ = eiµc2 . (D.13)
The states in Eq. (D.13) are eigenstates of pˆ
pˆ|µ⟩ = pµ|µ⟩ , with pµ = 4πβℓ
2
Pl
3
. (D.14)
rescaling comoving coordinates implies that the scale factor is defined only up to an arbitrary
numerical factor.
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On the other hand we find
êiµ′c/2|µ⟩ = |µ+ µ′⟩ . (D.15)
That is, the holonomies act as discrete shift operators. To complete the
discussion of the kinematical framework of the quantum theory we need to
identify a complete set of observables. In the homogeneous case, we only need
one observable. A particularly convenient choice corresponds to the volume
operator, defined as
Vˆ = |̂p|3/2 . (D.16)
When we include a massless scalar field ϕ as a matter degree of freedom, a
complete set of Dirac observables is given by the pair Vˆ |ϕ, pˆ(ϕ) [25]. The
operator Vˆ |ϕ represents the volume at any ‘instant’ ϕ of the internal time,
whereas pˆ(ϕ) is the momentum of the scalar field ϕ.
The dynamics needs a regularisation scheme for the constraint (D.10). In
fact, the field strength is not defined in the quantum theory. Thus, one replaces
the field strength Fαij which appears in Eq. (D.10) by the following expression
(see e.g. the review [37])
− 2Tr
(
hµ¯□βγ − δβγ
µ¯2V
2/3
0
τα
)
oeβj
oeγi , (D.17)
where hµ¯□αβ is the holonomy of the connection A in Eq. (D.5) computed along the
edges of a face of the fiducial cell7. An additional ingredient is then ‘imported’
from the full theory: it is assumed that loops cannot be shrunk to a point, due
to the existence of an area gap, i.e. a minimum non-zero eigenvalue ∆ of the
area operator as in LQG [361, 26]. This is a well-known property of the area
operator in LQG, which has important consequences for the LQC dynamics.
The quantity µ¯ is in principle a function of the flux, i.e.
µ¯ = µ¯(p) . (D.18)
Different ansätze can lead to radically different dynamics.
For a generic choice of µ¯ one can define the holonomies as êiµ¯c/2. Therefore,
it is convenient to introduce a further pair of conjugate variables, leading to
quantum states with simple transformation properties under the action of the
7This regularisation of the field strength, which parallels the one in the full theory, is
entirely analogous to what is done in lattice QCD, see e.g. Ref. [215].
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‘improved’ holonomy operators [37]. One defines
b =
ℏµ¯c
2
, υ(p) = (2πβℓ2Pl
√
∆)−1sgn|p|3/2 , (D.19)
such that
{b, υ} = 1 . (D.20)
Therefore, at the quantum level, defining eigenstates of υˆ as
υˆ|υ⟩ = υ|υ⟩ , (D.21)
one has, with the above definitions and choice of units
êi
µ¯c
2 |υ⟩ = |υ + 1⟩ . (D.22)
In the original formulation of LQC it was assumed that µ¯ = µ0, a constant
parameter. However, such a choice leads to a dynamics that is incompatible
with the predictions of GR. In particular, quantum effects can be large even
for values of the curvature that fall well below the Planck scale. In order to fix
these issues, a new regularisation scheme was introduced, known as improved
dynamics [32]. Thus, the following ansatz is made
µ¯−1 =
√
|p|
∆
. (D.23)
It is apparent that for increasingly large fluxes Eq. (D.23) implies that the
expression (D.17) approaches the field strength, thus recovering the correct
classical limit. However, for small values of the flux, the dynamics becomes
sensitive to the underlying discreteness of quantum geometry and departures
from GR can take place.
The promotion of the Hamiltonian constraint (D.10) to an operator also
requires further manipulations to be properly regularized, including a definition
of a non-singular inverse volume operator [37]. Even then, different factor
ordering prescriptions are possible. However, it is true in general that the
Hamiltonian constraint leads to a finite difference equation, see e.g. Refs. [77,
24, 37]. The Hamiltonian constraint corresponding to a (not necessarily flat)
FLRW Universe and pure gravity8 acts on states as follows (cf. Refs. [33, 101])
−B(ν)Θψ(ν) ≡ A(ν)ψ(ν + ν0) + C(ν)ψ(ν) +D(ν)ψ(ν − ν0) = 0 (D.24)
8When matter is coupled to the gravitational field, the Hamiltonian constraint is modified
by the inclusion of additional terms.
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where the functions A, B, C, D depend on the model (e.g. the particular
factor ordering and regularisation prescription one chooses). The quantity ν0
is an elementary shift, whose exact value and units depend on the model and
conventions adopted (cf. Refs. [33, 101, 37], see also the footnotes 29, 37). The
finite difference equation (D.24) shows the occurrence of superselection sectors
[37]. In the limit9 ν0 → 0 one recovers a Wheeler-DeWitt equation with a
precise factor-ordering, of which (D.24) represents a finite difference version.
Particularly useful from the point of view of physical applications of LQC
is the tool of effective equations [76], which can be obtained by computing
the expectation value of the Hamiltonian constraint operator on semiclassical
states |Ψsc⟩ that are peaked on some point (b, v) in phase space [37]
⟨Ψsc|Cˆ|Ψsc⟩ ≃ − 6
β2
α
√
p
sin2(µ¯c)
µ¯2
+ ⟨Ψsc|Cˆmatter|Ψsc⟩ , (D.25)
where the operator Cˆmatter is the matter contribution to the Hamiltonian con-
straint. α is a parameter whose dependence on v is fixed by the model. One
then finds the modified Friedmann equation (obtained in Ref. [390] for a scalar
field)
H2 =
8πG
3
ρ
(
1− ρ
ρcrit
)
, (D.26)
with the critical density defined as
ρcrit =
3
8πGβ2∆
. (D.27)
Note that the finiteness of the critical density depends on the existence of
the area gap. When the density of matter approaches ρcrit, gravity becomes
repulsive as a result of the extra term in Eq. (D.27). This in agreement with
the singularity resolution (bounce) observed both numerically and analitically
in the solutions of the finite difference equation [30, 31]. The accuracy of the
effective dynamics crucially depends on the smallness of quantum back-reaction
effects [362]. See also Ref. [75] for general aspects of effective descriptions of
quantum systems.
The LQC framework can accommodate for the anisotropic case10, but in the
general case it is not suited to study inhomogeneous field configurations. An
exception is represented by the Gowdy model whose loop quantisation can be
9Limit which is of course mathematically well-defined, although fictitious from a physical
point of view. In fact, in this limit the underlying discreteness introduced by quantum
geometry disappears.
10See Refs. [36, 35, 300, 417] for the LQC formulation of Bianchi models.
D.2 A bird’s eye view on (homogeneous) LQC 242
carried out exactly11. In the general case, a hybrid scheme is adopted [193, 299];
the dynamics of the background is the same as in homogeneous LQC, while
a Fock space quantisation is carried out for the cosmological perturbations.
However, consistency of the approach requires some additional input coming
from the full theory in determining the properties of states considered in
LQC. In particular, the physical predictions are very sensitive to the particular
regularisation scheme adopted.
As mentioned above, the so-called µ0 scheme leads to serious consistency
problems with GR in the low curvature regime, as well as dynamical instabilities
(similar to numerical ones) for the finite difference equations [111, 354, 132, 78].
From a heuristic point of view, this can be interpreted as due to the fact that
the spacing of the underlying lattice is kept fixed. Denoting the lattice spacing
(i.e. the size of the fiducial cell) by ℓ0, this is stretched with the expansion of
the Universe according to (see e.g. Ref. [37])
L = a ℓ0 =
(
V
N
)1/3
, (D.28)
where we assumed a cubic lattice12 of N cells. The relation between the total
size of the coordinate box and the lattice spacing is (assuming isotropy) [78]
ℓ0 =
(
V0
N
)1/3
(D.29)
V and L are the physical (as opposed to comoving) total volume of the lattice
and the lattice spacing, respectively. Since holonomies are computed along
lattice edges by integrating the connection (D.5), we have13 for the holonomy
in the x3 direction
he = exp
∫ ℓ0
0
c˜τ3 = exp
(
V
−1/3
0 ℓ0cτ3
)
= exp
(N−1/3cτ3) , (D.30)
where we used Eqs. (D.8), (D.29). The quantity N is a priori a function of
the phase space of LQC, whose particular form (which must be assumed as
an external input, not determined by the theory) can lead to very different
dynamics. In fact, it can be interpreted as a power of the general function µ¯(p),
11The canonical quantisation of the Gowdy model in complex Ashtekar variables was
performed in Refs. [243, 302].
12In more general, anisotropic configurations, a different number of vertices must be
introduced for each direction xi, so that the total number of vertices is given by N =∏iNxi .
The relation (D.28) is modified accordingly [78].
13Assuming as usual a lattice adapted to the fiducial metric, which then takes a diagonal
form.
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introduced in Eq. (D.18)
µ¯(p) = N−1/3 . (D.31)
In particular, when N is a constant it leads to the (old) µ0 regularisation
scheme. On the other hand, by assuming Eq. (D.23), one recovers the improved
dynamics scheme.
Lattice refinement provides a physical interpretation of the µ¯ scheme, and
generalizes it. It leads in general to finite difference equations with a variable
step, for which suitable numerical techniques have been developed [310]. The
interpretation of the quantity N as a phase space function, means that new
lattice sites are created by the dynamics. This deviates considerably from
the naive picture of a homogeneous and isotropic Universe whose geometry
is entirely determined from that of a single, fiducial cell. Instead, it requires
a description which is that of a system with a variable number of degrees of
freedom. This is agreement with the fact that in general the Hamiltonian
constraint acts on spin-network states by changing the graph, i.e. creating
new edges and nodes leading to a finer graph [73]. The underlying lattice
structure seems to suggest that the inclusion of inhomogeneities, as excitations
of individual lattice sites, is unavoidable [37].
Appendix E
WKB approximation and
asymptotics of the wave packets
Since Eq. (2.55) has the form of a time-independent Schr¨odinger equation, it
is possible to construct approximate solutions using the WKB method. For a
given k, we divide the real line in three regions, with a neighborhood of the
classical turning point in the middle. The classical turning point is defined as
the point where the potential is equal to the energy
αk =
1
2
log k . (E.1)
The WKB solution to first order in the classically allowed region ]−∞, αk − ϵ]
(with ϵ an appropriately chosen real number, see below) is
CIk =
2
(k2 − e4α)1/4 cos
(
1
2
√
k2 − e4α − k
2
arccoth
(
k√
k2 − e4α
)
+
π
4
)
,
(E.2)
and reduces to a plane wave in the allowed region for α≪ αk. The presence of
the barrier fixes the amplitude and the phase relation of the incoming and the
reflected wave through the matching conditions.
The solution in the classically forbidden region [αk + ϵ,+∞[ is instead
exponentially decreasing as it penetrates the potential barrier and reads
CIIIk =
1
(e4α − k2)1/4 exp
(
−1
2
√
e4α − k2 + k
2
arctan
(
k√
e4α − k2
))
. (E.3)
Finally, in the intermediate region ]αk − ϵ, αk + ϵ[ any semiclassical method
would break down, hence the Schrödinger equation must be solved exactly
using the linearised potential
V (α) ≃ V (αk) + V ′(αk)(α− αk) = 4e4αk(α− αk) = 4k2(α− αk) . (E.4)
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In this intermediate regime, Eq. (2.55) can be rewritten as the well-known Airy
equation
d2CIIk
dt2
− tCIIk = 0 , (E.5)
where the variable t is defined as
t = (4k2)
1
3 (α− αk) . (E.6)
Of the two independent solutions of Eq. (E.5), only the Airy function Ai(t)
satisfies the boundary condition, and hence we conclude that
CIIk = c Ai(t) , (E.7)
where c is a constant that has to be determined by matching the asymptotics of
Ai(t) with the WKB approximations on both sides of the turning point. Hence
we get that, for t≪ 0
Ai(t) ≈ cos
(
2
3
|t|3/2 − π
4
)
√
π|t|1/4 , (E.8)
while for t≫ 0
Ai(t) ≈ e
− 2
3
t3/2
2
√
πt1/4
. (E.9)
We thus fix c = 2
√
π. Note that the arbitrariness in the choice of ϵ can be
solved, e.g. by requiring the point αk − ϵ to coincide with the first zero of the
Airy function.
The WKB approximation improves at large values of k, as one should expect
from a method that is semiclassical in spirit. Yet it allows one to capture some
effects that are genuinely quantum, such as the barrier penetration and the
tunneling effect.
From the approximate solution we have just found, we can construct wave
packets as in Ref. [254]. We then restrict our attention to the classically
allowed region and the corresponding approximate solutions, i.e. CIk(α) for
α ≪ αk = 12 log k and compute the integral in Eq. (2.58). If the Gaussian
representing the amplitudes of the monochromatic modes is narrow peaked,
i.e. its variance b2 is small enough, we can approximate the amplitude in
Eq. (E.2) with that corresponding to the mode with the mean frequency k.
Thus, introducing the constant
ck =
2
(k
2 − e4α)1/4
1
π1/4
√
b
, (E.10)
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Fig. E.1 The thick (blue) and the dot-dashed (green) curve represent the
WKB approximation of the wave function in the classically allowed and in the
forbidden region, respectively. They both diverge at the classical turning point.
The Airy function is represented by the dashed curve. The value k = 220 was
chosen.
we have
ψ(α, ϕ) ≃ ck
∫ ∞
−∞
dk e−
(k−k)2
2b2 cos
(
1
2
√
k2 − e4α − k
2
arccoth
(
k√
k2 − e4α
)
+
π
4
)
eikϕ .
(E.11)
Moreover, we have
k arccoth
(
k√
k2 − e4α
)
= karccosh
k
e2α
≃ karccosh k
e2α
. (E.12)
The last approximation in the equation above holds since the derivative of the
inverse hyperbolic function turns out to be much smaller than unity in the
allowed region. Furthermore, the term approximated in Eq. (E.12) dominates
over the square root in the argument of the cosine in the integrand in the r.h.s.
of Eq. (E.11), so we can consider the latter as a constant. Hence, we can write
ψ(α, ϕ) ≃ ck
∫ ∞
−∞
dk e−
(k−k)2
2b2 cos (Λk + δ) eikϕ , (E.13)
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where we have introduced the notation
Λ ≡ 1
2
arccosh
k
e2α
, (E.14)
δ ≡ 1
2
√
k
2 − e4α − π
4
. (E.15)
for convenience. Using Euler’s formula we can express the cosine in the integrand
in the r.h.s. of Eq. (E.13) in terms of complex exponentials and evaluate ψ(α, ϕ).
In fact, defining
Pk ≡ ei(k(Λ+ϕ)+δ) , Qk ≡ e−i(k(Λ−ϕ)+δ) , (E.16)
we have
ψ(α, ϕ) ≃ ck
2
∫ ∞
−∞
dk e−
(k−k)2
2b2
(
ei(k−k)(Λ+ϕ)Pk + e
−i(k−k)(Λ−ϕ)Qk
)
. (E.17)
Shifting variables and performing the Gaussian integrations we get the result
as in Ref. [254]
ψ(α, ϕ) ≃ ck
√
π
2
b
(
e−
b2
2
(Λ+ϕ)2Pk + e
− b2
2
(Λ−ϕ)2Qk
)
. (E.18)
Appendix F
Orthogonality of the MacDonald
functions
It was proved in Refs. [386, 425, 337] that∫ ∞
0
dx
x
Kiν(kx)Kiν′(kx) =
π2δ(ν − ν ′)
2ν sinh(πν)
, (F.1)
which expresses the orthogonality of the MacDonald functions of imaginary
order. Performing a change of variables, the above formula can be recast in
the form ∫ ∞
−∞
dα Kih
2
(
e2α
2
)
K
ih
′
2
(
e2α
2
)
=
π2δ(h− h′)
h sinh(π h
2
)
, (F.2)
which is convenient for the applications considered in this work. For large
values of k it is equivalent to the normalisation used in Section 2.5∫ ∞
−∞
dα ψ∗k′(α, ϕ)ψk(α, ϕ) =
π2
2
δ(k − k′) . (F.3)
Appendix G
Harmonic Analysis on SU(2)
Harmonic analysis is a generalisation of Fourier analysis to topological groups.
In this appendix we review the fundamentals of harmonic analysis on the Lie
group SU(2). We obtain the invariant volume element (Haar measure) and the
eigenvectors of the Laplacian operator. The Peter-Weyl formula is then given
as a generalisation of the Fourier series expansion.
There is a well known natural homeomorphism between the group manifold
SU(2) and the three-sphere S3. The three dimensional sphere S3 has a natural
embedding in Euclidean R4 as the set of points with Cartesian coordinates
(x1, x2, x3, x4) satisfying the equation
x21 + x
2
2 + x
2
3 + x
2
4 = η
−1, (G.1)
where η−1/2 is the radius of the sphere. The parameter η determines the group
volume. Its value can be fixed by means of an appropriate normalisation, as
we show below. A possible parametrisation in terms of three angles (α1, α2, α3)
is given by the map
x1 = η
−1/2 sinα3 sinα2 cosα1
x2 = η
−1/2 sinα3 sinα2 sinα1
x3 = η
−1/2 sinα3 cosα2
x4 = η
−1/2 cosα3 (G.2)
Here 0 ≤ α1 < 2π and 0 ≤ α2, α3 < π. The generic SU(2) group element can
then be written as
g = η1/2
(
x4 + ix3 ix1 + x2
ix1 − x2 x4 − ix3
)
=
(
cosα3 + i sinα3 cosα2 i sinα3 sinα2e−iα1
i sinα3 sinα2eiα1 cosα3 − i sinα3 cosα2
)
.
(G.3)
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The induced metric hρσ on SU(2) from the Euclidean metric δij on R4 via the
embedding (G.2) is
dl2 = hρσdαρdασ = η−1
(
dα23 + (sinα3)
2
(
dα22 + (sinα2)
2dα21
))
. (G.4)
This is the unique (up to a factor) bi-invariant metric on SU(2) (see Footnote 8).
A more convenient parametrisation of SU(2) elements is given in terms of
Euler angles. In fact, every element can be written as
g = e−iψ
σ3
2 e−iθ
σ2
2 e−iϕ
σ3
2 =
(
e−
iϕ
2
− iψ
2 cos
(
θ
2
) −e iϕ2 − iψ2 sin ( θ
2
)
e
iψ
2
− iϕ
2 sin
(
θ
2
)
e
iϕ
2
+ iψ
2 cos
(
θ
2
) ) . (G.5)
The Euler angles have range 0 ≤ θ < π, 0 ≤ ψ < 2π, 0 ≤ ϕ < 4π. Cartesian
coordinates on the sphere are thus expressed in terms of Euler angles as follows
x1 = −η−1/2 sin
(
θ
2
)
sin
(
ϕ
2
− ψ
2
)
x2 = −η−1/2 sin
(
θ
2
)
cos
(
ϕ
2
− ψ
2
)
x3 = −η−1/2 cos
(
θ
2
)
sin
(
ψ
2
+
ϕ
2
)
x4 = η
−1/2 cos
(
θ
2
)
cos
(
ψ
2
+
ϕ
2
)
. (G.6)
The metric on S3 is obtained from the Euclidean metric on R4 after imposing
the constraint Eq. (G.1). In the chart given by the Euler angles it takes the
form
dl2 =
η−1
4
(
dθ2 + dψ2 + 2 cos θ dψ dϕ+ dϕ2
)
. (G.7)
The invariant volume element is
dµHaar =
√
h dθ dψ dϕ =
sin θ
8
η−3/2dθ dψ dϕ, (G.8)
where h is the determinant of the metric on SU(2) in the chart (θ, ψ, ϕ), given
in Eq. (G.7). This volume element defines the Haar measure as the unique
measure (up to rescalings) which is invariant under right and left action of the
group onto itself. It is convenient to rescale the volume element by the volume
of the group. Integrating Eq. (G.8) over the whole group and normalising the
Haar measure to one we have
1 =
∫
SU(2)
√
h dθ dψ dϕ =
1
8
η−3/2
∫ 2π
0
dψ
∫ 4π
0
dϕ
∫ π
0
dθ sin θ = 2π2η−3/2.
(G.9)
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Thus, η is determined as
η = (2π2)2/3. (G.10)
We define the Laplacian corresponding to the metric in Eq. (G.7) via its
action on smooth functions f on SU(2) as
△ηf = 1√
h
∂ρ
(√
hhρσ∂σf
)
. (G.11)
For η = 1 we have the standard Laplacian on the three-sphere with unit radius,
which we denote by △. We observe that
△η = η △. (G.12)
Eigenfunctions of the standard Laplacian△ are given by the Wigner matrices
Djmn(ψ, θ, ϕ). They are solutions of the eigenvalue equation
−△Djmn = EjDjmn, (G.13)
with eigenvalues
Ej = 4j(j + 1). (G.14)
The indices m,n are degenerate for fixed j. Thus, we have for the eigenvalues
of the rescaled Laplacian △η
Eηj = η 4j(j + 1) =
(
2π2
)2/3
4j(j + 1). (G.15)
TheWigner matrices form a complete basis of the Hilbert space L2(SU(2), dµHaar).
They satisfy the following orthogonality relations∫
dµHaar Dj1m1n1Dj2m2n2 =
1
dj
δj1j2δm1m2δn1n2 , (G.16)
where dj = 2j + 1 is the dimension of the irreducible representation of SU(2)
with spin j. Under complex conjugation
Djmn = (−1)2j+m+nDj−m−n. (G.17)
Since they are the coefficients of representations of SU(2), for any two group
elements g1, g2 one has
Djmn(g1g2) =
j∑
k=−j
Djmk(g1)D
j
kn(g2). (G.18)
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The Peter-Weyl formula gives the decomposition of a square integrable
functions on SU(2) in the basis given by the Wigner matrices
f(g) =
∑
j,m,n
f jm,n
√
dj D
j
m,n(g). (G.19)
In Section 3.3 we used a straightforward generalisation of Eq. (G.19) obtained
by considering functions defined on the direct product of four copies of SU(2).
The scalar product can be re-expressed using Eqs. (G.16), (G.19) as∫
dµHaar fg =
∑
j,m,n
f jm,n g
j
m,n. (G.20)
For f = g, this is the analogue of the Plancherel theorem
||f ||2 =
∫
dµHaar |f |2 =
∑
j,m,n
∣∣f jm,n∣∣2 . (G.21)
Appendix H
Intertwiner Space of a four-valent
vertex
The Peter-Weyl decomposition of the GFT field can be used to make the degrees
of freedom of the theory more transparent. In fact, as observed in Section 3.2.2,
the right-invariance property of the GFT field implies that certain coefficients
in the series expansion of the wave function in Eq. (3.30) vanish. In order to
have a non-zero coefficient, the spin labels of the different SU(2) copies must
satisfy certain algebraic conditions. In this Appendix, we will first review the
constuction of the intertwiner space of a four-valent vertex and then clarify its
relation with the kinematics of GFT.
In Eq. (3.56) the series coefficients are labelled by four spins jν . Each of
them identifies a finite dimensional Hilbert spaceHji which is also an irreducible
representation of the Lie group SU(2). The intertwiner space
◦Hjν is defined as
the subspace of the tensor product Hj1 ⊗Hj2 ⊗Hj4 ⊗Hj4 whose elements are
invariant under the diagonal action of SU(2), i.e. we define it as the space of
invariant tensors [217]
◦Hjν = InvSU(2) [Hj1 ⊗Hj2 ⊗Hj3 ⊗Hj4 ] . (H.1)
Thus,
◦Hjν is the space of singlets that can be constructed out of four spins.
It can be interpreted as the Hilbert space of a quantum tetrahedron. In fact,
we can give a geometric interpretation of the construction of the intertwiner
space. Let us consider four links, each carrying a spin ji and meeting at a
vertex. A tetrahedron is constructed by duality from the vertex; the spins ji
are the quantum numbers of the areas of its faces. Global invariance of the
vertex under SU(2) amounts to the closure of the tetrahedron, see Fig. 3.1.
A basis in
◦Hjν can be found by first composing the four spins pairwise,
then the two resultant spins together so as to form singlets. We partition the
spins in two pairs (j1, j2) and (j3, j4), corresponding to the recoupling channel
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Hj1 ⊗Hj2 [217]. The total spin of a pair is labelled by the quantum number
J , which is the same for each of the two pairs since they sum to give a singlet.
Basis vectors can thus be expressed in terms of the tensor product basis as
|jν ; J⟩ =
∑
mν
αjν ,Jmν |j1,m1⟩|j2,m3⟩|j3,m3⟩|j4,m4⟩ . (H.2)
The coefficients αjν ,Jmν are the elements of a unitary matrix, which implements the
change of basis from the tensor product basis {|j1,m1⟩|j2,m3⟩|j3,m3⟩|j4,m4⟩}
to {|jν ; J⟩} in the space of singlets
◦Hjν 1. αjν ,Jmν is an invariant tensor, i.e. all
of its components are invariant under SU(2).
The quantum number J satisfies the inequalities
max {|j1 − j2|, |j3 − j4|} ≤ J ≤ min {j1 + j2, j3 + j4} . (H.3)
Moreover, in order to get a singlet one must have
m1 +m2 +m3 +m4 = 0 . (H.4)
When Eqs. (H.3), (H.4) are not satisfied for certain values of J and mν , αjν ,Jmν
vanishes and the corresponding term gives a vanishing contribution to Eq. (H.2).
The coefficients of the decomposition in Eq. (H.2) can be expressed in terms of
Clebsch-Gordan coefficients as
αjν ,Jmν = γ
(−1)J−M√
dJ
Cj1j2Jm1m2MC
j3j4J
m3m4−M , (H.5)
where we defined M = m1 +m2 = −(m3 +m4) and γ is a phase factor. The
latter can depend on J as well as on the fixed values of the four spins jν .
The functional dependence is omitted to avoid confusion with tensor indices.
Clearly, the value of γ does not affect the unitarity relation satisfied by the
coefficients defined in Eq. (H.5)∑
mν
αjν ,Jmν α
jν ,J ′
mν = δ
JJ ′ . (H.6)
We choose the value of the phase η so as to have
αjν ,Jmν = (−1)J−M
√
dJ
(
j1 j2 J
m1 m2 −M
)(
J j4 j3
M m4 m3
)
. (H.7)
1Notice that it is not a unitary matrix over the whole Hilbert space Hj1⊗Hj2⊗Hj4⊗Hj4 ,
since αjν ,Jmν vanishes when mν fails to satisfy Eq. (H.4)
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The convenience of this particular choice of conventions lies in the fact that
the contraction of five four valent intertwiners thus defined coincides with the
definition of the 15j symbol, see Ref. [180].
At this stage, we can clarify the relation with the kinematics of GFT. In
fact, since αjν ,Jmν is an invariant tensor it satisfies the following equation
∑
nν
αjν ,Jnν
4∏
i=1
Djiki,ni(h) = α
jν ,J
kν
. (H.8)
This is the same as Eq. (3.32), which in Section 3.2 was shown to be a conse-
quences of right-invariance of the GFT field. Hence, right-invariance implies
that we can associate a quantum tetrahedron to the harmonic components of
the GFT field.
All intertwiners, i.e. elements of
◦Hjν can be expressed as linear combinations
of the αjν ,Jnν coefficients given above
Ijν ,ιnν =
∑
J
cJι αjν ,Jnν . (H.9)
Hence, we can attach the label ι to any linear subspace in the intertwiner space
◦Hjν . Different choices correspond to different physical properties of the quanta
of geometry. In Appendix I we construct explicitly the intertwiners of volume
eigenstates in a simple example.
Appendix I
Volume Operator
There are several different definitions of the volume operator in LQG [27, 361,
69]. However, they all agree in the case of a four-valent vertex [217] and match
the operator introduced in Ref. [45]. In this Appendix we will largely follow
Ref. [96] for the definition of the volume operator and the derivation of its
spectrum. The volume operator acting on a spin network vertex (embedded in
a differentiable manifold) is defined as
Vˆ =
√√√√∣∣∣∣∣ ∑
I<J<K
ϵ(eI , eJ , eK)ϵijkJ iIJ
j
JJ
k
K
∣∣∣∣∣ =
√√√√∣∣∣∣∣ i4 ∑
I<J<K
ϵ(eI , eJ , eK)qˆIJK
∣∣∣∣∣ . (I.1)
In the formula above (eI , eJ , eK) is a triple of edges adjacent to the vertex
and ϵ(eI , eJ , eK) is their orientation, given by the triple product of the vectors
tangent to the edges. A copy of the angular momentum algebra is attached to
each edge, i.e. there is one spin degree of freedom per edge. Angular momentum
operators corresponding to distinct edges commute[
J iI , J
j
J
]
= iδIJϵ
ijkJkI . (I.2)
In the last step of Eq. (I.1) we introduced the operator
qˆIJK =
(
2
i
)3
ϵijkJ
i
IJ
j
JJ
j
K . (I.3)
Spin network vertices are gauge-invariant, i.e. the angular momenta carried
by the edges entering a vertex satisfy a closure condition. In the case of a
four-valent vertex the closure condition reads as
J1 + J2 + J3 + J4 = 0 . (I.4)
257
Hence, the Hilbert space of the vertex is that of Eq. (3.33). Eq. (I.4) leads to
the following simplification in the evaluation of the sum in Eq. (I.1)∑
I<J<K
ϵ(eI , eJ , eK)qˆIJK = 2 qˆ123 . (I.5)
Therefore, the squared volume operator can be rewritten as
Vˆ 2 =
∣∣∣∣ i2 qˆ123
∣∣∣∣ . (I.6)
Note that, while the definition (I.1) makes explicit reference to the embedding
map, the final expression (I.6) clearly does not depend on it.
Using the recoupling channel Hj1⊗Hj2 as in Appendix H and labelling with
J the eigenvalue of (J1 + J2)2, we find that the non-vanishing matrix elements
in the recoupling basis are [96]
⟨J |qˆ123|J − 1⟩ = 1√
4J2 − 1
[
(j1 + j2 + J + 1)(−j1 + j2 + J)(j1 − j2 + J)(j1 + j2 − J + 1)
(j3 + j4 + J + 1)(−j3 + j4 + J)(j3 − j4 + J)(j3 + j4 − J + 1)
] 1
2
= −⟨J − 1|qˆ123|J⟩ .
(I.7)
The eigenvalues of qˆ123 are non-degenerate. Moreover, if qˆ123 has a non-vanishing
eigenvalue a, also −a is an eigenvalue. The sign corresponds to the orientation
of the vertex. If the dimension of the intertwiner space is odd, qˆ123 has a
non-degenerate zero eigenvalue.
Monochromatic Vertex
If the four spins are all identical (j1 = j2 = j3 = j4 = j) the vertex is called
monochromatic. In this case Eq. (I.7) simplifies to
⟨J |qˆ123|J − 1⟩ = 1√
4J2 − 1J
2(d2j − J2) , (I.8)
where dj = 2j + 1 is the dimension of the irreducible representation with spin
j [96].
For the applications of Sections 3.3.2, 3.6, it is particularly interesting to
consider the fundamental representation j = 1
2
. In this case the intertwiner space
is two-dimensional, with a basis given by {|0⟩, |1⟩}, i.e. the four-valent gauge-
invariant vertex is constructed using two singlets and two triplets, respectively.
Using Eq. (I.8), we have that the squared volume operator is written in this
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basis as
Vˆ 2 =
√
3
2
∣∣∣∣∣
(
0 −i
i 0
)∣∣∣∣∣ = ∣∣∣Qˆ∣∣∣ , (I.9)
where we introduced a new matrix Qˆ =
√
3
2
σ2, which is equal to Vˆ 2 up to a
sign. The sign of the eigenvalues of Qˆ gives the orientation of the vertex.
The normalised eigenvectors of Qˆ are
|+⟩ = 1√
2
(
1
i
)
, |−⟩ = 1√
2
(
1
−i
)
, (I.10)
with eigenvalues ±
√
3
2
. The volume eigenstates |±⟩ can be decomposed in the
tensor product basis of H 1
2
⊗H 1
2
⊗H 1
2
⊗H 1
2
as follows
|±⟩ =
∑
J
cJ ±|J⟩ =
∑
mνJ
cJ ±α
1
2
J
mν | 12 ,m1⟩| 12 ,m2⟩| 12 ,m3⟩| 12 ,m4⟩ . (I.11)
We define the intertwiners corresponding to the volume eigenstates |±⟩ as
I
1
2
±
mν =
∑
J
cJ±α
1
2
J
mν =
1√
2
(
α
1
2
0
mν ± i α
1
2
1
mν
)
. (I.12)
Hence, we can write
|±⟩ =
∑
mν
I
1
2
±
mν | 12 ,m1⟩| 12 ,m2⟩| 12 ,m3⟩| 12 ,m4⟩ . (I.13)
Appendix J
Effective Friedmann equations
Here we review how the effective equations that give the relational evolution of
the volume of the universe, Eqs. (3.118), (3.119) can be recast in a form that
is closer to that of ordinary FLRW models. In fact, in the GFT framework,
spacetime is an emergent concept. Since there is no natural notion of proper
time, the evolution of physical observables is more appropriately defined using
a matter clock. In the models that we considered, this is represented by a
massless scalar which is minimally coupled to the gravitational field. Below we
show in more detail the connection between the relational description of the
effective dynamics and the more conventional formulation of the Friedmann
equations.
In the regime of validity of the mean field approximation to the GFT
dynamics, we can assume the classical relation between the velocity of the
scalar field ϕ and its canonically conjugate momentum πϕ
πϕ = V ϕ˙ . (J.1)
The scale factor can be defined so as to satisfy the standard relation with the
proper volume
V ∝ a3 . (J.2)
It is important to stress that Eq. (J.1) has not been derived from GFT so far.
Thus, it can be regarded as a definition of proper time, which is sufficient for
our purposes.
We can express the Hubble expansion rate as
H =
a˙
a
=
1
3
V˙
V
=
1
3
πϕ
∂ϕV
V 2
. (J.3)
The last equation is the same as Eq. (3.151), which leads to the modified
Friedmann equation of Eq. (3.152). In a similar fashion, it is also possible to
get the Raychaudhuri equation for the acceleration. In fact, from Eq. (J.2) one
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obtains
a¨
a
=
1
3
 V¨
V
− 2
3
(
V˙
V
)2 . (J.4)
Furthermore, using Eq. (J.1), one finds
V˙ = (∂ϕV )ϕ˙ = (∂ϕV )
πϕ
V
(J.5)
and
V¨ =
(πϕ
V
)2 [
∂2ϕV −
(∂ϕV )
2
V
]
. (J.6)
From Eqs. (J.3), (J.4), (J.6) one has
a¨
a
=
1
3
(πϕ
V
)2 [∂2ϕV
V
− 5
3
(
∂ϕV
V
)2]
. (J.7)
The last equation justifies the definition of the acceleration a given in Eq. (3.133)
as
a =
∂2ϕV
V
− 5
3
(
∂ϕV
V
)2
. (J.8)
Appendix K
Stochastic Processes and
Stochastic Differential Equations
A stochastic process1 is a collection of random variables depending on a pa-
rameter t (which can be either discrete or continuous)
{Xt}t∈T (K.1)
defined on a probability space (Ω,F , P ) and taking values in Rn [317]. In
physical applications t is usually interpreted as time. The probability space is
defined as follows. F is a σ-algebra on the set Ω and P a probability distribution
function satisfying a suitable set of axioms (see Ref. [317]). Measurable subsets
of Ω are called events. We will restrict our attention to the case of one-
dimensional stochastic processes, which is the one relevant for our applications
of Chapter 4.
According to the definition given above, for a given t ∈ T we have that
ω → Xt(ω), ω ∈ Ω (K.2)
is a random variable. On the other hand, fixing the subset ω defines a path
t→ Xt(ω), t ∈ T . (K.3)
The reason for the term path is clear if Xt represents a diffusion process, e.g.
a random walk (see below). In fact, in this case a given event ω represents a
sequence of outcomes which determines the physical trajectory of a particle.
1Most of this Appendix is based on Ref. [317]. The notation has been adapted to that of
Chapter 4 and generality has been kept down to the minimum necessary.
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A particularly relevant stochastic process is the Wiener process, which is
used to model Brownian motion. The Wiener processWt, defined for t ∈ [0,∞),
satisfies the following properties:
i. Wt has a.s.2 the origin as a starting point3, i.e. P (B0 = 0) = 1.
ii. Wt is a Gaussian process, i.e. for any ordered time-sequence 0 ≤ t1 ≤
· · · ≤ tk, the random variable Z = (Wt1 , . . . ,Wtk) ∈ Rk has a multi-
normal distribution. This means that there is a vector M ∈ Rk and
a positive-definite matrix C = (cjk) ∈ R2k such that the characteristic
function is given by
E [exp (i ukZk)] = exp
(
−1
2
cjkujuk + i ukMk
)
, (K.4)
where E denotes the expectation value with respect to the probability
measure P . Moreover, one has that Wt is normally distributed with mean
zero and variance t
E[Wt] = 0 , E[(Wt)
2] = t . (K.5)
For t ≥ s ≥ 0 one has that Wt −Ws is also normally distributed with
mean zero and variance equal to the time difference
E[(Wt −Ws)2] = t− s . (K.6)
iii. Wt has independent and normally distributed increments, i.e. for any
non-overlapping time intervals [t1, t2], [t3, t4] one has
E[(Wt2 −Wt1)(Wt4 −Wt3)] = 0 . (K.7)
iv. Finally, there is a precise sense in which any path Wt can be regarded
as continuous in t a.s., see Ref. [317]. However, paths are a.s. not
differentiable anywhere.
Since it defines a probability measure on the space of continuous functions on
the real half-line [0,∞), the Wiener processWt can be used to define an integral.
More precisely, given 0 ≤ S ≤ T and a partition 0 = t0 ≤ t1 ≤ · · · ≤ tk, one
2That is, almost surely. In probability theory this means that the event occurs with
probability one.
3The generalisation to a Wiener process starting from a different point x is immediate, see
Ref. [317]. However, in that case the formulae given here must also be suitably generalised.
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can consider the Riemann-Stieltjes sum
k−1∑
j=0
f(t∗j , ω)(Wtj+1 −Wtj)(ω) , (K.8)
where t∗j is a point in the interval [tj, tj+1). However, unlike the Riemann-
Stieltjes case, the k →∞ limit of such sums (provided it exists) depends on
the point t∗j we choose. This is due to the fact that paths of the Wiener process
Wt are a.s. not differentiable4. There are two main choices that are commonly
encountered in the literature:
i. The Îto integral corresponds to the choice t∗j = tj (left-end point) and is
denoted by ∫ T
S
f(t, ω)dWt(ω) ; (K.9)
The Îto integral is evaluated differently from ordinary integrals. For
instance, one finds ∫ t
0
WsdWs =
1
2
W 2t −
1
2
t . (K.10)
ii. The Stratonovich integral corresponds to the choice t∗j = (tj + tj+1)/2
(mid-point) and is denoted by∫ T
S
f(t, ω) ◦ dWt(ω) . (K.11)
The Stratonovich integral satisfies∫ t
0
Ws ◦ dWs = 1
2
W 2s , (K.12)
which is formally analogous to the result one gets by computing an
ordinary integral. It is interesting to compare Eqs. (K.10), (K.12) to
illustrate the difference between different prescriptions for the choice of
t∗j .
We introduce the concept of stochastic differential equations (SDEs).
For our purposes, we will only deal with ordinary differential equations
(ODEs), although generalisation to partial differential equations (PDEs)
4There is a remarkable similarity with the problem of defining the path integral in quantum
mechanics, which requires a discretisation of the action of a point particle. In that case,
different prescriptions for the choice of the points t∗j give rise to quantisation ambiguities [179].
The mid-point prescription corresponds to Weyl quantisation, or symmetric factor-ordering.
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are possible (see Ref. [317] and references therein). The prototype is
the Langevin equation, which is used to study Brownian motion. The
Langevin equation describes the dynamics of a dust particle subject to
random forces due to the collision with molecules of a fluid
mx¨ = −γx˙+ σξ(t) . (K.13)
m is the mass of the Brownian particle, γ is the damping coefficient in
the friction term. The last term in Eq. (K.13) is modelled as white noise
with strength σ. That is
⟨ξ(t)⟩ = 0 , (K.14)
⟨ξ(t)ξ(t′)⟩ = δ(t− t′) . (K.15)
In order to avoid mathematical subtleties due to the distributional nature
of the white noise process, we introduce a differential notation
mdvt = −γvtdt+ σdWt, (K.16)
where vt is the (stochastic) velocity of the particle and Wt is the Wiener
process defined above. However, one must bear in mind that the differen-
tial considered in Ref. (K.16) should be understood as a finite difference.
The continuum limit is not uniquely defined but depends in general on
the particular differential calculus one adopts, e.g. Îto or Stratonovich.
In order to better illustrate this point, let us consider a more general case,
replacing the noise strength with a more general function σ → σ(t,Wt) in
Eq. (K.16), and rewrite Eq. (K.16) in integral form over the time interval
[0, t]
vt = v0 +
1
m
[
−γ
∫ t
0
vsds+ “
∫ t
0
σ(s,Ws)dWs ”
]
. (K.17)
Depending on the interpretation of the last term “
∫ t
0
σ(s,Ws)dWs ” ac-
cording to the rules of a given stochastic calculus, the integral equation
(K.17) will have a different interpretation and lead to a different solution
vt. Therefore, in writing down SDEs using the differential notation as in
Eq. (K.16), one must be aware that a choice of stochastic calculus is also
implied. Such a choice depends on the physical situation we are studying.
In the particular case of a constant σ(t,Wt), the example given above
does not lead to any difference between different choices of stochastic
calculus.
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SDEs such as Eq. (K.16) can be solved analytically by using similar
methods to those known for standard ODEs, suitably generalised to
account for the modification introduced stochastic calculus, see Ref. [317].
Analogous generalisations also exist for numerical methods, which we
employed for our applications of Chapter 4. For a review of such methods
see Refs. [236, 266].
Appendix L
Conformal Invariance of the Dirac
Action
In this Appendix we wish to add more details showing the motivation for
considering the action (5.43). Furthermore, we will prove that the two Dirac
Lagrangians in Eqs. (5.40) and (5.43) are the same.
The reason to look at the action (5.43) in first place, is to have an action
functional which is manifestly conformally invariant. We will say that a field F
has conformal weight w if, under a local conformal transformation, it transforms
as
F → F˜ = ΩwF . (L.1)
For scalar fields and half-spin fermions the conformal weight is the opposite of
their canonical mass-dimension, i.e. w = −1,−3/2, respectively1 . Therefore,
we can construct a ‘gauge covariant derivative’ for the conformal symmetry as
DµF = ∂µF − w
2
BµF . (L.2)
It is straightforward to check, using Eqs. (5.4), (L.1), (L.2), that
DµF → D˜µF˜ = ΩwDµF , (L.3)
which justifies calling Dµ a gauge covariant derivative. This is all we need to
build the kinetic term of a scalar field in Eq. (5.23), but it is not enough for
fermions. In fact, the spin connection must appear explicitly in the action of
a spinor. In the metric-compatible case, the spin connection is given by (see
1One must be aware that this statement cannot be generalised to fields with arbitrary
canonical mass-dimension. In fact, for a gauge vector field, one must have w = 0, see the
discussion in Section 5.5 and Ref. [407].
267
Ref. [407])
ωLCµab = e
ν
a ∇LCµ eb ν . (L.4)
In order to be consistent with the principle of local conformal invariance, it
is natural to replace this object with the one constructed out of the Weyl
connection
ωWµab = e
ν
a ∇Wµ eb ν . (L.5)
Under a conformal transformation
ωWµab → ω˜Wµab = ωWµab +
(
Ω−1∂µΩ
)
ηab . (L.6)
Notice that in the case of Weyl geometry, the spin connection fails to be
antisymmetric in the internal indices ωWµab ̸= −ωWµ ba, as it is instead the case
in Riemannian geometry. However, since in the Dirac action (5.43) ωWµab is
contracted with the generator of Lorentz transformations in spinor space (which
is ∝ [γa, γb]), only the antisymmetric part gives a non-vanishing contribution2.
Hence, the third term in the bracket in the action (5.43) is conformally invariant.
We will now proceed to show that the Lagrangian in Eq. (5.43) is equal
to the Dirac Lagrangian in the metric case, which appears in Eq. (5.40). In
order to do this, we expand the spin connection in Eq. (L.5) in terms of its
counterpart in the metric case, given by Eq. (L.4), plus terms involving the
Weyl vector
ωWµab = ω
LC
µab + e
ν
[aeb]µBν +
1
2
ηabBµ . (L.7)
Hence, we have for the contribution to the action (5.43) coming from the last
term in the round bracket
1
8
γce µc [γ
a, γb]ωWµab =
∑
c ̸=a
1
4
γcγ
aγce νa Bν = −
3
4
γae νa B
ν , (L.8)
which cancels exactly the contribution due to the gauge-covariant coupling to
Bµ.
2Which is also the reason why it does not make a difference whether we define ωWµab as
equal to e νa ∇µeb ν or eaν∇µe νb , although they are not the same in the non metric-compatible
case.
